


| 
sy 


~ 
A 


I¢ 


< 


a 


/ 


L 
PHY 


fh 


JOURN 
OF 





APPLIED 


ne eR ee I a see sete ath iit inka aaeahdhteeenteation! 





JOURNAL 
OF 


APPLIED PHYSICS 


Vol. 24, No. 6 





JUNE, 1953 





In This Issue 


Rheology Symposium 
Page 


Annual Meeting of the Society of Rheology at the Franklin Institute, Philadelphia, 
October, 1952 


Effects of Nuclear Radiations on the Mechanical Properties of Solids 
Test of the Theory of Secondary Viscoelastic Stress 


Dynamic Mechanical Properties of the System Polystyrene-Decalin 
Lester D. Grandine, Jr., 


G. J. Dienes 666 
M. Mooney 675 


and John D. Ferry 679 


Mechanical Investigations of Elastomers in a Wide Range of Frequencies 
Wladimir Philippoff 685 
690 


Viscoelastic Properties of Dilute Polymer Solutions P. E. Rouse, Jr., and K. Sittel 


Temperature Coefficients of Non-Newtonian Viscosity at vee Shearing Stress and at 
Fixed Rate of Shear . Bestul and H. V. Belcher 696 


Effects of Rate of Shear on Inherent and Intrinsic Viscosities of Polystyrene Fractions 
L. J. Sharman, R. H. Sones, and L. H. Cragg 703 


Anomalous Viscous Flow at Very Low Rate of Shear and Small Shearing Stress 
J.T. Bergen and W. Patterson, Jr. 712 
Regular Contributed Original Research 
Signal-to-Noise Ratios in Band-Pass Limiters W. B. Davenport, Jr. 720 


Space Cc harge Requirements in Some Ideally Focused Electron-Optical Systems 
Nelson Wax 727 


Investigation of Boron Carbide Frank W. Glaser, David Moskowitz, and Benjamin Post 731 
Creep of Zine Single Crystals under Direct Shear Elliot H. Weinberg 734 
Tolerance Coefficients for R-C Networks Charles Belove 745 
Simplification for Mutual Impedance of Certain Antennas Jesse Gerald Chaney 747 
Mutual Impedance of Rhombic Antennas Spaced in Tandem Jesse Gerald Chaney 751 
Slot Coupling of Rectangular and Spherical Wave Guides’ L. B. Felsen and N. Marcuvitz 755 
Determination of the Drag on a Cylinder at Low Reynolds Numbers R. K. Finn 771 
Charged Disk in Cylindrical Box W. R. Smythe 773 
Darlington Problem Louis Weinberg 776 
Activation Energy for Viscous Flow and Short-Range Order G. J. Dienes 779 
Output Signal-to-Noise Ratio of a Power-Law Device Nelson M. Blachman 783 
Electromagnetic Transmission Characteristics of the Two-Dimensional Lattice Medium 

Herbert S. Bennett 785 
Letters to the Editor: 


Pure Gliding of Metal Crystals Hiroshi Kanzaki 811 
Analysis of Fluorescent X-Radiation by Means of Proportional Counters 
Robert E. Rowland 811 


Dynamic Compliance, Dynamic Modulus, and Equivalent Voigt and Maxwell Models 
for Polyisobutylene Herbert Leaderman and Robert S. Marvin 812 


X-Ray Line Broadening from Precipitation in Cu-Fe Alloys T. S. Hutchison 813 
Use of the Mercury Cathode in the ee 4 x Breakdown of Liquids ‘ 

. H. Sharbaugh, J. K. Bragg, and R. W. Crowe 814 
Note on “‘Metallic Shadow-Casting mn... a Nozzle System” Shigeto Yamaguchi 815 
Expansion of a Fissionable Gas as a Source of Atomic Power Edward H. Kerner 815 
Nonreciprocal Microwave Component M. L. Kales, H. N. Chait, and N. G. Sakiotis 816 


Errata: 

Emission Decay Phenomena due to the Contaminated Anode K. Amakasu and T. Imai 817 
Announcements 818 
Index to Advertisers xxii 
































The JOURNAL OF APPLIED Puysics, published monthly at Prince and 
Lemon Sts., Lancaster, Pa., is devoted to physics in its role as the science 
basic to other natural sciences and to the arts and industries. Previous 
to 1937 this publication was known as Puysics. The JoURNAL OF APPLIED 
Puysics publishes editorials and reviews, as well as technical papers of 
applied physics. Articles appearing in it are indexed regularly, according 
to their field, by Physics Abstracts, Chemical Abstracts, Engineering 
Index, Inc., Industrial Arts Index, etc. 


York 22, New York. 


To all others 


Manuscripts should be submitted to Elmer Hutchisson, Editor, Case 
Institute, of Technology, Cleveland 6, Ohio. Unless otherwise stated, 
submission of a manuscript is a representation that it has been neither 
copyrighted, published, nor submitted for publication elsewhere. The 


Single copies: $1.25 each. 


Subscription Price 





E._mrr Hutcnaisson, 
Editor 
Eare C. Greco, 
Assistant Editor 


Board of Editors 
Ray E. Bouz 
Lyte D. Borst 
Watuiace J. Eckert 
Rospert D. HEIDENREICH 
LEONARD B. LoEeB 
W. James Lyons 
Louts A. Prees 
RoMAN SMOLUCHOWSKI 
W. R. SmytTHe 


Publication of the 
American 
Institute of Physics 


OFFICERS 
GeorGE R. Harrison, 
Chairman 
GEoRGE B. PEGRAM, 
Treasurer 


GOVERNING BOARD 


J. W. Bucura 
Kar. K. Darrow 
G. J. DiENEs 
S. A. GoupsMIT 
GeEorGE K. Harrison 
Freperick V. Hunt 
Deane B. Jupp 
Hvua@u 8. KNowLEs 
C. C. LAuRITSEN 
Wiiuam F. Mreacers 
Puitie M. Morse 
Brian O'BRIEN 


GeorGE B. PEGRAM 
1. lL. Rapi 
Duane ROLLER 


FREDERICK SEITZ 
WILLIAM SHOCKLEY 
RicHarp M. Surron 

J. H. Van VLECK 
Mark W. ZEMANSKY 


Consultant on Printing 
Metvin Loos 


ADMINISTRATIVE 
STAFF 
Henry A. Barron, 
Director 
WaALLAcE WATERFALL, 
Executive Secretary 
THEODORE VORBURGER, 
Advertising Manager 
Routu F. Bryans, 
Publication Manager 
Berry H. GooprriEnb, 
Assistant Secretary 
<ILEEN B. NEUBERGER, 
CirculationManager 
KATHRYN SETZE 
Assistant Treasurer 


Subscriptions, renewals, and orders for back numbers should be ad- 
dressed to the American Institute of Physics, 57 East 55 Street, New 


To members of the American Institute of 
Physics and Affiliated Societies 


U.S. and 
Canada Elsewhere 
ETE ee $10.00 $11.00 
13.00 


Back Number Prices 
Yearly back number rate when complete year is available: $14.00. 


Changes of address should be sent tothe American Institute of Physics; 





authors’ institutions are requested to pay a publication charge of $8 per 
page which, if honored, entitles them to 100 reprints without further 
charge. Instructions will be sent with galley proofs. 
































corrected proofs should be sent to the Publication Manager, American 
Institute of Physics. Adve rates supplied on request. Orders, 
advertising copy, and cuts should be sent to the American Institute of 
Physics. 


Entered as second class matter January 22, 1937, at the Post Office at ianpemter, | guy wee under the Act of March 3, 1879. Accepted for 
mailing at the special rate of postage provided for in paragraph (d-2), section 34.40, 


L. & R. of 1948, authorized May 2, 1932. 












Journal 


of 


Applied 


Physics 





Volume 24, Number 6 


2 June, 1953 





Annual Meeting of the Society of Rheology 
at the Franklin Institute, Philadelphia, October, 1952 


N 1952 the Society of Rheology returned for its 

Annual Meeting to Philadelphia where for two days 
sessions were held under the auspices of the Franklin 
Institute. Seventeen papers were presented. Thanks to 
the cooperation of the American Institute of Physics, 
eight of these papers will be found in full in this issue 
of the Journal of Applied Physics. Thus it has been 
possible to continue the policy of the Society of Rheol- 
ogy to collect the available papers from its Annual 
Meetings into single ““Rheology”’ issues of friendly host 
periodicals. At this juncture we wish to extend out 
thanks to the Journal of Colloid Science for a similar 
generous cooperation in the past. 

The papers presented at the meeting may be arranged 
under the following headings, whereby those not appear- 
ing in this Journal will be given with their full titles 
and a brief note as to their contents. 

The first of these general papers was given by R. D. 
Andrews and T. Alfrey, The Dow Chemical Company, 
Midland, Michigan: “Review of dynamic methods,” 
and will be published in one of the next issues of this 
Journal. The other two papers were: 


Finite Elastic Deformation. R. S. Riviin, Naval Research 
Laboratory, Washington, D. C.—A brief account will be given 
on the basis of the theory by which load-deformation relations 
for bodies of elastic materials may be calculated when the 
strains are not infinitesimally small. Some of the principal 
results will be given and it will be shown how these may be 
related to the measured load-deformation relations for vul- 
canized rubber. 


Proposed Nomenclature and Symbolism for Linear Visco- 
elastic Behavior of High Polymers. H. LEADERMAN, National 
Bureau of Standards, Washington, D. C.—There is at present 
a lack of uniformity in the use of terms and symbols describing 
the observable and derived quantities associated with the 
linear viscoelastic behavior of high polymers. A logical system 
of nomenclature which is likely to be adopted must be modified 
to take account of convenience and of current usage. 
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The next session was opened with the paper by G. J. 
Dienes, and followed by two papers on styrene filaments 
by K. J. Cleereman and by H. J. Karam: 


Physical Properties of Oriented Polystyrene Monofilament. 
K. J. CLEEREMAN, Dow Chemical Company, Midland, Mich- 
igan.—This paper discusses the fabricating variables that 
must be considered in the production of polystyrene mono- 
filament. The effect of these fabricating variables on physical 
properties is also discussed. On the basis of this discussion a 
suggested method of fabricating highly oriented polystyrene 
monofilament is given. 

Refraction Study of Oriented Polystyrene Monofilament. 
H. J. Karam, Dow Chemical Company, Midland, Michigan.— 
Retraction of oriented polystyrene monofilament was studied. 
A method to obtain a retraction curve for oriented fibers is 
described. The portion of the retardation time spectrum 
oriented was calculated from the data. The effect of fabrica- 
tion variables (percent hot stretch and stretching bath tem- 
perature) on the spectrum are described. 


Mooney’s paper on Stress Analysis led three papers 
on the Visco-Elastic Properties of Polymers as tested 
by dynamic methods—namely, those of L. D. Grandine 
and J. D. Ferry, W. Philippoff, and P. E. Rouse and 
K. Sittel. 

The next three papers by A. B. Bestul, by J. T. 
Bergen and William Patterson, and by L. H. Cragg, 
L. J. Sharman, and R. H. Sones concerned themselves 
with the relation between shearing stress and rates of 
strain. 

Of the final four papers referring to measuring and 
testing techniques, that by S. R. Rich and W. Roth 
will be found in an early subsequent issue. The other 
three are: 

Effect of Surfaces of Rotor and Dies on Mooney Viscosity. 
G. E. DECKER AND FRANK L. Roth, National Bureau of Stand- 
ards, Washington, D. C.—It was found that most commercial 
rubbers adhere to the metal surfaces sufficiently well so that 
serration in the dies and rotors are not required to prevent 


slippage. In studies of synthetic rubbers of relatively high 
molecular weight, slippage of the rubber on the metal surfaces 
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causes erratic and low apparent viscosities and is a function of 
the type of metal in contact with the specimen. Decreasing 
the speed of the rotor eliminates these anomalous results. 


Sonic Measurements on Grinding Wheels. W. M. FELTon, 
Franklin Institute, Philadelphia, Pennsyluania.—This paper 
describes a nondestructive method for testing whether the 
manufactured grade of a grinding wheel corresponds to the 
designed grade. This method includes a sonic testing device 
for measuring natural frequency and a mathematical expres- 
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sion for a grade index that is proportional to the velocity of 
sound. 


Sonic Grade Comparators for Testing Grinding Wheels. 
J. E. Price, Simonds Abrasive Company, Philadelphia, Penn- 
sylvania.—A discussion will be given of operational problems 
and design changes necessary to achieve proper utilization of 
a sonic comparator developed by FI for use in determination 
of grinding wheel grade variations. Possible use of sonic data 
for determination of cracked wheels is discussed. 

F. R. Errica. 
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Effects of Nuclear Radiations on the Mechanical Properties of Solids* 


G.. J. Drenes 
Brookhaven National Laboratory,t Upton, Long Island, New York 


(Received Februrary 16, 1953) 


The general nature of radiation effects in solids is reviewed briefly. Current theoretical understanding of 
the mechanical properties of solids is critically evaluated. The effect of nuclear radiation on the mechanical 
properties is discussed in detail]. It is shown that the changes in the mechanical properties of crystalline 
substances (mostly metals) can be quite satisfactorily interpreted on the basis of the production of inter- 
stitial atoms and vacant lattice sites by fast particle irradiation. Isolated vacancies and interstitials may 
not be able to account for all the observations, and attention is called to the possible need of postulating the 
existence of aggregates of these lattice defects. In molecular solids (mostly high polymers) nuclear radiations 
bring about changes in the substance which are best described as chemical ones. Ions and free radicals are 
formed leading to subsequent chemical reactions thereby altering the properties of the substance. Drastic 
changes in the mechanical properties of high polymers are observed. Correlation with structural changes has 
hardly been started. Experiments are suggested which, in the writer’s opinion, should give further insight into 


the fundamental processes involved. 


I. INTRODUCTION 


it is well known by now that nuclear radiations may 
alter drastically the properties of solid materials. 
A considerable amount of fundamental and applied 
research has been carried out in this field during the 
last decade. While some aspects remain classified, the 
main experimental and theoretical features of these 
new phenomena have been described in the open 
literature during the last five years and an increasing 
number of papers deal with current research in the field. 

Early work of the Manhattan Project has been de- 
scribed by Burton.'? The main theoretical results have 
been given by Seitz.’ Studies on semiconductors and 
metals have been reviewed by Lark-Horovitz* and 
Billington and Siegel;5 chemical aspects have been 
treated by Burton.* The whole field of the effects of 
radiation on materials has been critically reviewed by 
Slater, from a theoretical as well as experimental point 
of view, in a report written during the summer of 1949 
. * Presented at the Annual Meeting of the Society of Rheology, 
Franklin Institute, October 30-31, 1952. 

t Research carried out under contract with the U. S. Atomic 
Energy Commission. 

1M. Burton, J. Phys. & Colloid Chem. 51, 611 (1947). 

2M. Burton, Chem. Eng. News 26, 1764 (1948). 

+ F. Seitz, Disc. Faraday Soc. No. 5, 271 (1949). 

4K. Lark-Horovitz, “Nucleon bombarded semi-conductors,” 
a Conference on Semi-Conducting Materials (Butterworth’s 
Scientific, Publications, London, 1951), pp. 47-78. 

*D. S. Billington and S. Siegel, Metal Prog. 58, 847 (1950). 

*M. Burton, Chapter on Radiation Chemistry in Annual 


Review of Physical Chemistry (Annual Reviews, Inc., Stanford, 
1950), Vol. I., pp. 113-132. 


and recently published as a declassified article.’ The 
progress of the last three years has recently been re- 
viewed by the writer.* A brief historical account has 
been given by Seitz.’ 

The purpose of this paper is to focus attention on one 
set of physical characteristics of materials, namely the 
mechanical properties, and to discuss the effects of 
radiation on the first of three properties in more detail 
than is possible in a more general article. Much of the 
work in this field until recently has been concerned 
mainly with the accumulation of practical information. 
In the last few years, however, fundamental principles 
and generalization began to emerge and attention will 
be focused on these in this paper. 

In Section II a brief account is given of the nature 
of radiation effects. In Section III the effects of nuclear 
radiation on mechanical properties of solids are dis- 
cussed in detail, and in Section IV some experiments 
are suggested which, the writer feels, are of importance 
in giving further insight into the fundamental processes 
involved. 


II. NATURE OF RADIATION EFFECTS 


Only a very brief discussion of the nature of radiation 
effects will be presented here since detailed treatments 


7J. C. Slater, J. Appl. Phys. 22, 237 (1951). 

8 G. J. Dienes, “Radiation effects in solids,” Chapter in Annual 
Review of Nuclear Science (Annual Reviews, Inc., Stanford, 1953), 
Vol. II., pp. 187-221. 

°F, Seitz, Physics Today 5, No. 6, 6 (1952). 
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are available in the literature.*-*-* Fast neutrons, upon 
collision with atoms of any material, produce charged 
recoil atoms which in turn produce secondary recoils 
and so on. The major changes produced in a material 
result from the action of the fast charged recoil atoms 
which are far more numerous than the incident neu- 
trons. These recoil atoms are responsible for three 
prominent changes in a solid. 

(1) Ionization effects. A large fraction of the energy 
of a fast charged particle is dissipated in ionization and 
excitation as the particle is slowed down. In a good 
conductor the ionization effects will disappear very 


quickly and will only contribute to the heating of the 


material. In an insulator the electrons liberated by 
ionization may be trapped at various lattice im- 


‘perfections resulting in more or less permanent changes 


in the substance. In a molecular compound ionization 
brings about changes which are best described as 
chemical ones. Ions and free radicals are formed which 
can lead to chemical reactions thereby altering the 
original substance. 

(2) Displacement effects. In a crystal, atoms will be 
knocked out of their lattice positions leaving vacant 
lattice sites behind and finally coming to rest in inter- 
stitial positions. It is evident that if an appreciable 
number of displaced atoms are created many of the 
physical properties of the substance may be changed 
drastically. Many of the experimentally observed 
phenomena in crystals are well explained and correlated 
on the basis of the vacancy interstitial picture. It should 
be pointed out, however, that these disturbances may 
be highly localized in clusters along the track of the 
primary particle so that, in some cases at least, it may 
be more profitable to think about a disordering of the 
lattice akin to that produced by cold work or rapid 
local heating and quenching (thermal spike). 

(3) Thermal spikes. A thermodynamic or statistical 
approach to damage production is also possible. Dis- 
sipation of the energy of the fast particle may be 
viewed as the introduction of a large amount of heat at 
a localized point in the material, and a region of material 
around the track of the particle will be heated to a 
high temperature. The region of excitation will rapidly 
expand accompanied by a fast fall in temperature. 
The result is a so-called “thermal spike,” i.e., rapid 
heating and quenching of a small volume of the ma- 
terial. A fraction of the atoms will be left in displaced 
positions after the cooling of a spike, and the end 
result is equivalent to a localized production of vacan- 
cies and interstitials. In this picture, however, the 
energy transmitted to the atoms without actually 
displacing them is also taken into account. This is 
essentially thermal energy which may stimulate any 
of the effects which high temperature can bring about. 
The best known example is the disordering of ordered 
alloys by irradiation. The notion of thermal spikes has 
been useful in interpreting such phenomena. 

In this paper attention will be focused on displace- 
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ment and ionization effects. Most of the work to date 
on the effects of radiation on mechanical properties 
has been done on metallic and high polymeric systems. 
As indicated above ionization effects are not expected 
to be of any importance in metals and the phenomena 
will be interpreted on the basis of the presence of 
interstitials and vacancies in the crystalline lattice. 
In the case of high polymers ionization and subsequent 
chemical changes are the important effects. In case of 
pile bombardment much of the ionization is caused by 
fast moving hydrogen ions ejected by elastic collision 
with fast neutrons. In general, all types of high energy 
ionizing radiation (a, 8, y, fast neutrons, etc.) lead to 
about the same changes in the material. In detailed 
radiation chemistry studies, of course, differences in 
ionization densities must be considered. 


Ill. EFFECTS OF RADIATION ON MECHANICAL 
PROPERTIES 


1. Theoretical Understanding of the Mechanical 
Behavior of Solids 


It is probably no exaggeration to state that the least 
understood, and probably the most important, physical 
characteristics of solids are their mechanical properties. 
Before radiation effects, which are known to change 
these properties extensively in many cases, are dis- 
cussed in detail, it is pertinent to review this field criti- 
cally. Some mechanical properties are far more suitable 
than others for a fundamental study of radiation effects, 
because of the status of knowledge in the absence of 
radiation. 

Theoretical understanding of the mechanical proper- 
ties of materials may be discussed at two levels: the 
phenomenological and the atomic or molecular. Phe- 
nomenological understanding means that a group of 
phenomena can be quantitatively correlated and de- 
scribed. Atomic or molecular understanding goes con- 
siderably further and requires that a group of phe- 
nomena be describable and predictable from known 
atomic or molecular characteristics. 

The above remarks are best illustrated by a discussion 
of “perfect elasticity.” One may anticipate at this 
point by stating that only within the range of perfect 
elasticity are the elastic properties of solids understood 
both on a phenomenological and atomistic basis. 

A material is said to be perfectly elastic if: 


1. Stress and strain are proportional to each other 
(Hooke’s law). 

2. Strain is completely and instanteneously re- 
coverable upon release of load. 

3. Stress and strain are independent of time—i.e., 
stress is only a function of strain, == ¢(e). 


The response of such a material under any sequence of 
stresses and strains is describable by the theory of 
elasticity, at least in principle, although in practice 
one may be limited to small strains. Within this range 
the material is completely characterized by a set of 
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elastic moduli. Thus, within the elastic range of be- 
havior a satisfactory phenomenological theory exists. 

At the atomic or molecular level, the elastic constants 
of metals'’-” and ionic crystals are theoretically 
calculable from the interatomic forces, and in the few 
cases where the calculations have been carried out the 
results are in good agreement with experiment. The 
theoretical calculations are difficult even for simple 
solids. It is probably correct to say, however, that the 
theoretical difficulties are difficulties of technique and 
not of principle, i.e., it is known how the problem is to 
be formulated although the detailed calculations may 
be very difficult to carry out. In this sense, then, one 
can claim theoretical understanding at both levels 
within the range of perfect elasticity. 

In a similar way one may sum up the present status 
of the theoretical understanding of other mechanical 
properties. The next step in complexity involves time- 
dependent phenomena. Stress relaxation, creep and 
internal friction at very low stresses and strains belong 
to the class of anelastic or viscoelastic phenomena.{ 
Within this range of mechanical behavior the properties 
of the material are completely describable by means of 
linear differential equations relating stress, strain, and 
their time derivatives. Stress and strain are still 
linearly related and the material obeys the Botzmann 
superposition principle.'®:'* It may be remarked, how- 
ever, that the stress-strain curve of an anelastic or 
viscoelastic material is never linear at any finite rate 
of stressing and straining,'’ and it is important to 
differentiate clearly between the nonlinearity of stress- 
strain curves (in shear) due to time effects and that 
due to an inherent nonlinearity of stress to strain. 
Within the anelastic range of mechanical behavior a 
satisfactory phenomenological theory exists. 

At the atomic or molecular level our knowledge is 
far less complete. The field is well summarized by 
Zener'® for metals, by Alfrey'® for high polymers and 
Leaderman'® for textiles and other materials. An- 
elasticity phenomena in metals have been used success- 
fully for studying various metallurgical processes. Two 
important conclusions should be mentioned: 

1. Relaxation across grain boundaries is an important 


” J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

" K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1936); A157, 
444 (1936). ° 

2D. S. Leigh, Phil. Mag. 42, 139 (1951). 

% R. Landshoff, Z. Physik 102, 201 (1936). 

™ Pp. O. Léwdin, “A theoretical investigation into some proper- 
ties of ionic crystals,” thesis, Uppsala, (1948). 

t The term anelastic (reference 15) has been used primarily 
with reference to metals, while the term viscoelastic (reference 16) 
has been generally employed in discussing organic materials 
(particularly high polymers) and glasses. 

% C. Zener, Elasticity and Anelasticity of Metals (The University 
of Chicago Press, Chicago, 1948). 

*T. Alfrey, Mechanical Behavior of High Polymers (Inter- 
science Publishers, Inc., New York, 1948). 

7G. J. Dienes, J. Colloid Sci. 2, 131 (1947). 

*H. Leaderman, “Elastic and creep properties of filamentous 
materials and other high polymers” (The Textile Foundation, 
Washington, D. C., 1943). 


DIENES 


source of internal friction, and changes in grain bound- 
ary structure are conveniently followed by means of 
such measurements. 

2. Impurities, in terms of interstitial or substitutional 
atoms, are another important cause of internal friction. 
The atoms in a disordered solid solution of cubic 
structure are distributed isotropically. In the presence 
of an applied stress, however, a preferential equilibrium 
distribution may be induced. The continual striving 
of the metal, via microscopic diffusion (local atomic 
exchanges), to maintain an equilibrium distribution 
gives rise to anelasticity. Recent researches of Ké," 
Zener,” Wert," Nowick,” and LeClaire* have shown 
the usefulness of this technique in stvdying the proper- 
ties, and particularly the diffusion, of imperfections 
in crystals. 

In the high polymer field, a large number of workers™ 
have been investigating the relation of viscoelastic 
properties to chemical structure, molecular configura- 
tion, and to bond breakage and bond formation. Full 
understanding can by no means be claimed although 
considerable progress has been made in the last few 
years. Similarly, anelastic properties of glasses are 
beginning to be understood in a more definite manner.” 

In conclusion one may state, therefore, that some 
anelastic and viscoelastic phenomena are quite well 
understood at the atomic and molecular level. 

As the stress is increased beyond the anelastic range 
the plastic properties of solids become predominant. 
The essential characteristics of the plastic range of 
behavior is the inherent nonlinearity of shear§**” stress 
to shear strain coupled with relatively large permanent 
deformations. 

Time-dependent phenomena (creep, stress-relaxation) 
in the plastic range may be quite similar to viscoelastic 
behavior with respect to the time parameter but not 
with respect to response to stress. In this range a small 
change in stress results in a much larger than propor- 
tional change in strain. This is the case apart from the 
time effect, i.e., the deformation under a constant 
stress at a fixed time is not proportional to the applied 
stress in the plastic range. In many cases, the conse- 


”*T. S. Ké, Phys. Rev. 74, 9, 16 (1948); J. Appl. Phys. 
19, 285 (1948); Am. Inst. Mining Met. Engrs., Metals Technol. 
15, 2370 (1948). 

”C. Zener, Trans. Am. Soc. Mech. Engrs. 152, 122 (1943); 
Phys. Rev. 71, 34 (1947). 

°C. A. Wert, Phys. Rev. 79, 601, (1950); J. Appl. Phys. 21, 
1196 (1950). 

% A. S. Nowick, Phys. Rev. 82, 551 (1951). 

2% A. D. LeClaire, Phil Mag. 42, 673 (1951). 

* For bibliography of recent research see R. Simha, ef al. 
“Bibliography of recent research in the field of high polymers,” 
Natl. Bur. Standards Circular No. 498, (1950), pp. 1-9, 14-17. 

* See, for example, J. V. Fitzgerald, J. Am. Ceram. Soc. 
34, 314, 339, 388, 390 (1951). 

§ This restriction to shear is of importance. Rubber shows a 
linear “equilibrium” stress-strain curve in shear up to large 
strains. The relation in tension or compression is highly nonlinear 
because of the geometry of large strains (references 26, 27). 

26M. Mooney, J. Appl. Phys. 11, 582 (1940); 19, 434 (1948). 

27R. S. Rivlin, Trans. Roy. Soc. (London) A240, 459 (1948). 
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TABLE I. Theoretical understanding of the mechanical behavior of solids. 








Crystalline materials 


Amorphous materials 





Phenomeno- 

Mechanical behavior Phenomenological Atomic or molecular logical Atomic or molecular 
Perfect elasticity Yes Yes Yes es 
Anelasticity Yes Some phenomena: yes Yes Partial 

(viscoelasticity) Generally: no 
Plastic properties Partial Partial No No 
Fracture and strength No No No No 











quence of large applied stresses (or strains) is a more or 
less permanent change of the properties of the material, 
usually referred to as strain or work hardening. Further, 
for many materials a fairly well-defined yield stress 
may be measured which separates the plastic region 
from the elastic one. The yield stress is much lower 
than predicted theoretically from the force necessary 
to cause plastic deformation (slip, glide) in a perfect 
crystal. 

In order to explain the low yield stresses of crystalline 
materials, specific types of lattice imperfections, called 
dislocations have been proposed by Taylor,”* Polanyi,” 
and Orowan®™ based on earlier suggestions made by 
Prandtl** and Dehlinger.* An elaborate theory of 
dislocations has been developed since then. For critical 
discussions of this theory the reader is referred to 
several excellent reviews.*—** 

The status of the theory appears to be as follows. 
In the last few years dislocation theory has begun to 
correlate a number of diverse structure sensitive 
mechanical properties. This theory is complex and 
reliable quantitative calculations are extremely difficult 
to make. Qualitatively, work hardening, critical shear 
stress, and even some aspects of creep and internal 
friction appear to be explicable on the basis of this 
theory. The predictive usefulness of the theory, particu- 
larly in a quantitative manner, is still very limited. 
At the phenomenological level, therefore, one can 
claim partial understanding. At the atomic level, it 
appears now that reasonable hypotheses can be formu- 
lated as to the origin, creation, and multiplication of 
dislocations.* Thus, a partial understanding can also 
be claimed here. 

The situation is certainly not better in the case of 

*8 G. I. Taylor, Proc. Roy. Soc. (London) 145, 362 (1934). 

* M. Polanyi, Z. Physik 89, 660 (1934). 

*” E. Orowan, Z. Physik 89, 634 (1934). 

*L. Prandtl, Z. angew. Math. Mech. 8, 85 (1928). 

®U. Dehlinger, Ann. Physik 2, 749 (1929). 

%F. Seitz, Physics of Metals (McGraw-Hill Book Company, 
Inc., New York, 1943); Advances in Physics, Phil Mag. Supple- 
ment 1, 43-90 (1952). 

* “Report of a conference on the strength of solids” University 
of Bristol, England, [Physical Society, London (1948) ]. 

% Pittsburgh Symposium on the Plastic Deformation of 
Crystalline Solids (U. S. Office of Naval Research, 1950). 

%*A. H. Cottrell, Progress in Metal Physics (Interscience 
Publishers, Inc., New York, 1949). 

37 F.R. N. Nabarro, Advances in Physics, Phil. Mag. Supplement 
1, 271-376 (1952). 

% F.C. Frank, Phil Mag. 43, 809 (1951). 


*F. C. Frank, Advances in Physics, Phil. Mag. Supplement 
1, 91-109 (1952). 





amorphous materials. In a very qualitative way, one 
knows that plastic properties in these materials depend 
on the movement of molecules, or large groups of 
molecules, relative to each other. Orientation and 
crystallization phenomena apparently play an im- 
portant role in determining the plastic properties. 
Phenomenological descriptions have been achieved in 
some cases,“~** but one can hardly claim understanding 
at either level. 

Rubber falls somewhat into a class of its own, since 
it behaves neither as a plastic material nor as a simple 
linear viscoelastic material. The statistical theory of 
rubber elasticity describes quite successfully the proper- 
ties of this interesting substance. The theory is es- 
sentially based on the analysis of the configurational 
response of a network consisting of a series of mesh 
points connected by flexible chains of varying length. 
The theory provides a rather high level of understanding 
at both the phenomenological and molecular level.!** 

Fracture and strength are probably the least under- 
stood mechanical properties. The subject is critically 
discussed in several reviews.'® © At the phenomeno- 
logical level the following points need to be emphasized : 
(a) it is not all certain that strength can be described in 
terms of a true material constant; (b) fracture may not 
bea single physical phenomenon in the sense that many 
different processes may lead to disintegration; and (c) 
there is no agreement among workers in the field as to 
the criterion to be used for describing fracture (critical 
stress, strain, energy, etc.). A great deal of theoretical 
work has also been done on the problem of crystal 
stability. From several different viewpoints the result 
is the same; the theoretical breaking stress, as compared 
to experiment, is too high by a factor of about 10°. 
Note the similar discrepancy between theoretical and 
experimental yield stress discussed above. It is precisely 
this discrepancy which led to theories of imperfections, 
specifically that of dislocations for crystalline materials. 
The theoretical calculations have been questioned by 
Fiirth,“* and more recently by Saibel,*? on the grounds 


Halsey, White, and Eyring, Textile Research J. 15, 295 
(1945) ; 15, 451 (1945), and subsequent papers. 

41 Alexander Brown, J. Appl. Phys. 20, 552 (1949). 

* Hopkins, Baker, and Howard, J. Appl. Phys. 21, 206 (1950). 

* Carey, Dienes, and Schulz, Ind. Eng. Chem. 42, 842 (1950). 

44M. Gensamer, ef al. “The fracture of metals’ (American 
Welding Society, New York, 1947). 

46 E. Orowan, “Fracture and strength of solids” (Cavendish 
Laboratory, Cambridge, NP-1077, November 15, 1949). 

46 R. Fiirth, Proc. Roy. Soc. (London) 177A, 217 (1941). 
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that an improper criterion of breakdown has been used. 
These workers propose a “melting theory” of strength 
(based on some earlier work of Born**); that is, their 
criterion for breakdown is that the elastic energy per 
unit volume be equal to the heat needed to melt the 
same amount of substance. This postulate leads to 
theoretical values in much better agreement with 
experiment. Considerable further development is neces- 
sary before the merits of the various hypotheses can 
be properly judged. 

This evaluation of our understanding of the mechani- 
cal properties of substances is summarized in Table I. 
Such a table is useful as a framework for discussing 
the effects of nuclear radiation and for designing 
fundamental experiments. 


2. Radiation Effects in Crystalline Solids— 
Mostly Metals 


As already stated in Section II, the most important 
effects of nuclear radiation on crystalline substances 
arise from a disordering of the lattice via the production 
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Fic. 1. Stress-strain curve of copper crystals (from reference 53). 


of displaced atoms. In this section attention will be 
focused on metal crystals since practically no work has 
been reported in the unclassified literature on changes 
in the mechanical properties of nonmetallic crystals. 
It is known, of course, that displaced atoms play an 
important part in altering the properties of non- 
conductors and, as a matter of fact, displacement 
damage in ionic compounds and ceramics may be 
larger than in most metals.* However, the mechanical 
properties of such substances, during or after irradiation 
have not yet been explored. 

An examination of Table I shows that the elastic 
constants are the only mechanical characteristics which 
are well understood. From a fundamental standpoint 
it is naturally desirable to study the effect of radiation 
on properties which are best understood. In general, a 
bulk property is not expected to be changed appreciably 
by the displacement of a relatively few number of atoms. 

‘7 E. Saibel, Trans. Am. Inst. Mining Met. Engrs. 171, 639 


(1947). 
“8M. Born, J. Chem. Phys. 7, 591 (1939). 
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Recent theoretical work by Dienes® indicates, however, 
that the presence of interstitial atoms will result in 
appreciable increase in the elastic moduli, at least for 
close packed metallic lattices. In such substances the 
elastic constants are determined primarily by the 
repulsive interactions of the closed ion shells. This 
potential is of an exponential nature and varies ex- 
tremely rapidly with interatomic distance. As the 
interaction distance is shortened, for example, by 
creating an interstitial, the energy of the system in- 
creases sharply on the repulsive side of the potential 
curve. The creation of vacancies by removal of atoms 
results essentially in the destruction of some normal 
interactions. Thus, one expects the influence of the 
interstitials to outweigh heavily the effect of the 
vacancies. 

Detailed calculations confirmed the above picture 
and led to the following conclusions. The presence of a 
small fraction of interstitials and vacancies results in 
large increases in the elastic moduli of copper, of the 
order of 5-7 percent for one percent interstitial. Lattice 
vacancies alone were found to decrease the elastic 
moduli, the change being essentially a bulk effect. 
Consequently, increases in the elastic moduli are to be 
attributed primarily to the presence of interstitial 
atoms. The theoretically predicted effects should be 
easily observable experimentally in copper and similar 
metals provided thermal annealing is prevented. Pre- 
liminary experiments by Bowman and Tarpinian™ of 
North American Aviation indicate that Young’s 
modulus of copper increases by as much as 10 percent 
upon heavy cyclotron irradiation. 

This type of an investigation is of interest in yielding 
information about one of the fundamental mechanical 
properties. Further, the results strongly suggest that 
changes in elastic constants may serve as a useful and 
powerful tool for distinguishing between interstitial 
atoms and vacant lattice sites. This latter point is of 
some importance since these two types of disturbances 
are very difficult, if not impossible, to distinguish by 
electrical or thermal resistivity measurements (which 
change drastically upon irradiation) since they are 
both scattering centers for electron and thermal waves. 
Much more work is required for proper evaluation of 
the suggestions. 

In contrast to bulk properties, some structure 
sensitive mechanical properties are very drastically 
changed by irradiation. The interpretation of these 
phenomena is much more intricate and difficult for 
two reasons. These properties are not well understood 
even in the absence of radiation (Table I), and the 
phenomena themselves are probably quite complex. 

No studies have been published concerning the 
influence of nuclear radiations on anelastic properties. 


“ G. J. Dienes, Phys. Rev. 86, 228 (1952); 87, 666 (1952); see 
also N. R. F. Nabarro, Phys. Rev. 87, 665 (1952). 

®F. Bowman and M. Tarpinian (private communication, 
February, 1952). 
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Many interesting and revealing experiments could be 
done utilizing our present knowledge of these properties 
and some will be suggested later on. 

A considerable amount of work has been done on the 
influence of radiation on the plastic properties of metals. 
It is well established by now that increase in hardness 
resulting from irradiation is a very general phenome- 
non.®!-52 The work of Blewitt, Coltman, and Sherrill® 
on single crystals of copper shows very clearly that the 
major effect of radiation is to alter greatly the critical 
shear stress. Stress-strain curves obtained on irradiated 
and unirradiated crystals are shown in Fig. 1. The 
critical shear increased from 0.241 to 2.0 kg/mm? for 
a fast neutron flux of about 2X10" nvt.|| After 
appreciable plastic deformation the differences in the 
stress-strain curve essentially disappear. The dis- 
continuities at a shear strain of about 0.6 are due to an 
additional irradiation of about 2X 10'* nvt. It is clear 
that after cold work the effect of irradiation is much 
smaller than for annealed samples. It is also clear from 
Fig. 1 that there is no one-to-one correspondence 
between cold work and radiation hardening. 

The shape of the stress-strain curve after irradiation 
is similar to that produced by solid-solution hardening, 
for example, by zinc in copper (a-brass).5* Further, 
critical shear stress vs bombardment curves, shown in 
Fig. 2, indicate strong similarity to shear hardening by 
dissolved impurities.*® Jamison and Blewitt®* have also 
investigated the slip lines formed upon cold-working 
irradiated and unirradiated single crystals of copper 
and observed pronounced differences in the two cases. 
The slip characteristics of the irradiated crystals were 
similar to those of a-brass. 

These experiments indicate a very strong similarity 
between impurity and radiation hardening. Current 
theories of impurity hardening®’-® are based on the 
interaction between dislocations and impurity atoms. 
The stress field set up by an impurity atom which does 
not fit perfectly into the lattice interacts with the stress 
field of a dislocation in such a way as to impede the 

5tD. S. Billington and S. Siegel, Metal Progr. 58, 847 (1950). 

8 Martin, Austerman, Eggleston, McGee, and Tarpinian, Phys. 
Rev. 81, 664A (1951) ; see also unclassified portions of AEC Report 
NAA-SR-75 (1951). 

53 Blewitt, Coltman, and Sherrill, Unclassified AEC Report 
TID-5015; T. H. Blewitt and R. R. Coltman, Phys. Rev. 82, 769A 
(1951). 

|| nvt is used to designate the number of neutrons per cm? 
incident on the sample. nv is the flux in neutrons per cm? per 
second and t is the irradiation time. 

5 See E. Schmid and W. Boas, Plasticity of Crystals (F. A. 
Hughes and Company, London, 1950), pp. 133-145. 

56 T. H. Blewitt (private communication). 

56 R. E. Jamison and T. H. Blewitt, Phys. Rev. 86, 641A (1952). 

57N. F. Mott and F. R. N. Nabarro, Bristol Conference on 
Strength of Solids (The Physical Society, London, 1948), pp. 1-20. 

58 F. R. N. Nabarro, Proc. Phys. Soc. (London) 58, 669 (1946) ; 
59, 256 (1947); Proc. Roy. Soc. (London) 175A, 519 (1940). 

%® A. H. Cottrell, Pittsburgh Symposium on Plastic Deformation 
a Solids (U. S. Office of Naval Research, 1950), pp. 

ON. F. Mott, “Mechanical strength and creep in metals,” 
in Imperfections in Nearly Perfect Crystals, Editor, W. Shockley 
(John Wiley and Sons, Inc., New York, 1952), pp. 173-197. 
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motion of the dislocation resulting in hardening of the 
material. Vacant lattice sites and interstitial atoms are 
expected to behave in a similar way. The simplest 
form of the theory indicates that the hardening is 
proportional to the square of the “‘misfit’’®’ of the lattice 
disturbance. Interstitial atoms introduce a much larger 
disturbance in the lattice than vacant lattice sites and 
one expects, therefore, that the former will be far more 
effective in raising the critical shear stress. 

Theory and experiment are apparently in quite good 
qualitative agreement. A quantitative description, how- 
ever, is much more difficult. Comparison of radiation 
hardening to those impurities which are well described 
by the theory (for example, a-brass) indicates that 
unreasonably large distortions would have to be ascribed 
to the interstitial atoms to explain the results. Thus, 
one may have to postulate that vacancies and inter- 
stitials are present in the form of clusters, probably in 
the neighborhood of dislocations, and contribute to the 
hardening by means of a Cottrell® type of anchoring 
of the dislocations. On the other hand, there are alloy 
systems, such as Cd in Zn, in which the critical shear 
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Fic. 2. Effect of neutron irradiation on the critical 
shear stress of copper (from reference 55). 


stress is much higher than predicted by theory. Simi- 
larly, critical shear stress of the alkali halides is ex- 
tremely sensitive to small amounts of impurities.™ 
Thus, the possibility that isolated interstitials and 
vacancies may account for radiation hardening cannot 
be excluded at the present time. Further detailed 
experimental and theoretical work will be required for 
clarification of the above points. 

Among the time-dependent plastic phenomena creep 
has received some attention. It is very difficult to 
estimate theoretically the effect of radiation on creep 
rate.”-© One can argue that the imperfections introduced 
in the lattice should impede the motion of dislocations 
and thereby reduce the creep rate. On the other hand, 
creep may be more rapid during irradiation since 
enough of the atoms may be kept stirred up by the 
irradiation to allow the stress to relax more rapidly. 
Andrade® measured the creep rate of cadmium under 
a-particle bombardment from polonium and found an 

61 See reference 54, pp. 236-237. 

®@F. R. N. Nabarro, Bristol Conference on Strength of Solids 


(The Physical Society, London, 1948), pp. 75-91. 
®& FE. N. da C. Andrade, Nature 156, 113 (1945). 
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Fic. 3. Stress-strain curves for pile irradiated 
polyethylene (from reference 72). 


appreciable increase in the creep rate, particularly 
during the early stage of the creep process. More 
recently Witzig™ found no change in the creep rate of 
copper while the sample was bombarded by deuterons. 
Thus, experiments so far are not consistent. Andrade’s 
results may be explicable in terms of surface effects. 
It is known that the creep rate of some metals is 
extremely sensitive to surface conditions.® Witzig used 
rather low rates of irradiation and his null results may 
not be valid at heavier exposure. Creep experiments in 
the presence of radiation are difficult to carry out 
because of the accurate temperature control that is 
required. 

A somewhat different aspect of mechanical properties 
and radiation effects should also be discussed. It has 
been noted that there are similarities between cold-work 
(strain hardening) hardening and radiation hardening, 
although there is no one-to-one correspondence between 
the two types of damage. This sort of parallelism carries 
through in other properties also. Electrical resistivity, 
for example, increases as a result of irradiation as well 
as of cold work. It is natural to suggest an analogy 
between cold work and radiation damage based on the 
notion that the properties of crystals are a unique 
function of the atomic positions no matter how the 
atoms got there.’:* In many cases this has been a 
fruitful notion in guiding experimentation. However, 
the analogy must break down if the nature of the 
disturbances introduced by cold work and by radiation 
is quite different. First of all, plastic deformation 
involves the motion and multiplication of dislocations, 
while irradiation is not expected to introduce such an 
organized lattice disturbance. Some significant dif- 
ferences in behavior are to be expected on this basis. 
X-ray line broadening, for example, which is appreciable 
in metals cold-worked at room temperature and is 
successfully interpreted on the basis of internal stres- 
ses,*° has not yet been observed in irradiated metals. 
Whether the negative results obtained to date are 
attributable to differences in the types of disturbances 


“ W: F. Witzig, Unclassified AEC Report, WAPD-43 (1951). 

65 See, for “—_ § D. J. Phillips and N. Thompson, Proc. Phys. 
Soc. (London) 63B, 839 (1950). 

** B. L. Averbach and B. E. Warren, J. Appl. Phys. 20, 1066 
(1949). 
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introduced or primarily to fast annealing of the radia- 
tion effects cannot yet be determined.® Further, 
differences are also expected in the vacancy—inter- 
stitial type of disturbances left behind in the lattice. 
Recent theoretical work by Seitz® indicates that 
vacancies are produced by cold work. Interstitials may 
also be introduced by plastic deformation, but it 
requires much higher energies to produce interstitials 
than vacancies, at least in metals,**® so that one may 
expect the number of interstitials created by cold work 
to be rather small. No such restrictions apply, of course, 
to the production of interstitials by fast particle 
irradiation, and one may expect corresponding dif- 
ferences in the behavior of cold-worked and irradiated 
materials. Indeed, significant differences in annealing 
behavior have been observed which may be explicable 
by such considerations. Bowen and co-workers” have 
done the most detailed work of this kind but much more 
needs to be done before full interpretation is possible. 
It is quite certain, however, that one can learn a great 
deal about radiation effects and the nature of plastic 
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Fic. 4. Stress-strain curves for pile irradiated 
Lucite (from reference 72). 


deformation from careful comparative studies of these 
two types of crystalline damage. 

A complex set of phenomena may arise when alloys 
are irradiated. Either via the production of vacancies 
and interstitials or via thermal spikes, local atomic 
interchanges (microscopic diffusion) may be promoted 
by irradiation. As far as the mechanical properties are 
concerned the precipitation hardening alloys are of 
particular interest. The copper-beryllium system has 
been studied by Billington and Siegel,> Martin and 
co-workers,” and Murray and Taylor.) Radiation 
hardening in solution annealed samples of this alloy is 
much greater than in pure copper. Resistivity increases 


67 B. E. Warren, Unclassified AEC report, NYO-767, (1951). 

68H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942); 
76, 1728 (1949). 

*® H. B. Huntington, Phys. Rev. 61, 325 (1942). 

7” Bowen, Eggleston, and Kropschot, 3. Appl. Phys. 23, 630 
(1952); see also paper given to the Society of Rheology at the 
se Anniversary Meeting of AIP, October, 1951 (unpub- 
ished). 

1G. T. Murray and W. E. Taylor, Unclassified AEC report 
TID-5017 (1951). 
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are also quite large. In general, the more beryllium 
there is in solution the greater is the effect of irradiation. 
These findings suggest that segregation or precipitation 
nucleation processes occur during irradiation. X-ray 
evidence is not yet consistent or conclusive and reliable 
interpretation of these experiments is not yet possible. 


3. Radiation Effects in Molecular Solids— 
Mostly High Polymers 


From the general discussion given in Section II one 
anticipates that the primary effects of nuclear radiations 
in molecular solids will be the result of ionization and/or 
excitation and will be essentially the same for all types 
of high energy radiation. Ions and free radicals are 
expected to be produced which then bring about 
chemical reactions (bond breakage and formation) 
thereby altering the properties of the substance. As 
stated before, high polymers are the only molecular 
solids whose mechanical properties have been investi- 
gated to any extent with respect to radiation effects. 

The investigation of radiation effects in high polymers 
was begun primarily for practical reasons. The stability 
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Fic. 5. Stress-strain curves for pile irradiated 
polystyrene (from reference 72). 
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of these substances is of considerable importance in 
reactor technology. At the present time most of the 
available information is of an empirical nature, which 
has been summarized recently by Sisman and Bopp.” 
In general, discoloration, brittleness, chemical de- 
composition, and many other changes may result from 
pile exposure of plastics. Sisman and Bopp have been 
able to classify empirically a large number of plastic 
materials into 12 groups in order of decreasing radiation 
resistance. Mineral filled phenolics apparently with- 
stand radiation best. Among the unfilled polymers 
polystyrene is outstanding. In both cases the well- 
known stabilizing influence of benzene rings is apparent. 
At the other end of the scale methyl methacrylate, 
halogenated polyethylenes and cellulosics are extremely 
poor in radiation resistance. 

As far as the mechanical properties are concerned, 
changes in stress-strain curves as a function of irradia- 
tion are the most revealing among the properties 
studied by Sisman and Bopp (stress-strain, impact and 


7 Q. Sisman and C. D. Bopp, Unclassified AEC report, ORNL- 
928 (1951). 
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Fic. 6. Stress-strain curve for pile irradiated paper 
base phenolic (from reference 72). 
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shear strength, hardness). One generalization may be 
made which is almost universally valid for all the high 
polymers they studied. The elongation at break is 
drastically reduced by irradiation, i.e., the materia] 
loses its plasticity and can no longer be cold-drawn. 
This change is strikingly illustrated by the curves of 
Fig. 3 for polyethylene. The irradiation dosages are 
indicated along the curves in terms of the total number 
of neutrons incident of the sample per cm? (nvt). 
Extensibility is rapidly lost even at quite low dosages. 
Tensile strength is not changed significantly, but the 
stress-strain curve is drastically altered as the radiation 
is increased. The material finally becomes extremely 
brittle with practically no extensibility. Sisman and 
Bopp state that polyethylene and nylon become so 
brittle that the corners of the specimens chip off. 

The response of methylmethacrylate to irradiation is 
of interest. The resistance of this material is poor as 
shown in Fig. 4. It is noteworthy, however, that the 
shape of the stress-strain curve is hardly changed. 
Irradiation alters the state of the material in such a 
way that failure occurs at decreased stresses and 
elongations with the points of failure falling along the 
same curve. 

Much higher resistance to irradiation is shown by 
polystyrene, Fig. 5. Only minor changes in elongation 
and stress are observed at the exposures employed in 
these experiments. Mineral filled phenolics behave in 
a very similar way. However, if an organic filler is 
used, fast deterioration upon irradiation is observed. 
In Fig. 6 stress-strain data are given for a paper base 
phenolic. Drastic reduction in stress and elongation 
at failure is observed with relatively minor changes in 
the shapes of the stress-strain curves. 

It is evident that understanding of these phenomena 
will come from a careful correlation of changes in 
physical properties with alterations in_ structure. 
Studies of a more fundamental nature have been 
started by Davidson and Geib” on rubbers and by 
Dole” on polyethylene. On the basis of plasticity and 

73 W. L. Davidson and I. G. Geib, J. ioe. Phys. 19, 427 (1948). 


™M. Dole, “Effect of radiation on colloidal and high polymeric 
substances,” Army Chemical Center Symposium on Chemistry and 
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stress-strain measurements Davidson and Geib conclude 
that natural rubber increases in molecular weight upon 
irradiation in the Oak Ridge pile while polyisobutylene 
is degraded. They suggest that free radicals in natural 
rubber are able to initiate chain reactions involving 
the double bonds and apparently the cross-linking 
achieved this way more than compensates for the 
broken chains. In polyisobutylene no chain reaction 
can be effected, and the end result is a decrease in 
molecular weight. 

Dole™ chose polyethylene as the simplest high 
polymer for investigating radiation effects. Irradiations 
in the presence of both air and vacuum were carried out 
in the Argonne heavy water pile. The polyethylene 
used was in the form of sheet film. As far as the changes 
in mechanical properties are concerned Dole confirmed 
the results of Sisman and Bopp. Chemical and infrared 
absorption analyses showed that considerable un- 
saturation occurred in the vacuum irradiated samples. 
Oxidation was the major effect in the material irradiated 
in air. Cross-linking may have also occurred. Molecular 
weights and molecular distributions have not yet been 
measured nor have the electrical properties been 
investigated. Tentatively Dole suggests that the major 
chemical changes occur upon neutralization of the 
positive charge which is situated somewhere along the 
chain as a result of electron depletion by the irradiation. 
Free radicals are produced as a result of the split in 
the C—C bond leading to unsaturation and to oxida- 
tion in the presence of air. 


IV. SUGGESTED EXPERIMENTS 


On the basis of the discussion given in previous 
sections the writer would like to suggest several experi- 
ments which should further our knowledge of the 
fundamental problems involved. 

It should be pointed out that from these experiments 
one will learn not only about radiation effects but also 
about the fundamental solid-state physics problem of 
relating physical properties of materials to lattice 
imperfections and structural changes. 

For crystalline materials the following experiments 
appear to be fruitful. 

(a) A careful study of the elastic constants of irradi- 
ated crystals should be made. Preliminary experiments 
indicate that elastic constants increase upon irradiation 
in accordance with the theory.” It appears that quite 
heavy irradiations, preferably performed at low tem- 
perature, are required for sufficient sensitivity. The 
experiments should be done on single crystals for 
simplicity of interpretation, particularly with respect 
to annealing. The major usefulness of this experiment 
is to indicate the presence of interstitial atoms and to 
distinguish them from vacant lattice sites. 

(b) It is known from Nowick’s” work that vacancies 
may be frozen in and then detected by internal friction 
measurements in suitable alloy systems. It would be 


Physics of Radiation Dosimetry, NP-3237 (1950, unclassified), 
pp. 120-148. 
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of great interest to produce vacancies by means of fast 
particle bombardment and measure their concentration 
by internal friction. The annealing of .the lattice 
disturbances can also be followed by this technique. 
The major requirement of this experiment is that the 
two components of the substitutional alloy differ 
sufficiently in size to lead to anelastic effects. 

(c) Critical shear stress of irradiated alkali halide 
crystals should be determined as a function of irradia- 
tion and temperature. The critical shear stress of these 
crystals appears to be extremely sensitive to the presence 
of very smal! amounts of impurities and one expects 
interstitials and vacancies to‘act in a similar manner. 

(d) Detailed annealing studies of critical shear stress 
hardening by radiation should lead to an accurate 
determination of the mobilities and activation energies 
of the disturbances responsible for radiation hardening. 
From such data it should be possible to deduce the 
size of the disturbances and hence settle the question 
of whether isolated disturbances or clusters of disturb- 
ances are present in the lattice. 

For high polymers the following experiments are 
suggested : 

(a) The characteristics of the stress-strain curve 
before and after irradiation should be carefully related 
to structural changes such as double bond formation 
and oxidation. This is probably best done by means 
of infrared analytical techniques. 

(b) The altered mechanical properties should be 
correlated with possible changes in molecular weight 
and molecular weight distribution of the substance. 

(c) Both in rubbers and elastomers creep and stress 
relaxation characteristics may often be interpreted on 
the basis of bond breakage and formation.'*-75-77 It 
would be of great interest to investigate these time- 
dependent properties in the presence of nuclear irradia- 
tions. One anticipates that quite large effects may be 
produced. In many ways the polymer may be altered 
in a manner by irradiation which is under better 
experimental control than, say, during high tempera- 
ture degradation. 

(d) It may well be profitable to compare critically 
the discoloration almost invariably produced by 
irradiation to that effected by thermal aging. 

(e) Many of the suggestions given above are appli- 
cable to inorganic glasses with minor modifications. 
Apart from some work on color changes” this class of 
solids has received very little attention as far as irradia- 
tion phenomena are concerned. 


Note added in proof:—Attention is called to two recent papers 
by Charlesby (Proc. Roy. Soc. (London) 215A, 187 (1952); 
Nature 171, 167 (1953), published after this paper was sub- 
mitted, in which detailed experiments, pointing to cross-linking in 


polyethylene by pile radiation, are discussed. 


( on V. Tobolsky and R. D. Andrews, Jr., J. Chem Phys. 13, 3 
1 x 
76 M. D. Stern and A. V. Tobolsky, J. Chem. Phys. 14, 93 (1946). 
7 Andrews, Hofman-Bang, and Tobolsky, J. Polymer Sci. 3, 
669 (1948). 
78 G. J. Monk, Unclassified AEC report, ANL-4536 (1950). 
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Experimental data published by Garner, Nissan, and Wood on secondary stresses in a viscoelastic liquid 
have been analyzed in terms of the superelasticity theory of secondary stresses as developed by Mooney. 
The theory was slightly modified to be consistent with the reported viscosity rate of shear behavior of the 
test liquid. With this modification the theory agreed within experimental error with observed normal stresses 
at various radii on a stationary circular plate mounted parallel to a rotating plate. 

One reported qualitative experimental result is in disagreement with the theory, but this particular 
result is questioned. Other theories of secondary stress are briefly discussed. 





INTRODUCTION 


| a recent paper by Garner, Nissan, and Wood! some 
quantitative experimental results are reported on 
the pressures developed in a viscoelastic liquid sub- 
jected to continuous shear between a pair of parallel 
circular plates in relative rotation. The experimental 
arrangement, similar to one first described by K. 
Weissenberg,? consisted of a flat-bottomed beaker 
driven in continuous rotation about its axis and a 
centrally mounted stationary circular plate a short 
distance above the bottom of the beaker. The normal 
stress of the sheared liquid on the stationary plate was 
measured by means of a series of manometer tubes 
connecting with small port holes at various radial 
distances on the plate. The test liquid for the data re- 
ported consisted of a 7 percent solution of aluminum 
stearate in petrol, peptized by mixed xylenols. 

Shortly after the appearance of this paper by Garner, 
Nissan, and Wood (hereafter to be referred to as GNW) 
the present writer published a theoretical paper® (here- 
after to be referred to as M) dealing with secondary 
viscoelastic stresses, in general, and covering the GNW 
experimental arrangement as one special case. At the 
time this theoretical paper was in preparation the 
author was, unfortunately, unaware of the GNW ex- 
perimental work. The present paper is therefore now 
‘written to test the theory with the experimental data. 


REVIEW AND MODIFICATION OF THE THEORY 


The author’s theory is based on the established 
general stress-strain‘ relations of a superelastic material 
in finite deformation. The connection with super- 
elasticity comes from the assumption that in a visco- 
elastic liquid subjected to continuous simple shear the 
elastic structure in the liquid is in a state of constant 
shear stress r,, the magnitude of 7, being determined 
by the balance between the rate of stress development 


- Goaor Nissan, and Wood, Trans. Roy. Soc. (London) 243, 
1950). 

2K. Weissenberg, Nature 159, 310 (1947). 

*>M. Mooney, J. Colloid Sci. 6, 96 (1951). 

*M. Mooney, J. Appl. Phys. 11, 582 (1940); also L. R. G. 
Treloar, The Physics of Rubber Elasticity (Oxford University 
Press, London, 1949). 


by the imposed continuous shear and the rate of stress 
relaxation characteristic of the material in the given 
state of stress. In this constant state of shear stress 
there is a corresponding constant shear strain s, which 
theoretically is the elastic recovery that would be 
observed if the shear stress were instantaneously re- 
moved and the recovery could take place instan- 
taneously or too fast for further relaxation. If G is 
the modulus of rigidity of the elastic structure, the 
relationship is 


T.=Gs. (1) 


It is the magnitude of s which determines the ratio 
of the primary shearing stress 7, to the secondary, 
normal deviatory stresses which develop on the three 
orthogonal planes corresponding to the orientation of 
the shear axes. If the simple shear is such that, in 
relation to reference axes x, y, 2, the xz planes are mov- 
ing in the positive x direction with velocity gy, then 
the stress relations are*® 
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Txy=Gs. (3) 


Here the o; are the normal stresses, p the mean 
pressure, rz, the shearing stress, and H is the second 
superelasticity modulus as defined by Mooney.‘ The 
deviatory stresses are o;+ p. 

In order to apply the above equations to experimental 
data, it is necessary to have a relationship between g, 
the rate of continuous shear, and s, the elastic shear, 
and relationships also between g and the elastic moduli 
G and H if the moduli are not constant. The simplest 
postulates would be that s is proportional to g, while 
G and H are constants. These postulates imply New- 
tonian viscosity for the liquid, but GNW report for 
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their material a viscosity relationship approximately 
of the power form 
n=B,*, (4) 


where c~0.6 or 0.7. A non-Newtonian case was ana- 
lyzed in M, but the assumed n—g relationship was 
entirely different. 

For present purposes let us therefore assume the 
following relationships for the steady state of con- 
tinuous shear at rate g: 


G=G,/g*, H=H,/g*, (5) 
T=EmtTe, =Zm+Gs. (6) 


Here p is the relaxation rate, and pi, Gi, and H; are 
constants. r is the total shear stress exerted by the 
viscoelastic solution, gn, being that which is due to the 
solvent, and r, that which is due to the elastic gel struc- 
ture. m is proportional to the viscosity of the solvent 
but is presumably also a function of the soap concen- 
tration. The observable viscosity is 


7 Gs G; 2 
q=-=mt—=mt—g Pt. (7) 
g g Pi 


S=8/P, p= pig”, 


From this equation it is apparent that the viscosity 
follows Eq. (4) approximately if 7 is small in com- 
parison with G,/pig?*@. 

Consider now the experimental arrangement of 
GNW, for which cylindrical coordinates r, 6, z are 
appropriate, with z being measured downward from 
the upper, stationary plate. Corresponding to Eqs. (2) 
and (3) we then have 
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As shown in M, the radial normal stress then obeys 
the differential equation 


00, G+H 
= s?— Der, (10) 
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where D is the density and w is the local angular velocity 
of the liquid. We have also 
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where 2 is the angular velocity of the rotating plate 
and Z is the plate separation. 

With the substitutions indicated by Eqs. (5) and 
(11), Eq. (10) becomes 








or 2prr 
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Integration from 0 to r gives 
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What is observed in the experiment is not o,(r, ) 
but o.(r, 0) as indicated by the liquid levels in the ma- 
nometer tubes. From Eqs. (8.1), (8.3), (5), and (11.1) it 
is found that 


a.(r, z)—a,(r, 2)= bes (G—H)s*/2, 





(5) (14) 


2p” \Z 

The argument z may be introduced in the left 
member of this equation because the right member is in- 
dependent of z and the equation is valid for any sz. It is 
clear also that 


o.(0, s)—o,(0, z) =0. (15) 


This means that the stress system at the axis is a uni- 
form, hydrostatic pressure. From Eqs. (13), (14), and 
(15) if follows that 
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At the stationary plate, where the manometers are 
attached, z=0. Also, the normal pressure P is the 
negative of the normal stress o.. Hence, 


Got H, G,—H, rQy 2-2P-4@ 
Po)-Po=|; 2(2~2p—9g) pz? IG) | 
Pi P-4q Pi ts (17) 


COMPARISON WITH EXPERIMENT 





This equation predicts that the observed pressure 
difference should vary as a power of the shear rate g, 
or r2/Z. Accordingly, these pressure differences in cm 
of the solution were computed from the data of GNW, 
Table 8, and are shown in Fig. 1, plotted on logarithmic 
coordinates against 72/Z. Each series of points con- 
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nected by a broken line corresponds to a series of r 
values for a particular pair of 2- and Z-values. 
WAThe data are scattered, thus reflecting the experi- 
mental difficulties in this field of research; but the 
scattering seems to be quite random. Hence we may 
conclude that, within experimental error, there is agree- 
ment between theory and experiment. 

The heavy line in Fig. 1, drawn to represent all the 
points, has a slope 0.775. Consequently, 


2p+q=1.225. (18) 
If we neglect 7; in Eq. (7), then Eq. (4) indicates that 
p+q=0.65-40.05. (19) 


These last two equations indicate that within the 
precision of this procedure 


q=0. | (20) 


This conclusion can only be accepted as tentative at 
present. It is @ priori questionable because it indicates 
no thixotropy and no breakdown of structure by shear- 
ing. Furthermore, in the secondary stress measurements 
a steady state was approached very slowly, and meas- 
urements were made only after 2 hours continuous 
running at constant speed, whereas in the viscosity 
measurements leading to Eq. (4), the rolling ball 
method was used® and each measurement involved 
only a very limited deformation of the test material. 
There is, therefore, some doubt whether the value given 
for c in Eq. (4) is the correct value to be used in the 
present calculations. 

It would seem desirable in dealing with these visco- 
elastic solutions that all physical tests should be made 
under similar conditions and similar immediate past 
history of the sample. Furthermore, from the theorist’s 
point of view, the experimental methods should be 
elaborated to give enough independent measurements 
to determine all the parameters entering into the 
theory. Thus, besides primary (viscosity) and secondary 
stress, birefringence and angle of extinction could be 
measured. The last measurement would permit a direct 
calculation of the steady shear s. Birefringence, ac- 
cording to Trelor’s work,® would presumably be pro- 
portional to the difference of the two extreme principal 
elastic stresses. Modulus and relaxation rate could be 
measured in the state of continuous shear if an oscilla- 
tion were superimposed on the continuous shear. Just 
to mention these various possibilities shows that this 
new experimental field of secondary stresses has a 
number of interesting avenues of exploration which 
eventually should lead to a check of all details of the 
theory so far developed. 

A few words should be added concerning the failure 
to find pressure differences in two of the GNW experi- 
mental arrangements, those shown by the their Figs. 


5 Wood, Nissan, and Garner, J. Inst. Petroleum 33, 71 (1947). 
SL. R. G. Treloar, Trans. Faraday Soc. 43, 277 (1947). 
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Fic. 1. Pressure difference versus rQ2/h, or g, the local rate of 
shear. The value of a, required for plotting the last point in each 
series, is given as 3.24. cm by A. H. Nissan in a personal commu- 
nication. The long solid line corresponds to Eq. (17) with 
2—2p—q=0.775. 


12(a) and 12(c). In Fig. 12(a) a hollow cylinder con- 
taining the soap solution rotates continuously about 
a slightly smaller stationary solid cylinder, and a 
manometer in the stationary cylinder connects to a port 
in the cylindrical surface. It was found that the liquid 
level in the manometer showed no reproducible meas- 
urable difference from the level in the containing 
cylinder. 

This negative result is explainable by the present 
theory. From Eqs. (8.1) and (8.3) the normal stress 
difference is 


o,—0.= (G—H)s*/2. (21) 


This equation may be used as a valid approximation 
for the experiment considered, since the difference be- 
tween the cylinder radii is small compared with the 
mean radius. (The appropriate exact equation would 
include a term proportional to gG(re—r1)/(r2+r11) the 
r; being the cylinder radii.) The approximate Eq. (21) 
shows that no pressure difference is to be expected if 


H=G. (22) 


This last relationship can be readily accepted as 
possible for it is predicted by the kinetic theory of 
elasticity for a cured elastomer, as developed by Wall,’ 
and is found by Copelaad and Mooney to be approxi- 
mately correct for several elastomers. 

The other GNW experimental arrangement, that of 
their Fig. 12(c), consisted of a plate and a cone in 
relative rotation, the cone apex lying in the plane of the 
plate. This arrangement has already been analyzed 
in M with the conclusion that there should be observed 
a pressure difference between any two radial distances, 


7F. T. Wall, J. Chem. Phys. 10, 485 (1942); Rubber Chem. 
Technol. 15, 806 (1942). 
* L. E. Copeland and M. Mooney, J. Appl. Phys. 19, 450 (1948). 
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r, and re, the difference being proportional to log r2/r:. 
Modification of the theory to harmonize it with the 
viscosity power law of Eq. (4) would not alter this 
logarithmic pressure-radius law. The GNW failure to 
find pressure differences in this case, therefore, is con- 
trary to the theory. 

The present writer has repeated these two experi- 
ments, using a 10 percent solution of GR-S (standard 
butadiene-styrene copolymer) in benzene as the test 
material. The negative result with the cylindrical 
apparatus was checked, but not that with the cone 
and plate apparatus. In the latter case the plate speed 
was 43 rpm, the cone angle 75°, and the cone diameter 
2 in. A manometer connected with a small port at the 
apex of the cone. The liquid rose the full height of the 
manometer, 12 in., and continued to flow slowly out at 
the top. From this positive result it is clear that the 
GNW negative result with their aluminum soap solu- 
tion in petrol cannot be taken as typical of all visco- 
elastic materials. 

GNW report experimental results obtained by 
several other experimental methods, but these other 
methods are not easily analyzed in terms of the present 
theory. With regard to the results given by these 
methods, it can only be said that there is no apparent 
conflict with the theory. 


OTHER THEORIES 


This superelasticity theory of secondary stress could 
be classed as a special case under a very general rheo- 
logical theory developed by Oldroyd;* but Oldroyd 
himself does not give any equations directly applicable 
to secondary stress measurements. 

A theory presented in the GNW paper is based on 
considerations of the free energy of the soap solution 
when the colloidal structure is broken up into indi- 
vidual soap and peptizer molecules; but this theory 
must be rejected, in the present author’s opinion, at 
least in its present form. Several of the GNW detailed 
postulates could be questioned or criticized; but the 
most convincing argument is based on their final, 
theoretical pressure-radius equation, which has the 
form 


Po)=PO-K(-) /r 


_According to this equation, P(r) should increase 
with r, which is contrary to published experimental 
data including the GNW data. Also, the equation has 
a discontinuity at r=0, whereas the experimental data 
seem to be regular at this point. It is undoubtedly true, 
as assumed by GNW,, that a viscoelastic liquid has free 


*R. S. Rivlin, Proc. Roy. Soc. (London) A193, 260 (1948). See 
aie a _— and M. Reiner, Quart. J. Mech. and Appl. Math. 
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energy when in a state of continuous shear; but it does 
not necessarily follow that the free energy is due to an 
increase in the concentration of fragments of the 
broken colloidal structure. There would also be free 
energy in the elastically strained colloidal structure 
that remains unbroken. According to the above anal- 
ysis, it is the latter, the mechanical free energy, that is 
important in the present case, not the chemical or 
concentration free energy. 

Another theory in this field has been developed by 
R. S. Rivlin,? who uses the term “normal stress” for 
what has here been called “secondary stress.” The 
Rivlin theory postulates an incompressible viscoinelastic 
liquid that is isotropic in a state of rest. For such a 
material the most general possible relations between the 
stress and strain-velocity components are developed. 
The resulting formula applicable to the relatively 
rotating parallel plates, Rivlin equation (15.15), con- 
tains the normal stress coefficient y. This coefficient 
may be any function of the scalar invariants of the 
deformation rates; and if we assume the appropriate 
power form for this function, the equation for the 


z-stress difference between radii 0 and r can be put in | 


the form 
P(0)—P(r)=C(rQ/Z)*. 


This is similar in form to Eq. (17) above, and hence 
it is seen that the data in Fig. 1 are explainable by the 
Rivlin theory also. On the other hand, let us consider 
now the rotating cylinders experiment. Rivlin’s equa- 
tion (16.7), in present notation, is 


o,—o,=ys"/2. (24) 


Since y, the normal stress coefficient, cannot vanish if 
the data of Fig. 1 are to be explained, Eq. (24) stands 
in disagreement with Eq. (21), when H=G, and stands 
in disagreement also with the experimental results ob- 
tained with the rotating cylinders by both GNW and 
the present author. Both of the theories under discus- 
sion, incidentally, disagree with the GNW results with 
the cone and plane experiment ; and hence on this basis 
there is no choice between the theories. They are both 
wrong if the GNW results with the cone and plane are 
valid. In view of the present writer’s results with the 
same test, the facts seem to be in doubt and more ex- 
perimental work is clearly desirable. 


Note added in proof:—In a recent article by H. W. Greensmith 
and R. S. Rivlin, Phil. Trans. 245A 899, 399 (1953), some further 
experimental results are reported with the arrangement shown in 
GNW Fig. 12(a) and discussed above in connection with Eq. (21). 
The Greensmith and Rivlin results are in agreement with GNW 
and show again that ¢-—¢,=0. 

This conclusion from the experimental results is overlooked by 
Greensmith and Rivlin; but to the present author it seems in- 
escapable. A further conclusion is that the Rivlin (see reference 9) 
theory of normal stress in a viscoinelastic liquid is not general 
enough to explain completely the behavior of a viscoelastic liquid. 
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The dynamic rigidities and viscosities of solutions of poly- 
styrene (number-average molecular weight 197000) in decalin 
have been measured by three experimental methods over ranges 
of concentration from 10 to 62 percent, of temperature from —5° 
to 50°C, and of frequency from 30 to 2000 cps. Similar measure- 
ments were made on the undiluted polystyrene from 115° to 
133°C and 30 to 2800 cps. The data for the solutions, when 
reduced to a reference state of unit density and viscosity at a 
standard temperature, provide single composite curves for 
dynamic rigidity and viscosity. The distribution function of 
relaxation times calculated from these curves overlaps that 
previously derived from stress relaxation measurements on this 
system, and the combined function covers a range of time scale 
of ten powers of ten. It shows the three characteristic regions 


previously identified in the relaxation distribution function of 
polyisobutylene; there are no obvious anomalies associated with 
the fact that decalin is a very poor solvent for polystyrene. The 
data for the undiluted polymer, when reduced to a standard 
temperature, provide single composite curves for dynamic rigidity 
and viscosity. The temperature reduction factors provide apparent 
energies of activation for relaxation which agree with those for 
viscous flow obtained by Fox and Flory. The relaxation distribu- 
tion function of the undiluted polymer is similar in shape to, but 
somewhat sharper than, those for other polymers in the transition 
from soft to glassy consistency. When reduced to a reference 
state of unit density and viscosity, the distribution function of the 
undiluted polymer lies near that reduced from data on solutions, 
but is considerably sharper than the latter. 





INTRODUCTION 


YNAMIC mechanical properties of concentrated 
solutions of polystyrene,’ polyisobutylene,?* and 
polyvinyl acetate* in several different solvents have 
been measured in previous investigations. By combining 
results at different concentrations and temperatures, 
using the method of reduced variables,® the distribution 
function of relaxation times has been determined in 
several cases over a time range of several powers of ten. 
In these studies the solvents have been good to moderate 
in the sense that the thermodynamic coefficient » has 
ranged from 0.38 to perhaps 0.48 (with the exception 
of some fragmentary data on polyvinyl acetate in 
diisopropyl ketone,‘ a system which does not mix in 
all proportions). 

The present study was undertaken on solutions of 
polystyrene in decalin, a poor solvent, with which it 
does not mix in all proportions below 10°C, to determine 
whether the mechanical properties would be signifi- 
cantly different in a system on the verge of phase 
separation. By combining data from three different 
dynamic methods, together with previously published 
data on stress relaxation in concentrated solutions 
following cessation of steady-state flow,’ the distribu- 


* Part XI of a series on Mechanical Properties of Substances of 
High Molecular Weight. 

fT Presented at the Annual Meeting of the Society of Rheology, 
Philadelphia, 1952. 

t Union Carbide and Carbon Fellow in Physical Chemistry, 
1950-1952. Present address: E. I. du Pont de Nemours and 
Company, Wilmington, Delaware. 

1J. D. Ferry, J. Am. Chem. Soc. 64, 1323 (1942). 
ase Ashworth and J. D. Ferry, J. Am. Chem. Soc. 71, 622 
~" omen Johnson, and Grandine, J. Appl. Phys. 22, 
(19590) M. Sawyer and J. D. Ferry, J. Am. Chem. Soc. 72, 5030 

‘Ferry, Sawyer, Browning, and Groth, J. Appl. Phys., 21, 
513 (1950). 

‘J. D. Ferry, J. Am. Chem. Soc. 72, 3746 (1950). 

7Schremp, Ferry, and Evans, J. Appl. Phys. 22, 711 (1951). 
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tion function of relaxation times has been determined 
over ten decades of logarithmic time—the most exten- 
sive range thus far reported for a polymer in solution. 
In addition, dynamic measurements on pure poly- 
styrene in its softening range have provided the 
relaxation distribution in this region, for comparison 
with the behavior of polystyrene in solution as well as 
with that of other polymers in the solid state. 


MATERIALS AND METHODS 


The polystyrene was a specially prepared sample, 
numbered 19F, which was kindly given us by Mr. R. F. 
Boyer, Dow Chemical Company. Its weight average 
molecular weight was 370000, determined by light 
scattering in the manufacturer’s laboratories;* the 
number average value was 197000, determined by 
osmotic pressure measurements in methyl ethyl ketone 
in our laboratory. (Linear extrapolation of osmotic 
pressure measurements at 25°C gave a value of 0.483 
for the thermodynamic constant yu; the Flory-Krigbaum 
extrapolation® gave a value of 0.283 dl/g for the virial 
coefficient ';. The same molecular weight was obtained 
in both extrapolations). 

The decalin was distilled through a 30-plate Older- 
shaw column and collected over a boiling range of 
187° to 194°C. Its density (p:) was measured at several 
temperatures from 12° to 40° and was found to follow 
the empirical equation p:=0.8898—0.00074(/—12), 
where ¢ is the centigrade temperature. According to 
the data of Seyer and Walker," this corresponds to a 
mixture of 47 percent trans- and 53 percent cis-isomers. 

The poor solvent power of decalin for polystyrene is 
evidenced by formation of two phases at lower tem- 


(19515 J. Streeter and R. F. Boyer, Ind. Eng. Chem. 43, 1790 
ase? Flory, and W. R. Krigbaum, J. Chem. Phys. 18, 1086 
. wv. F. Seyer and R. D. Walker, J. Am. Chem. Soc. 60, 2125 
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Fic. 1. Temperature of formation of two phases plotted 
against weight fraction of polystyrene in decalin. 


peratures. At high concentration the phases do not 
actually separate, but the solution becomes very 
opaque and there is a large increase in rigidity. The 
temperature at which this phenomenon appears is 
plotted against concentration in Fig. 1. The critical 
miscibility temperature is 10.2°C. If these data are 
used to calculate the values of u at various temperatures 
by the lattice theory," the results conform to the empiri- 
cal equation n= — 2.424833/T, where T is the absolute 
temperature. (This gives a value of 0.38 at 25°, con- 
siderably higher than that obtained in very dilute 
solution.) The mechanical measurements on solutions 
were made over a range from — 5° to 50°C, correspond- 
ing to u-values of 0.69 to 0.16, according to the above 
equation. No measurements were made at or below 
the precipitation temperature at any concentration; 
but the 25 percent solution was studied at temperatures 
down to within 5° of this point. 

The poor solvent power of decalin is also shown by 
the abnormally low intrinsic viscosity of polystyrene 
19F in this solvent, which we determined as 0.570 
di/g, in agreement with the figure of 0.564 given by 
Streeter and Boyer.* Their values in different solvents 
range from 0.50 for the poorest to 1.36 for the best. 

__ It is of interest that the curve of Fig. 1 is very similar 
to the corresponding plot of Fox and Flory” for poly- 
styrene in cyclohexane, a chemically similar solvent. 

Each concentrated solution was made up by weight, 
allowing polymer and solvent to remain in contact until 
the system was homogeneous, without milling or other 
violent disturbance. To test the possibility of degrada- 
tion during the rather long periods of storage involved, 


 P, J. Flory, J. Chem. Phys. 10, 51 (1942). 
2 T. G. Fox, Jr., and P. J. Flory, J. Am. Chem. Soc. 73, 1915 
(1951). 
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a 30 percent solution was diluted after 5 months, and 
an intrinsic viscosity was determined; the value was 
identical with that obtained from a freshly prepared 
dilute solution. 

' The dynamic viscosities, yn’, at concentrations from 
10 percent to 20 percent at 25°C and at concentrations 
from 13 percent to 25 percent at 35°C, were measured 
by the single transducer Model 2 of Smith, Ferry, and 
Schremp," covering a frequency range of 200 to 400 cps. 
It was impossible to get reliable values of the dynamic 
rigidity G’ in this range. 

The wave rigidity G and damping index /29 were 
measured at concentrations from 25 percent to 46 
percent, and temperatures from 10° to 50°C, by the 
method of transverse wave propagation,’ covering 
a frequency range of 250 to 2000 cps. The densities 
of the solutions were estimated for these and 
other calculations by assuming that the volumes of 
polymer and solvent are additive at 25° and that the 
thermal expansion coefficients of the solutions are the 
same as that of the solvent. Values of G’ and 7’ were 
calculated from G and X/xo by the usual formulas.’ 

Measurements of G’ and 7’ were made on a 62 
percent solution, of gumdrop-like consistency, with the 
double transducer constructed in this laboratory by 
Dr. E. R. Fitzgerald." We are much indebted to Dr. 
Fitzgerald for supervision and assistance in the opera- 
tion of this apparatus. The temperature and frequency 
ranges were — 5° to 25° and 30 to 1500 cps, respectively. 
Two pairs of samples were employed, of dimensions 
is in. (diameter) by } in. (thickness) and }{ in. by 
zs in., respectively. Calculated results for both G’ and 
n’, using nominal sample coefficients,"* were 31 percent 
lower for the thicker sample; such a discrepancy has 
been shown to be attributable to bulging,“ and the 
results were therefore adjusted by a constant factor, 
assuming the values for the thinner sample to be 
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Fic. 2. Reduced dynamic rigidity, in dyne/cm*, of a 30.0 
percent solution plotted logarithmically against reduced frequency 


at nine different temperatures identified in margin. 


8 Smith, Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949). 
4 E, R. Fitzgerald.and J. D. Ferry,§J. Colloid Sci. 8, 1 (1953). 











corr 
tha 
sion 


x I 


in tl 
One 


una 
at 1 
volt 
dat: 
case 


in t 
ny = 
w,= 
refe 
stal 
per: 
cen 
obt. 
whe 
imp 
ider 
plot 
tem 


by 


dyn 
tion 
mic: 
duce 
nine 
erat 
as it 


— 


! 
G 


16 




















































nd 
vas 
red 





, 30.0 
uency 


1949). 
1953). 






correct. The sample coefficients at temperatures other 
than 25° were calculated by taking the volume expan- 
sion coefficient of the 62 percent solution as 0.875 
xX 10-* deg. 

Measurements on the pure polymer were also made 
in the double transducer apparatus, from 115° to 133°C. 
One pair of samples was employed, 3s in. (diameter) 
by $ in. (thickness). The results are believed to be 
unaffected by bulging, since the samples were inserted 
at room temperature where the polymer is hard. The 
volume expansion of the polymer was calculated from 
data of Fox and Flory.'® The frequency range in this 
case was from 30 to 2800 cps. 


RESULTS 


For brevity,|| the results on solutions are presented 
in the form of the reduced variables G,’=G’To/Tc and 
n, =n'/n, plotted against the reduced frequency, 
w,= wnT)/Tc, representing reduction to a hypothetical 
reference state of unit density and unit viscosity at a 
standard temperature.* Here T is the absolute tem- 
perature of measurement and 7 )=298°K, c is con- 
centration in g/cc, and.y is the steady-flow viscosity, 
obtained by interpolation from data presented else- 
where.'® According to certain assumptions,*® the most 
important of which are that all relaxation times depend 
identically on temperature and concentration, such 
plots should yield single curves for G,’ and 7,’ at all 
temperatures and concentrations. 

The reduced plots (logarithmic) are illustrated first 
by G,’ and 7,’ for a 30.0 percent solution from wave 
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Fic. 3. Reduced 
dynamic viscosity of 
a 30.0 percent solu- 
tion plotted logarith- 
mically against re- 
duced frequency at 
nine different temp- 
eratures (key same 
as in Fig. 2). 
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® T. G. Fox, Jr., and P. J. Flory, J. Appl. Phys. 21, 581 (1950). 
|| The complete data are given in the Ph.D. thesis of L. D. 
Grandine, Jr., University of Wisconsin, 1952. 
'® Ferry, Grandine, and Udy, J. Colloid Sci. (to be published). 


DYNAMIC MECHANICAL PROPERTIES OF POLYSTYRENE-DECALIN 681 





oor 


“O.SF 


tee nsn 


“25 


-30F 














i 
4.0 5.0 6.0 7.0 8.0 9.0 100 
tog wqT,/Te 


Fic. 4. Reduced dynamic rigidity and viscosity of solutions 
from 10.1 to 45.7 percent polymer. Wave propagation data plotted 
as composite curves (dashed) for different concentrations; single 
transducer data plotted as individual points (solid circles, 25°; 
open circles, 35°C). Reference state unit density and unit vis- 
cosity. Numbers denote concentration as weight fraction. 


propagation data at nine different temperatures, in 
Figs. 2 and 3. In each case a single curve is obtained 
within the scatter which is characteristic of wave 
propagation measurements, showing that all relaxation 
times involved here have the same temperature depen- 
dence. Similar curves were obtained for wave propa- 
gation data at concentrations of 25.0, 35.0, 40.0, and 45.7 
percent. Because of the enormous number of points, 
it is not practical to show them all on a single graph; 
instead, a single composite curve was drawn for G,’ 
and for 7,’ at each concentration, and these curves 
are reproduced together as dashed lines in Fig. 4. The 
individual points for 7,’ from single transducer measure- 
ments are also included in Fig. 4. The composite wave 
propagation curves lie quite near each other. The 
transducer points lie on a single curve which fits in 
very well with the wave propagation curves. Heavy 
curves are drawn through all the data to represent the 
reduced variables over the concentration range from 
10.1 to 45.7 percent. 

The data from the double transducer on the 62 
percent solution are presented separately in Fig. 5. 
The sequence of temperatures in these measurements 
was 25°, 0°, —5°, 10°, 5°, 0°, 15°, 20°, 0°, 25°. The 
three sets of data at 0° showed a progressive increase 
in G’ of about 7 percent for each repetition, and the 
final values at 25° were considerably higher than the 
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Fic. 5. Reduced dynamic rigidity and viscosity of 62 percent 
solution plotted logarithmically against reduced frequency at 
seven different temperatures. Solid circles, first run at 25°C; 
other circles, later runs at temperatures as follows: downward pip, 
—4.6°; successive 45° rotations counterclockwise, 0.3°, 4.9°, 
9.9°, 14.8°, 19.8°, 25.0°. Dashed line: data from later runs ad- 
justed on the assumption of a steady flow viscosity increase of a 
factor of 2.5. Reference state unit density and unit viscosity. 


initial. These discrepancies are undoubtedly due to 
loss of a small amount of solvent during the four days 
required for measurements. However, when plotted in 
reduced form, all the data superpose to form composite 
curves except the first set at 25° (Fig. 5). It is believed, 
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Fic.,6. Reduced dynamic rigidity and viscosity of pure polymer 
plotted logarithmically against reduced frequency at seven 
different temperatures (reference state pure polymer at 124.1°C). 
Upward pip, 114.6°C; successive 45° rotations counterclockwise, 
118.2°, 121.2°, 124.1°, 127.0°, 129.8°, 133.2°. 
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TABLE I. Temperature reduction factors for pure 
polystyrene, referred to 124.1°C. 











Temperature °C Log ar 
114.6 1.20 
118.2 0.69 
121.2 0.35 
124.1 0 
127.0 —0.35 
129.8 —0.63 
133.2 —0.94 








therefore, that the major solvent loss occurred after 
the first 25° run; the latter.corresponds to the original 
concentration of 62 percent, and the remaining measure- 
ments to a slightly higher concentration. The principal 
effect of a small concentration increase on the reduced 
variables is a change in steady flow viscosity. By 
assuming an increase in » by a factor of 2.5 (which 
would correspond to a concentration increase of about 
2 percent), the reduced curves for G,’ and 7,’ are shifted 
to give the dashed curves in Fig. 5, which agree closely 
with the data from the first 25° run and also fit in very 
well with the composite curves of Fig. 4. 

The data from the double transducer on the pure 
polymer are presented in the form of the reduced 
variables G,’ and 7,’, plotted against the reduced 
frequency w,= war. The subscript p denotes* that the 
reference state is the pure polymer at a standard 
temperature 7», which is taken here as 397.2°K, the 
approximate midpoint of the range covered. Because 
the range of consistencies covered extends into the 
glassy region, the reduction treatment is more com- 
plicated than previously employed for a pure poly- 
mer. The mechanical data are first calculated as 
the real and imaginary parts of the complex 
compliance, J’—iJ’’=1/(G’+iwn’). These are re- 
duced by the following formulas:” J,’=J’[Tp/Topo 
+(Jae/J’)A—Tp/Topo)] and = J”p=J" (Tp/Topo). 
Finally G,'+iwn,’=1/(J,’—iJ,”). Here J. is the 
glassy compliance, estimated as 2.2 10~-' cm?/dyne; 
and p and po-are the densities at T and Jo, calculated 
from data of Fox and Flory.'® The factor a7 is chosen 
empirically. With a suitable choice of a7, both G,’ and 
np superpose to form composite curves, as shown in 
Fig. 6. The values of ar are given in Table I and plotted 
in Fig. 7, together with values of AH,, the apparent 
activation energy for relaxation, calculated as Rd In 
ar/d(1/T). 

DISCUSSION 


The mechanical behavior of the pure polymer, which 
for simplicity is discussed first, is characterized by two 
functions—one of time and one of temperature, these 
variables having been separated by the reduction 
treatment. 

The temperature function is represented by either 
ar or AH,, shown in Fig. 7. According to the postulates 


17J. D. Ferry and E. R. Fitzgerald, J. Colloid Sci. 8, 224 
(1953). 
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TABLE II. Distribution function of relaxation times for pure 
polystyrene reduced to 124.1°C. 











log @ (from G’) log ® (from n’) 





log r (@ in dyne/cm?*) (@ in dyne/cm?) 
—5.0 8.96 9.09 
—4.5 8.82 8.92 
—4.0 8.60 8.54 
—3.5 8.10 8.09 
—3.0 7.58 7.40 
—2.5 7.16 7.01 
—2.0 6.73 6.66 
—1.5 6.42 6.32 








of the reduction method, it is closely related to the 
temperature dependence of the steady flow viscosity,* 
and AH, should not differ by more than 0.5 kcal from 
the apparent activation energy for flow. The latter 
has been determined by Fox and Flory,'® who give an 
empirical formula for it as a function of temperature 
and molecular weight. Values calculated from their 
formula are included as a dashed line in Fig. 7 and show 
gratifying agreement. with the apparent activation 
energy for relaxation. This confirms further that all 
relaxation times have the same temperature depend- 
ence. It also suggests, following the interpretation of 
Fox and Flory, that the extremely high temperature 
dependence of relaxation observed in this region is 
associated, like that of flow, with the rapid relative 
decrease of free volume as the glass transition is 
approached. The latter point is about 100°C." 

The time function may be represented by Fig. 6 
directly, showing the increase of G’ from a rubbery 
to a glassy magnitude with increasing frequency. 
Alternatively, the distribution function @dlnr, the 
differential contribution to rigidity associated with 
relaxation times whose logarithms lie in a range d /n 7, 
may be employed. This can be calculated from either 
G’ or »’ and thus provides an internal test of the ac- 
curacy of the experimental data. Values of ® calculated 
from Fig. 6 by second approximation formulas'* are 
listed in Table II. The agreement between the calcula- 
tions from G’ and 7’ is satisfactory. 

For comparison of ® for polystyrene with those of 
other polymers, use is made of the characteristic time 
K of Tobolsky,” defined as the time in a stress relaxation 
experiment where the log-log plot of stress against time 
passes through an inflection. From the relations between 
stress relaxation and G’ it follows” that this will differ 
only slightly from the reciprocal of the (angular) fre- 
quency at which the log-log plot of G’ against frequency 
passes through an inflection. Graphical] differentiation of 
Fig. 6 shows that the latter is 10°-* sec, where d log G’/ 
d logw attains a maximum value of 1.14. Thus K= 10-*-* 
sec at 124.1°C. 

Shapes of distribution functions of various polymers 


18 J. D. Ferry and M. L. Williams, J. Colloid Sci. 7, 347 (1952). 
oa Catsiff, and Tobolsky, J. Am. Chem. Soc. 74, 3378 
). 
*R. S. Marvin, Phys. Rev. 86, 644 (1952). 
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Fic. 7. Reduction factor a7 for pure polymer (open circles) 
and apparent activation energy for relaxation (solid circles), 
plotted against temperature. Dashed line: apparent activation 
energy for viscous flow from the data of Fox and Flory (see 
reference 15). 


may be compared by plotting log ® against log 7/K, 
which places them all in the same range of time scale. 
The values in Table II are presented in this manner 
in Fig. 8, together with plots for a GRS vulcanizate 
derived"’ from stress relaxation data of Tobolsky” and 
for polyisobutylene derived from dynamic measure- 
ments in this Laboratory.” The shapes are quite 
similar, though the polystyrene curve is somewhat 
sharper than the others. Additional evidence is thus 
provided that, in the transition range from soft to 
glassy consistency, the shape of the distribution does 
not depend greatly on chemical composition. However, 
the temperature at which this transition falls in some 
specified time scale does of course differ widely. 
Turning to the behavior of solutions, the variables 
have been separated in this case into a function of 
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Fic. 8. Distribution function of relaxation times for pure 
polymer, plotted logarithmically against log r/K, where is 
the characteristic time of Tobolsky. Top shaded, from G’; bottom 
shaded, from 7’. Dashed lines are corresponding functions for a 
GRS vulcanizate (see reference 19) and a sample ae. 
lene distributed by the National Bureau of Standards (see refer- 
ence 21). 


*! Fitzgerald, Grandine, and Ferry, J. Appl. Phys. 24, 650 
(1953). 
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Fic. 9. Distribution function of relaxation times for solutions, 
lotted logarithmically, reduced to unit density and unit viscosity. 
op shaded, from G’; bottom shaded, from 7’; crossed circles, 
data from stress relaxation (see reference 7). Dashed line: distri- 
bution function of pure polymer reduced to same reference state. 


time and a function of temperature and concentration. 
The latter has been absorbed into the steady flow 
viscosity by the reduction treatment, and its analysis 
would be equivalent to analysis of the dependence of 
viscosity on concentration and temperature, which is 
beyond the scope of this paper. 

The time function may again be represented by 9, 
calculated from both G’ and 7’. Figure 9 shows values 
derived from the data of Figs. 4 and 5, as well as values 
obtained from previous studies of stress relaxation in 
concentrated solutions by Schremp, Ferry, and Evans,’ 
using in all cases the recent second approximation 
formulas.'* The agreement between calculations from 
G’ and 7’ is satisfactory except from the wave propaga- 
tion data, where the experimental precision is limited. 
The results from all four experimental methods fit 
together extremely well. It is of particular interest 
that stress relaxation values, reduced from data on a 
46 percent solution,’ agree well with single transducer 
values reduced from data on a 10 percent solution. 
Thus in this system, at least, the hypothesis of the 
reduction treatment that all relaxation times have the 
Same concentration dependence is valid over a con- 
siderable concentration range. 

The curve of Fig. 9 is the most extended that has 
been obtained thus far for solutions. It shows the three 
regions which have previously been identified in un- 
diluted polyisobutylene*—a steep portion at short times 
which is the beginning of the transition to glassy 
consistency, a flatter central portion, and a sharp drop 
at long times which is associated with the finite lengths 
of the polymer molecules. The central portion is not 
nearly so flat nor so extended as in solid polyisobutylene 
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of viscosity average molecular weight 1.1 million; this 
difference may be attributed partly to the presence of 
solvent and partly to the considerably lower molecular 
weight of the polystyrene. 

The data for the pure polymer, which in Table II 
are reduced to a standard temperature of 124.1°C, 
may be further reduced to the hypothetical reference 
state of Fig. 9 by the formulas’ 6,=,(298/397)/p 
and 1t,=7T,p/n, where p and 7 are the density and 
viscosity of the polymer at 124.1°C. The latter values 
were calculated from data of Fox and Flory" to be 
1.020 g/cc and 10"-” poises. The ®-values of Table II 
thus reduced to unit density and viscosity at 25°C are 
included in Fig. 9 as a dashed line. They do not coincide 
with the values reduced from solution data (which in 
this region are provided primarily by the 62 percent 
solution); the distribution function is somewhat 
sharper in the undiluted polymer than in solution. 
Thus, the concentration dependence of all relaxation 
times is not the same between 62 and 100 percent. 
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Fic. 10. Distribution function of relaxation times from Fig. 9 
(solid line) compared with similar functions for polyvinyl acetate 
(PVAc) in 1, 2, 3-trichloropropane and polyisobutylene (PIB) in 
xylene, all polymers having roughly similar molecular weights. 


Nevertheless, the two curves fall in the same region of 
time scale. As concluded previously from comparison 
of #-functions for polyisobutylene and its solutions 
on this basis,’ the reduction treatment is of value even 
here in bringing the data close enough together to 
facilitate interpolation, as well as aiding interpre- 
tation. 

Finally, it is of interest to compare the shape of the 
distribution function in this rather poorly compatible 
polymer-solvent system with those previously deter- 
mined for other polymers of similar molecular weights 
in good solvents. There are no other data covering such 
a wide range of time scale, but the central portion of 
Fig. 9 can be compared with similar functions for 
unfractionated polyvinyl acetate®'* of number-average 
molecular weight 140000 in 1,2,3-trichloropropane 
(u= 0.38), and for a roughly fractionated polyisobuty- 
lene” of viscosity-average molecular weight 320 000 in 
xylene. These functions, each reduced to a reference 


2M. F. Johnson, Ph.D. thesis, University of Wisconsin, 1950. 
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state of unit density and unit viscosity, are plotted in 
Fig. 10. They are practically identical. This close 
agreement is no doubt fortuitous, since some influence 
of chemical constitution is to be expected ; nevertheless, 
it is evident that the mismatch of cohesive energy 
densities of the system polystyrene-decalin has no 
obvious effect on dynamic mechanical properties in 
this range of time scale, as long as the system exists as 
a single phase. 
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A method has been found for measuring the shear moduli and losses of elastomers in a range of frequencies 
of about 1 to 10®, from 10 cps down. This method provides for large cyclic shear stresses and deformations 
without employing resonance methods. Only one sample is needed for a complete study, the frequency of 
stress being the only variable. The method gives results that fit the “box-distribution function” developed 
by Kuhn and Kuenzle. Results for a series of elastomers show that such investigations are important in 
ascertaining the mechanical properties of elastomers in practice. 


I. INTRODUCTION 


ANY experimental investigations have shown 
that plastics in general, as well as elastomers and 
their solutions, do not behave like Newtonian liquids. 
They both have viscosity and elasticity, the combina- 
tion of which, according to the Maxwell postulate, 
causes their properties to be dependent on time, and 
leads us to call them “viscoelastic bodies.” This de- 
pendence does not exist either for the Newtonian liquid 
whose mechanical properties are determined by its 
viscosity, for the elastic body whose properties are 
determined by its elasticity. The time element intro- 
duces a peculiar difficulty in measuring the mechanical 
properties of these substances. Whereas the well-known 
Maxwell body describes this time dependence in simple 
mathematical expressions, it does not apply to the ex- 
perimental results. The properties of viscoelastic bodies 
are not described by a Maxwellian body, but rather by a 
distribution of an infinite number of Maxwellian bodies, 
each having a so-called “‘relaxation time.” 

The existence of this infinite distribution calls im- 
peratively for an investigation of the properties of these 
viscoelastic bodies in as wide a range of frequencies or 
times as possible in order to define them. Most in- 

* Presented before the 24th Annual Meeting of the Society of 


Rheology, October 30-31, 1952, at The Franklin Institute in 
Philadelphia, Pennsylvania. 





vestigators have used one method in a range of fre- 
quencies no wider than about 1 to 100. This range can 
be extended by using the observation of Ferry' that the 
properties of viscoelastic bodies investigated at different 
temperatures, in the case of dynamic investigations 
with sinusoidal vibrations, seem to be described by 
shifting one standard curve on the frequency axis. One 
can superimpose measurements at different tempera- 
tures and extend the range of frequencies to about 1 to 
1 000 000. But using Ferry’s method of “reduced vari- 
ables” necessitates some assumptions that, though very 
probable, have as yet not been proven exactly by 
experiments. It therefore seemed important to have a 
method for investigating the mechanical properties of 
viscoelastic bodies in a frequency range of about 1 to 
1000000 under isothermal conditions. This paper 
describes a basic method and the results obtained for 
several elastomers. 


II. PRINCIPLES OF OPERATION 


In order to measure the viscosity and elasticity of 
viscoelastic bodies in a wide range of frequencies, it is 
profitable to use an arrangement that will allow the 
frequency alone to be changed, while using one sample 
throughout the investigation. It is well known that the 


1 Ferry, Fitzgerald, Grandine, and Williams, Ind. Eng. Chem. 
44, 703 (1952). 
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uency dependence of G’ and tané for am 
’ is the dynamic shear modulus. 4 is the loss angle. 


Fic. 1. Fr 
at 25°C. 


size of the sample affects the pure geometry of me- 
chanical strains for higher degrees of deformation and 
that the geometry is not always exactly known. Using a 
single specimen, we at least know that the geometric 
corrections are constant throughout the whole in- 
vestigation, even if they influence the absolute values 
measured. This degree of incertitude is not extremely 
important; the mechanical constants of viscoelastic 
bodies always vary within a certain range due already to 
some variation in composition or molecular weight and 
cannot be considered as absolute physical constants of 
the substance like density, etc. 

At the start of this investigation it was deemed im- 
portant to work with forces and deformations not 
infinitely small, but in the range of those encountered in 
practice. This is also important should one want to 
investigate the nonlinear mechanical properties of 
viscoelastic bodies. Simple shear gives the most linear 
relationships of all the methods of stressing, especially 
with elastomers which allow a high degree of elongation. 
Furthermore, stresses in simple shear are nearly uniform 
throughout the sample. 

To investigate elastomers in a wide range of fre- 
quencies, we can use the stress-relaxation method or an 
investigation under cyclical vibrations. The stress- 
relaxation method as used by Tobolsky’ and his as- 
sociates allows a practically infinite range of times, but 
it gives only one quantity : the time-dependent modulus 
of elasticity. An investigation with cyclical vibrations 
allows us to measure two quantities: the dynamic 
modulus of elasticity, and a quantity proportional to the 
losses of the system. This latter can be described as the 
viscosity, n, or the imaginary part of the shear modulus 
of elasticity, 7<w, where w is the circular frequency of 
the vibrations. In the case of deformational shear vibra- 
tions, the quantities are the dynamic shear modulus G’ 
and the dynamic loss modulus G’”’ = wy. Using vibrations 
in a wide range of frequencies practically eliminates 
resonance methods, because the resonant frequency 
depends on the square of the mass for a constant 


2 Tobolsky, Prettyman, and Dillon, J. Appl. Phys. 15, 380 
(1944). 
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sample, and a frequency variation of 1 to 1000000 
would require a variation of the mass of 1 to 10~. We 
therefore selected a nonresonant method. From the 
discussion of reduced variables, it is clear that in the 
investigation of elastomers it is not the value of the 
frequencies, but the range of frequencies that is im- 
portant. 

These basic principles of operation are (a) large range 
of frequencies, (b) large deformations or forces, and 
(c) nonresonant method—lead us to the method of the 
hysteresis loop, i.e., the dependence of deformation on 
the force for harmonic shear vibrations. The method has 
been used by several investigators beginning with 
Schmidt? in 1923. 


A. Sample 


The sample consists of two 1 in.X1 in.Xj in. pieces 
of the material to be investigated, sandwiched between 
three brass plates 1} in.X1} in.X? in. The bond be- 
tween the sample and the plates, in the case of filled 
rubber, is formed by vulcanization. In the case of soft 
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Fic. 2. Frequency dependence of shear modulus, natural gum 
rubber. G’ is the dynamic shear modulus. G” is the dynamic shear 
loss modulus. 


rubber, polyvinylchloride and Thiokol, the adhesion is 
so poor that a suitable cement had to be used. The 
corrections to the calculated values for the finite size of 
the sample, using formulas for an infinite sample, are 
about 5 percent according to Read.‘ The maximum 
double amplitude used was about 1000 microns, or about 
8 percent maximum deformation. 

The middle plate of the sample sandwich was 
mounted in a frame connected through a dynamometer 
to a reciprocating part which gave the sinusoidal 
motion, whereas the two other plates were solidly 
clamped to the machine. It is obviously a stressing 
under simple shear. 


B. Method of Stressing 


Stresses are provided by an adjustable double cam 
with a throw between 0 and 4000 microns double 
amplitude, which could be driven between 13 and 
0.000006 cps, giving a range of slightly over 1 to 
2 000 000 in frequency. Beyond 13 cps, the system began 
to be mechanically unstable (unwanted resonant fre- 





3 E. Schmidt, Gesundh. In. 46, 61 (1923). 
4W. T. Read, J. Appl. Mech. 17, 349 (1950). 
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ELASTOMERS IN A WIDE 


quencies being excited), whereas the lower frequencies 
required such long times as to be inconvenient. All the 
bearings were sleeve bearings, rather than ball or roller 
bearings, to eliminate any possible periodic disturbance. 
The sample was placed in a liquid bath that could be 
electrically heated up to 75°C or cooled in a cold room to 
— 30°C. Results reported here were obtained at room 
temperature (about 25°C or 77°F) without using the 
temperature control. 


C. Sensitive Elements 


The force was measured by a dynamometer between 
the driving member and the frame carrying the sample. 
The deformation of a steel ring was measured by a 
Schaevitz (type 040) linear-variable differential trans- 
former. The movement of the frame was picked up by a 
second linear-variable differential transformer, type 080. 
The range of forces with one dynamometer was between 
a few grams and 10 kilograms double amplitude. The 
range of deformations was between 10 and 1000 microns 
double amplitude. This gives a very great range of 
measurable viscosities, amounting to about 1 to 
1 000 000, i.e., from 10® to 10" poises. 





moouLUS (K¢/cM*) 
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Fic. 3. Natural rubber—tread stock. G’ is the dynamic shear 


modulus. G’’ is the dynamic shear loss modulus. 


D. Electronic Equipment 


Both differential transformers were excited by a 4 
volt, 1600 cycle, stabilized frequency generator. The 
output of each differential transformer after passing the 
gain control was amplified and rectified through a phase 
sentitive bridge and low-frequency bypass filter in the 
usual manner. Both circuits were entirely symmetrical 
so that the electronics did not introduce any amplitude 
or phase errors in the range of frequencies investigated. 
The outputs of the filters were fed to the x and y plates 
of a Du Mont 304-H oscilloscope and photographed by a 
Du Mont Land camera. The amplitudes of the axes 
were regulated by the gain control, using the amplifiers 
at constant output, so that the trace could be well 
measurable on the oscilloscope screen. Absolute meas- 
urements were made possible by using a switch step 
potentiometer (attenuator) excited by the same voltage 


. as the transformers, which was directly calibrated in 


kilograms and microns by putting on loads or motions in 
the instrument and comparing them to the electrical 
amplitudes determined by the attenuator. Motion at 
various frequencies was produced by a synchronous 
motor of 3600 rpm, which drove the cam through a 
series of pulleys and worm-gear boxes. The low fre- 
quencies were calculated from the known gear ratios and 
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Fic. 4. Cold rubber—tread stock. G’ is the dynamic shear modulus. 
G” is the dynamic shear loss modulus. 


the higher frequencies were measured by stop watch and 
revolution counter. 


E. General Assembly 


The specimen holder with the cam and the sensitive 
elements, together with the temperature bath, were 
mounted on a 1600 lb cement block which itself was 
isolated by steel springs from a concrete pier sunk into 
the ground. The electronic equipment, the worm drives 
and other gears were shock-mounted on a table and only 
connected with the instrument by a rubber V-belt, thus 
eliminating the transmission of disturbing frequencies 
during the measurement as far as possible. This was 
important, especially in measuring over long times or 
measuring very stiff substances with only a few microns 
double amplitude or very low forces below 100 grams. 
The temperature bath was heated by an immersion 
heating element and cooled by a copper coil with water. 


III. RESULTS 


In Figs. 1 through 4, the results for a number of 
elastomers are given. Figure 1 summarizes the results 
for the National Bureau of Standards’ sample of 
polyisobutylene that had been investigated by a number 
of laboratories. Our values amplify the frequency range 
by about two decades at the lower end, and especially 
important is the strongly defined minimum of the loss 
angle vs frequency. The values are concordant with the 
ones obtained by stress relaxation or by other methods. 
The rise of the loss angle with diminishing frequency 
indicates that at some still lower frequency the polyiso- 
butylene will behave as a Newtonian liquid, i.e., it will 
flow with a constant viscosity. 

In Fig. 2 the measurements on vulcanized rubber gum 
are shown. The values obtained by A. W. Nolle® at high 
frequencies for a similar composition of rubber gum are 
concordant, so that with the combination of both 
methods a continuous range of values from 0.000006 to 
about 5000 cycles is available. The moduli of elasticity 
measured by Nolle were divided by three to be com- 
pared with the shear modulus measured in this work. 
The losses of gum rubber are very similar to these of 
Nolle, except for the absence of a sharp downward trend 
that he obtained, which was probably at the limit of 
application of his methods. The losses at low frequencies, 
below 0.003 cps, could not be measured ; the gum rubber 


5 A. W. Nolle, J. Polymer Sci. 5, 1 (1950). 
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Fic. 5. Frequency dependence of shear modulus, Thiokol H-5. 
G’ is the dynamic shear modulus. G” is the dynamic shear loss 
modulus. 


below these frequencies behaved like an ideal elastic 
body with losses well below 1 percent. 

Figures 3 and 4 show the results for a natural rubber 
tread and a cold rubber tread stock, made by the 
Rubber Department of the National Bureau of Stand- 
ards. Both the modulus and the losses are frequency- 
dependent. Values in the higher frequency range were 
obtained by putting our specimen into a Gehman® 
tester where it was stressed in exactly the same way: 
simple shear. Figure 5 presents the results for a blend of 
Thiokol obtained from the Thiokol Corporation in 
Trenton, New Jersey (type H-5) and shows at 25°C 
essentially the same behavior as other elastomers. At 
higher temperatures Tobolsky and Stern’ have obtained 
a behavior very similar to that of Maxwellian bodies. 
This is definitely not the case at 25°C. 

Measurements of the properties of the viscoelastic 
bodies at different amplitudes of vibration showed that 
apparently the amplitude does not influence the vis- 
cosity to any measurable extent beyond the inherent 
error limit of the machine. The modulus G’ and tané 
=G"’/G’ have possibly a small amplitude dependence, 
resulting in the modulus being smaller at higher ampli- 
tudes and tané increasing, but the effects are com- 
paratively very small, especially considering the in- 
fluence of frequency on these properties. It is interesting 
to note that if viscosity, which in itself is frequency 
dependent, does not appreciably depend on amplitude, 
then it is not the rate of shear that causes changes but 
rather the frequency that is the most important factor in 
determining the viscosity of elastomers. 


IV. DISCUSSION 


~ All the experimental curves except the one for the 
shear modulus of natural gum rubber are frequency de- 
pendent. They are extremely flat in a frequency range of 
at least 1:10°. This substantiates very well the diffi- 
culties of investigating viscoelastic bodies mentioned in 
the introduction. For similar curves, Kuhn and Kuenzle® 


* Gehman, Woodford, and Stambaugh, Ind. Eng. Chem. 33, 
1032 (1941). 

7 A.V. Tobolsky and M. D. Stern, J. Chem. Phys. 14, 93 (1946). 

§’ Kuhn, Kuenzle, and Preissmann, Helv. Chim. Acta 30, 307, 
464 (1947). 
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in 1946 developed a theory that was subsequently called 
‘box distribution”; they assumed that the probability 
of a partial shear modulus dG’/dr for a mechanism with 
a relaxation time 7 was 


dG'/d \Inr=b/a?= const. 


This idea, after adequate mathematical treatment 
modifying somewhat the original formulas, led to the 
following expressions for the frequency dependence of 
dynamic modulus G’ and G” and the loss angle coté 
Es G’/G” 


1 a—Inw 
————-, (1) 
G b 
1/G” = (2/7b) (a—Inw)’, (2) 
coté= (2/2) (a—Inw). (3) 


These formulas are valid under the simplifying as- 
sumption 
a? 
X=——<l. 
(a—Inw)? 

In Kuhn’s case this was true to a large extent. But in 
some of our samples this was not the case. We have 
therefore calculated the second approximation of the 
formulas for values 0<.x«<1. The first approximation is 
valid until x<0.3 with an error of 10 percent. For higher 
values of “‘x”’ the 1/G’ values are higher than the ones 
of the first approximation. 

Physically, “‘a’”’ determines a ‘“‘high frequency cut- 
off” of the distribution function, elimimating any 
shorter times above the frequency fo or time 70: 


[a= In 2rfo= In (1 To) | 


Measurements of Kuhn and Kuenzle ina very limited 
range of frequencies indicated that such a relationship 
could exist. Our measurement in a much wider range of 
frequencies can give a closer check of these relations. By 
plotting the reciprocal dynamic shear modulus over 
logf, one should expect, according to (1), linear re- 
lationship. As is seen in Fig. 6, this is indeed the case for 
all the elastomers investigated. One has therefore to 
consider the assumptions made by Kuhn as to the 
distribution of the relaxation times to be valid for these 
elastomers in an extremely wide range of frequencies. 
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Fic. 6. Plot of 1/G’ vs logf to test the Kuhn equations. 
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TABLE I. 
1 1 
—atw=l1 —at 10-5 cps 
2 G’ b a TO fo 
Sample (cm?/kg) (cm?/kg) (kg/cm?) — (sec.) (cps) 
Natural rubber tread 0.0430 0.0570 691.2 29.71 1.25 K10"% 1.628 X 10” 
Cold rubber tread 0.0603 0.0928 267.0 16.02 1.100 10-7 1.151 108 
Thiokol 0.0240 0.0405 586.5 14.06 7.82 1077 1.943 x 10° 
Polyvinylchloride 0.0345 0.0733 250.0 8.625 1.8 x10" 8.95 K10 
VU 1913 natural 

Polyvinylchloride 0.0173 0.0600 226.0 3.91 2.0 X10 7.95 








VU 1920 clear 








This is mot the case for the polyisobutylene which at 
very low frequencies approaches the behavior of a 
liquid. 

The validity of the relationships of Kuhn leads to 
unexpected results. Under no condition can the “‘true 
value” of the ‘“‘static” shear modulus of an elastomer be 
found, as the-dependence on the logarithm of the fre- 
quency does not warrant a limiting value at any 
frequency. There are as yet no indications that this 
statement could be modified for a range of frequencies 
above or below the-one investigated. Of course some 
limitation as to the limits of the validity of Eqs. (1) to 
(3) should exist, but in any case in the lower frequency 
range no deviations have been found. At the lowest 
frequencies investigated, the elastomers behave neither 
as pure elastic bodies nor Newtonian liquids. The 
viscosity as calculated from G” has roughly the hyper- 
bolic dependence on frequency as expected by Kuhn. 
There is no particular value of viscosity and elasticity 
that could be assigned to the elastomer except perhaps 
the one at w=1 (f=0.159 cps or Inw=0). For Kuhn’s 
relationships to be valid further requires that the 
properties depend on only two constants, “a,” and “6,” 
that occur in different combinations in all the formulas. 
It is essentially immaterial which particular method one 
uses in order to determine these constants. This fact is 


very important as it makes it possible to describe the 
viscoelastic properties of elastomers, for which the 
Kuhn relations hold, by only two constants. A tabula- 
tion of these constants for our elastomers is given in 
Table I. 

The practical value of the results obtained by this 
investigation is obvious. Because the mechanical con- 
stants of elastomers depend so much upon the frequency 
of stress, it is clear that one has to measure these 
constants at the same frequencies that occur in practice; 
i.e., if the elastomer is to be used in shock absorbers the 
elastic constants have to be measured at frequencies 
between, roughly 3 and 50 cps. Should the application 
be in gaskets under steady load, measurements at very 
low frequencies such as 1 cycle per day are necessary. 
The susceptibility of the mechanical properties to 
changing frequency are different for each elastomer, and 
range from zero in the case of natural gum rubber up to 
a change of about 1 to 10 for the polyvinyl product. 
Thus it is not possible to use a constant factor with 
which the value of (say) shear modulus at any one 
frequency should be multiplied in order to get its value 
at any other frequency. What the actual conditions are 
can only be ascertained by expanding these investiga- 
tions to get results for a larger number of different 
plastics, probably also using different temperatures. 
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Viscoelastic Properties of Dilute Polymer Solutions 


P. E. Rouse, Jr., AND K. SitreL 
The Franklin Institute, Laboratories for Research and Development, Philadelphia, Pennsylvania 


(Received March 23, 1953) 


The viscoelastic properties of dilute solutions of chain polymers have been measured at frequencies in the 
range from 200 cps to 60 kc. The data are compared with theoretical curves calculated from the steady-flow 
viscosities of the solution and solvent, the molecular weight and concentration of the polymer, and the 
absolute temperature ; this calculation made use of equations obtained from a recently developed theory. The 
equations contain no adjustable constants. The theory is shown to be at least a good first approximation to 
the viscoelastic properties of the solutions studied. 

The agreement of the data and the theory implies that, up to 60 kc at least, the viscoelastic properties of 
dilute solutions of polystyrene and polyisobutylene are the result of the thermal motions of the segments of 
the polymer molecules. These segmental motions coordinate with one another to produce changes in the 
configurations of the molecules. The configurational changes have associated with them a series of relaxation 
times. These relaxation times are shown to depend upon molecular weight of the polymer, concentration, type 


of solvent, and viscosity of solvent. 






















INTRODUCTION 


HE viscoelastic properties of solutions of polymeric 
molecules have been the subject of many experi- 
mental investigations.'! However, until recently the lack 
of highly sensitive techniques has limited these experi- 
mental studies to concentrations so high that contacts 
between the polymer molecules strongly affected the 
thermal motions of the chains. The dependence of these 
thermal motions, and, consequently, of the viscoelas- 
ticity, upon the length and flexibility of the polymer 
molecules can best be studied by measurements on 
solutions so dilute that intermolecular contacts are 
relatively infrequent. Two techniques sufficiently sensi- 
tive for such work have recently been developed.?* 
Baker and his co-workers‘ have published measure- 
ments made by one of these techniques on dilute solu- 
tions of several coiling polymers. At the time of their 
publication a quantitative theory which could be com- 
pared with such data was not available. A completely 
general theory of the viscoelastic properties of solutions 
of linear polymers had been developed by Kirkwood ;° 
unfortunately, the results of his theory are not in a form 
which can be used for calculation. A treatment by W. 
Kuhn and H. Kuhn*® had ignored the fact that under 
dynamic conditions the configurations of a polymer 
molecule cannot be adequately described by merely 
specifying the end-to-end separation. As a result their 
theory predicted only a single configurational relaxation 















































- 'W. Philippoff, Physik. Z. 35, 884, 900 (1934); J. M. Kendall, 
Rheol. Bull. 12, 26 (1941); J. D. Ferry, J. Am. Chem. Soc. 64, 
1323, 1330 (1942); J. R. Van Wazer and H. Goldberg, J. Appl. 
Phys. 18, 207 (1947); Ferry, Sawyer, and Ashworth, J. Polymer 
Sci. 2, 593 (1947); J. N. Ashworth and J. D. Ferry, J. Am. Chem. 
Soe. 71, 622 (1949); Smith, Ferry, and Schremp, J. Appl. Phys. 20, 
144 (1949); Ferry, Sawyer, Browning, and Groth, J. Appl. Phys. 
21, 513 (1950); W. M. Sawyer and J. D. Ferry, J. Am. Chem. Soc. 
_ —— 95); Schremp, Ferry, and Evans, J. Appl. Phys. 22, 

11 (1951). 

2 W. P. Mason, Trans. Am. Soc. Mech. Eng. 69, 359 (1947). 

8 Sittel, Rouse, and Bailey (to be published). 

* Baker, Mason, and Heiss, J. Polymer Sci. 8, 129 (1952). 

5 J. G. Kirkwood, Rec. trav. chim. 68, 649 (1949). 

*W. Kuhn and H. Kuhn, J. Colloid Sci. 3, 11 (1948). 
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time. Consequently, Baker* expressed his data in terms 
of a modified Maxwell element (spring and dashpot 
combination in parallel with a second dashpot). The 
constants of the dashpots and the spring were calculated 
from the experimental data obtained at each frequency. 
It was found that the calculated values were functions 
of the frequency of measurement. Only by use of a 
model consisting of several elements could data for 
more than one frequency be fitted. This result empha- 
sizes the fact that more than one relaxation process is 
involved in the viscous and elastic behavior of solutions 
of coiling polymers. 

Recently a theoretical calculation’? has been carried 
out which produced results that can be compared with 
experiment. This theory predicts a series of discrete 
relaxation times associated with the changes of con- 
figuration of the polymer molecules. Equations were 
obtained by means of which the relaxation times and the 
components of the complex viscosity* (or complex 
rigidity)® can be calculated from the steady-flow 
viscosities of the solution and the solvent, the molecular 
weight and concentration of the polymer, and the 
absolute temperature. These equations contain no 
adjustable constants. 

Data are presented here for the viscoelastic properties 
of dilute solutions of polystyrene in toluene and of 
polyisobutylene in various solvents. The measurements 
were made at frequencies in the range from 220 cycles up 
to 60 kc. The data are compared with curves calculated 
from the theory.’ The agreement indicates that the 
equations obtained from the theory provide a good first 
approximation to the viscoelastic properties of the 
solutions studied. 


SUMMARY OF THEORY 


The theory’ referred to above relates the elastic and 
viscous properties of solutions of polymers to the dis- 


7P. E. Rouse, Jr., J. Chem. Phys. (to be published). 
8 A. Gemant, Trans. Faraday Soc. 31, 1582 (1935). 
®*R. L. Wegel and H. Walther, Physics 6, 141 (1935). 
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VISCOELASTIC PROPERTIES OF 





turbance of the distribution of configurations of the 
flexible polymer molecules. This disturbance increases 
the free energy of the system. The thermal motions of 
the segments of the molecules cause the distribution of 
configurations of the molecules to drift continuously 
toward its equilibrium form, dissipating the excess free 
energy. In this calculation, a polymer molecule is con- 
sidered as being made up of N equal submolecules, each 
of which is a portion of polymer chain just long enough 
so that the separation of its ends obeys, to a first ap- 
proximation, a Gaussian probability function. The 
necessary coordination of the motions of the various 
parts of a molecule is taken into account by introducing 
the requirement that the motion of the end of a sub- 
molecule changes the configurations both of that 
submolecule and of the adjoining submolecule. 

The response of a solution of a polymer to a 
sinusoidally varying shearing stress can be expressed in 
terms of a complex viscosity® )*=1—in2 or a complex 
rigidity? G* = G,+ iG2. The expressions for these quanti- 
ties produced by the calculation’ are given in the 
following equations: 








G2 N Tp 
m=—=HetnkT D - (1) 
w p=1 1+" ,” 
G, nkT N wt? 
n=—=— (2) 
®o w pmil+o*7,’ 
6(no— ne) 
T:=———__. (3) 
rpnkT 


In these equations w=angular frequency of applied 
shearing stress. »,= viscosity of solvent, »=number of 
polymer molecules per unit volume of solution, k= Boltz- 
mann’s constant, T=absolute temperature, and 7, 
= viscosity of the solution in steady flow. 

The result of the calculation indicates that the 
processes involved are characterized by a series of re- 
laxation times 7». The pth process makes a contribution 
of nkT 7, to the steady-flow viscosity and a contribution 
of nkT to the instantaneous rigidity of the solution. 

In the range of frequencies for which wr1< N?/250, 
the values calculated from these equations are insensi- 
tive to increases in V. The summations in Eqs. (1) and 
(2) have therefore been evaluated under the assumption 
that N is infinite. The theoretical values given in the 
tables and the curves in the figures were calculated by 
means of Eqs. (1), (2), and (3) with NV set equal to 
infinity. 

The relaxation times as calculated are quite sensitive 
to molecular weight. Since the theory assumes a 
monodisperse polymer, some divergence of theory from 
experimental data would be expected even for fraction- 
ated polymers. A more fundamental cause for possible 
disagreement is the fact that the theory does not take 
specific account of the interactions between remotely 
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connected parts of a polymer chain. These interactions 
make it impossible for the chain to assume many of the 
“random flight” configurations” and, in addition, make 
necessary a temporary cooperation between the motions 
of segments which happen to come into contact. 


MEASUREMENT 


A plane shearing wave is generated in a liquid by the 
oscillatory motion in its own plane of a plane surface in 
contact with the liquid. If the motion is sinusoidal and 
has the angular frequency w=2z/, the velocity of the 
surface can be represented by 


V,= V,e%**, (4) 


The transverse velocity of the liquid at the distance x 
from the oscillating surface is 


Vi= 196 Tete! (5) 
The propagation constant I is 

P= (iwp/n*)}, 
where i is (—1)!, p is the density of the liquid and n* is 


its complex viscosity. The force exerted by a unit area of 
the surface upon the liquid is 


F= —* (dv,/ dx) 2-0=n*T2,. 


The complex mechanical impedance Zy which the 
liquid presents to the shearing force is given by the 
ratio of the stress to the particle velocity, 


Zu=RutiX m= (twpn*)!. (6) 


The components of the complex viscosity and complex 
rigidity are related to the components, Ry and X y, of 
the mechanical impedance by the equations 





Gp 2RyXmu 
pases ’ (7a) 
w wp 
Gi Ry’?- Xx 
ee” (7b) 
w wp 


For a normal liquid 72=0 and 
Ru=Xu= (x fpn)}. 


The techniques used in this work make use of 
torsionally oscillating bodies which present cylindrical 
surfaces to the liquid under measurement. The tangential 
motions of the surfaces generate shearing waves in the 
liquids. Description of these waves by Eq. (5), which 
applies strictly only to plane waves, is permissible be- 
cause the waves are damped out in distances which are 
very small compared to the radii of curvature of the 
surfaces. The properties of the liquid are determined by 

”P. J. Flory, J. Chem. Phys. 17, 303 (1949); J. di Hermans, 
Rec. trav. chim. 69, 220 (1950); E. W. Montroll, J. Chem. Phys. 


18, 734 (1950); P. Debye and R. J. Rubin, Phys. Rev. 87, 214 
(1952); R. J. Rubin, J. Chem. Phys. 20, 1940 (1952). 
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measurements of the energy dissipated in the shearing 
wave and of the change of the resonant frequency of the 
oscillator caused by the liquid. From the energy 
dissipation the real part Ry of the impedance of the 
liquid is calculated, and from the frequency shift caused 
by the mass loading the imaginary part Xy is ob- 
tained. 

The data presented here were obtained by use of two 
techniques. At the frequencies of 220 cps, 900 cps, and 
2300 cps, the torsion pendulum, which is described fully 
in another publication,® was used. Measurements at 20 
kilocycles and 60 kilocycles were obtained by use of the 
torsion crystal technique, which was introduced by W. 
P. Mason.’ 

The shearing gradients generated in the liquids by 
these oscillators are fairly small. With the torsion 
crystals the maximum gradients generated are of the 
order of one sec™'. The maximum angular displacement 
of the torsion pendulums is estimated to be about 10~ 
radian. The maximum shearing gradients generated by 
oscillations of that amplitude in a liquid of 0.5-centipoise 
viscosity are calculated to be 150 sec at 220 cps, 1000 
sec at 900 cps, and 4000 sec at 2300 cps. 


TORSION PENDULUM: 


The torsion pendulums used in this work consisted of 
a hollow lower disk, 4 cm in diameter, and a massive 
upper disk, 14 cm in diameter, connected by a torsion 
rod, the diameter of which was machined to give the 
desired frequency. The pendulum, which was made of 
stainless steel, was suspended from the top of a chamber 
by a steel wire 0.010 in. in diameter. The temperature of 
the pendulum was controlled by circulation of water 
from a thermostatic bath through the walls of the 
chamber. The liquid to be measured was contained in 
the hollow disk. The torsional oscillations of the hollow 
disk were excited by the action of an alternating mag- 
netic field upon an Alnico V magnet embedded in the 
lower disk above the chamber which held the sample. 
The upper disk which had a moment of inertia 700 
times as great as that of the lower disk, served as a 
reference against which the oscillations of the lower disk 
were measured. Mirrors were mounted on both disks 
and an optical detecting system was arranged in such a 
way that the light striking a multiplier phototube was 
modulated by the oscillations of the pendulum. The 
excitation was discontinued and the oscillations were 
allowed to decay. The alternating voltage which repre- 
- sented the decaying oscillations of the pendulum was 
applied to a system of electronic voltage discriminators 


which started and stopped a counter and a chronograph ' 


at predetermined voltage levels corresponding to certain 
amplitudes of the oscillations. The counter registered 
the integral number of oscillations which occurred be- 
tween the two voltage levels and the chronograph 
registered the time required for that number of com- 
plete oscillations with an uncertainty of +0.625x 10-6 
sec. From these data the angular frequency w and 


‘» AED  E: 
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damping constant a@ of the free oscillations of the 
pendulum were calculated. 

The values of Ry and X y for a polymer solution were 
calculated from the equations 


Ap a, 
Ru = (xfpsn.)* +——, (8a) 


a 


> : , Ws— Wp 
X= (wfeene)*+——- 


w 


(Sb) 


where the subscripts s and p refer, respectively, to the 
solvent and the solution. Values of the constants K, and 
K., were determined for each pendulum by empirical 
calibration with standard liquids whose viscosities 
covered the range from 0.5 to 10 centipoise. 


TORSION CRYSTAL?:!! 


The torsion crystals used in this work were cylinders 
of quartz 10 cm long and 1 cm in diameter cut with the 
axis of the cylinder parallel to the x axis of the quartz. 
These crystals were used at their fundamental frequency 
of 19 600 cps and at their third harmonic of 58 800 cps. 
The crystals were supported by four phosphor bronze 
wires 0.006 in. in diameter. These wires were soldered to 
spots of silver paint which were spaced 90 degrees apart 
around the cylinder midway between the ends. Each 
wire formed the electrical connection to one of four 
quadrantal electrodes of evaporated gold which ran the 
length of the crystal. 

In use the crystals were immersed in the liquid in a 
closed stainless steel tube. The tube was supported in a 
thermostatic water bath. The crystal was connected 
electrically as the unknown arm of a precision capaci- 
tance-conductance bridge. The effective electrical re- 
sistance R of the crystal at series resonance and its 
resonant frequency f, were measured. The frequency 
was determined with an electronic counter and chrono- 
graph system which was precise and accurate to ap- 
proximately one part in 5X 10*. The two frequencies at 
which the resistance of the crystal was twice its resist- 
ance at resonance were also determined. The mean of 
these frequencies served as a check on the measured 
value of the resonant frequency and the difference be- 
tween them gave the band width (A/); of the resonance 
curve of the crystal. 

The value of Ry for each polymer solution was 
calculated from the equations"! 


R,—R, 





Ru= (fo.n.)'+——, (9) 
K, 
4Lf1 1 
K,= |-+-| (9a) 
ptr l 


where R,, R,=electrical resistance of crystal in solvent 


1 Rouse, Bailey, and Sittel (to be published). 
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and solution, respectively, and r, /, p-= radius, length, 
and density of the crystal, respectively. L., the equiva- 
lent electrical inductance of the crystal, is related to the 
electromechanical coupling constant of the crystal. A 
value of L. was calculated from each set of measure- 
ments on each liquid by means of the equation" 


L.=R/2r(Af);, 


where R is the equivalent electrical resistance of the 
crystal, measured at series resonance. The value of L, 
was a constant for each crystal at each harmonic and 
was independent of the liquid in which the crystal was 
immersed. 

The value of XY for each polymer solution was 


calculated from the equations'! 


, Je—JIp 
X w= (wfp.n.)'-+——_+C, (10) 
K» 
1fi 1 . 
A,=— | +--L (10a) 
mor l 





where f, and f, are the resonant frequencies of the 
crystal in solvent and solution, respectively. C is an 
empirical correction term made necessary by the 
roughness of the surface of the crystal.'' This correction 
was ignored in calculation of a first approximation to 
Xm. The value of C was then calculated from the 
equation 


X uwp wp.*\} 
C= A(p—p,)+ 8] ——"_— (—) | (10) 
Ry?+ X M” 2n- 


The values of the constants A and B were determined 
empirically for each crystal at each harmonic by fitting 
an equation of the form 


j= fo-Ks| cio '+ 0] 4—8(—) |], (11) 
2n 


to data obtained for a series of pure liquids covering a 
range of viscosities and densities. 


MATERIALS 


The polymers used in this work were fractions of 
polystyrene and of polyisobutylene prepared by the 
procedure” of adding nonsolvent to produce a slight, 
permanent turbidity, redissolving the polymer by in- 
creasing the temperature, and precipitating the fraction 
by slow cooling to the original temperature. The solvent- 
precipitant system used for polystyrene was methyl 
ethyl ketone-methyl alcohol and for the _poly- 
isobutylene was benzene-acetone. The fractionations 
were carried out at 30°C. 

Four polystyrenes were used in the fractionation. 
One, which was prepared by emulsion polymerization at 





2 P. J. Flory, J. Am. Chem. Soc. 65, 372 (1943). 


—10°C with ferrous pyrophosphate activator and 
benzoyl peroxide catalyst, had a viscosity average 
molecular weight” of 4 000 000. In a single precipitation 
fractionation of this polymer from a solution with an 
initial concentration of 3 grams/liter seven fractions of 


appreciable size were obtained. Their viscosity average — 


molecular weights ranged from 6 300 000 to 2 600 000. 
The second fraction, which had a molecular weight of 
6 200 000 was used in this work. 

The other polystyrenes used in the fractionations were 
prepared by emulsion polymerization at 45°C with 
potassium persulfate catalyst and primary dodecyl 
mercaptan as modifier. The viscosity average molecular 
weights were 105000, 210000 and 570000. These 
polymers were fractionated from solutions with original 
concentrations of approximately 1 gram/liter. Re- 
fractionations of these fractions were then carried out 
from solutions, the original concentrations of which 
varied from 0.7 gram/liter to 0.1 gram/liter with in- 
creasing molecular weight. Two of these fractions were 
used in the work reported here. 

The fractions of polyisobutylene were obtained by a 
single fractionation of a polymer (supplied by the 
Enjay Company) known commercially as “Vistanex 
LM-MS,” which had a viscosity average molecular 
weight of 63 000. The initial concentration of the solu- 
tion was 3 grams/liter. Fractions with viscosity average 
molecular weights ranging from 10 000 to 326 000 were 
obtained. Those used in this work had molecular 
weights of 127 000 to 165 000. 

The molecular weights of the polystrenes were calcu- 
lated from their intrinsic viscosities [7] in toluene 
using the equation” 


logM ,= (log[n]+4.01)/0.73, 


where M, is the viscosity average molecular weight." 
Molecular weights of the polyisobutylenes were calcu- 
lated from their intrinsic viscosities in carbon tetra- 
chloride using the equation" 


logM, = (log[n ]+3.345)/0.64. 


The viscosities were measured at 30.35+0.05°C using 
Cannon-Fenske-Ostwald viscometers which had been 
calibrated by the National Bureau of Standards. 


DISCUSSION OF RESULTS 


The results of the measurements on solutions of these 
polymers are presented in terms of the real parts of the 
complex viscosity and the complex shear modulus of the 
solutions. The curves in the figures were calculated by 
means of Eqs. (1), (2), and (3) from the steady-flow 
viscosities of the solution and solvent, the molecular 
weight and concentration of the polymer, and the abso- 
lute temperature. The behavior of the experimental data 


mani G. Fox, Jr., and P. J. Flory, J. Am. Chem. Soc. 73, 1915 
( , 

4 T. G. Fox, Jr., and P. J. Flory, J. Am. Chem. Soc. 70, 2384 
(1948). 
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Fic. 1. Effect of concentration on real part of complex viscosity. 


conforms fairly well to the quantitative predictions of 
the theory. . 

The precision and accuracy of the data presented here 
are believed to be somewhat less than will be obtained 
with these techniques after the addition of certain re- 
finements. Limitation of the time available for this 
work made it necessary to carry out these measure- 
ments without these refinements. The results can, 
therefore, be considered to provide only a preliminary 
test of the theory. However, within this limitation the 
data indicate that the predictions of the theory are a 
good first approximation to the actual response of 
solutions of linear polymers to oscillatory shearing 
stresses. 

In addition to providing a preliminary confirmation 
of the theory, the data serve to illustrate several aspects 
of the relation of the viscoelastic properties of solutions 
of polymers to the properties of the polymer and the 
solvent. The effects of the concentration and molecular 
weight of the polymer are discussed below with reference 
to the data for solutions of various polystyrene fractions 
in toluene; the relation of the viscoelastic processes to 
the viscosity and solvent power of the solvent are 
demonstrated by the data obtained for polyisobutylene 
fractions in several solvents. 

In discussing these relationships it is helpful to con- 
sider the relaxation times as represented not only by 
Eq. (3) but also by the following equation from which 
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Fic. 2. Effect of concentration on real part of complex 
shear modulus. 
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Eq. (3) was derived:’ 
T p= NS*/6n°p’BkT. (12) 


In this expression N is, as before, the number of sub- 
molecules per molecule, S? is the mean square separation 
of the ends of the chain, and B is the average mobility 
(velocity under unit force) of the ends of the sub- 
molecules. 

The effects of increasing the concentration of polymer 
upon the dynamic properties of solutions of a polymer 
are shown in Figs. 1 and 2 for toluene solutions of a 
polystyrene fraction with a molecular weight of 
6 200 000. One effect was the increase by a factor of 
1.44 of the relaxation times as calculated from Eq. (3); 
it was caused by the fact that the quantity (n.—7,)/n 
increased with concentration. Equation (12) suggests 
that this increase in the relaxation times was caused 
by a decrease in the mobility B, resulting from tempo- 
rary interferences between the parts of different polymer 
molecules. 
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Fic. 3. Effect of molecular weight on real part of complex 
viscosity of solutions having (approximately) equal viscosities in 
steady flow. 


The effect of the increase in relaxation times was to 
displace the dispersion curves for ; and G, to lower 
frequencies. This accounts for a portion of the increase 
in the real part of the rigidity, since at the same fre- 
quency a larger fraction of the contribution of each 
relaxation process was effective. A larger portion of the 
increase in G, was the result merely of the larger number 
of molecules per unit volume of solution; according to 
Eq. (2) the contribution of each relaxation process to 
the modulus is given by nkT. 

The effects of increasing the molecular weight of the 
polymer while holding the steady flow viscosity of the 
solution constant are shown in Figs. 3 and 4. The solu- 
tions, which contained polystyrene fractions in toluene, 
each had a relative viscosity of approximately 3. The 
number of molecules per unit volume of solution for 
polymers having molecular weights of 6 200 000, 520 000 
and 253 000 were in the ratio 1:70: 250. This resulted in 
a wide variation of the calculated relaxation times 
which, for this series of solutions, were approximately 
inversely proportional to m. The displacement of the 
dispersion curves along the frequency scale by the 
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Fic. 4. Effect of molecular weight on real part of complex shear 
modulus of solutions having (approximately) equal viscosities in 
steady flow. 


differences in the relaxation times is shown clearly in 
Fig. 3. 

The frequency at which the modulus G; first became 
measurable decreased with increasing relaxation times, 
as shown in Fig. 4. Because of the differences in the 
numbers of molecules in these solutions, the contribu- 
tion of each relaxation process to the modulus increased 
with decreasing molecular weight. This caused the 
moduli of the solutions of the lower-molecular-weight 
polymers to rise above the modulus of the solution 
of the high-molecular-weight polymer with increasing 
frequency. 

The effects of the solvent upon the viscoelastic 
properties of solutions of polyisobutylene are shown in 
Fig. 5 and Table I. The solutions contained 12 grams/ 
liter of polyisobutylene fractions with molecular weights 
between 127000 and 165000. The relaxation times 
calculated from Eq. (3) account satisfactorily for differ- 
ences in the locations of the dispersion curves along the 
frequency axis. The differences in the relaxation times 
arose mostly from differences in the values of (n.—n.). 

The lateral displacements of the curves in Fig. 5 with 
respect to one another illustrate the differences in the 
relaxation times in the different solutions. The physical 
causes of these differences are suggested by Eq. (12). 


POLYMER SOLUTIONS 695 


10° 


re) 
as 


REAL PART OF SHEAR MODULUS (OYNES/CM*) 
6 


6 


RELATIVE 


MOLECULAR CONC 
SOLVENT WEIGHT (G/10OML) viscosiTY 
© BENZENE 127,000 +20 mal 
@ TOLWENE 165,000 ‘24 2.05 
K CYCLOHEXANE 143,000 tie 260 
& Ot (m*010 POISE) 136,000 ‘2: 208 





' 
10? 10% 10% 10° 
FREQUENCY (CPS) 


Fic. 5. Effect of solvent on real part of complex shear modulus of 
solutions of polyisobutylene at 30.3°C. 


The two factors in that equation which reflect the 
differences produced by change of solvent are B, the 
mobility of the end of a submolecule, and S?, the mean- 
square separation of the ends of the chains. Relative 
values of S? were estimated from the intrinsic viscosities 
of the polymers in the various solvents on the basis of 
Flory’s conclusion” that S? is proportional to [ }#. From 
these values and the relaxation times calculated from 
Eq. (3) relative values of the mobilities in the various 
solvents were estimated by means of Eq. (12). These 
estimated mobilities were found to be roughly inversely 
proportional to the viscosities of the corresponding 
solvents. These considerations lead to the following 
conclusions. (1) Of two solvents with the same viscosity 
the one in which S? has the larger value will give solu- 
tions having longer relaxation times. (2) Of two 
solvents with the same thermodynamic solvent prop- 
erties the more viscous will give a lower value of B and, 
consequently, longer relaxation times. These conclusions 
will not apply at frequencies so high that the rates of 
internal rotation about chemical bonds become im- 
portant. 


TABLE I. Effect of solvent on real part of complex viscosity of solutions of polyisobutylene. 30.3°C. 








Real part of complex viscosity* 





Molecular — Relative 220 cps 900 cps 19.6 ke 58.8 ke 
Solvent weight g/100 ml _ viscosity Meas. Theory Meas. Theory Meas. Theory Meas. Theory 
Cyclohexane 143 000 1.19 2.60 0.0197 0.0201 0.0169 0.0159 
Benzene 127 000 1.20 1.71 0.0095 0.0095 0.0091 0.0092 
Toluene 165 000 1.24 2.05 ee tee see vee 0.0099 0.0105 0.0093 0.0097 
Oil> 136 000 1.21 2.08 0.202 0.207 0.196 0.205 0.147 0.138 0.134 0.122 








® Poises. 
> Oil had viscosity of 0.099 poise at 30.3°C. 
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TABLE II. Viscoelastic properties* of unfractionated 
polyisobutylene at 20 kc and 25°C. 











Concentra- From experimental From smooth From theoretical 
tion points > curves> equations® 
g/100 ml m Gi m Gi m™ Gi 
0.125 0:0092 160 0.0097 94 0.0096 65 
0.250 0.0099 170 0.0104 200 0.0106 160 
0.475 0.0111 450 0.0118 400 0.0121 330 
1.00 0.0160 910 0.0152 970 0.0169 860 








*m in poises; G: in dynes/cm*. 
> See reference 4. 
¢ See reference 7. 


COMPARISON WITH OTHER DATA 


Among the data presented by Baker,‘ only those for 
one series of solutions are given in sufficient detail to 
permit the application of Eqs. (1), (2), and (3). These 
were solutions in cyclohexane of a polyisobutylene 


JR. 


AND K. SITTEL 

which had an M, of 1.1810; the measurements re- 
ported were made at 20 kc and 25°C. Values of n; and G, 
were calculated by means of Eqs. (7a) and (7b), using 
values of Ry and Xy estimated from the graph given 
by Baker.‘ The results of these calculations are shown 
in Table II. 

A third set of values for 7, and G;, for these solutions 
were calculated by means of the theoretical Eqs. (1), 
(2), and (3), using the data of Baker’s paper‘ to estimate 
the steady-flow viscosities. The results of these calcula- 
tions are also given in Table II. They differ from the 
values calculated from the experimental data by liitle 
more than the apparent experimental error. 

The work discussed herein was performed as a part of 
the research project sponsored by the Reconstruction 
Finance Corporation, Office of Synthetic Rubber, in 
connection with the Government Synthetic Rubber 
Program. 
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Temperature Coefficients of Non-Newtonian Viscosity at Fixed Shearing Stress 
and at Fixed Rate of Shear*} 


A. B. Bestut AND H. V. BELCHER 
National Bureau of Standards, Washington 25, D. C. 


(Received March 23, 1953) 


Viscosity decreases with increasing shearing stress or rate of shear in the non-Newtonian flow of high 
polymeric systems. It is shown that it follows from this fact that the variation of viscosity with temperature 
is greater at fixed shearing stress than at fixed rate of shear. 

For such systems, it is shown experimentally that the variation of viscosity with temperature at fixed 
shearing stress is independent of shearing stress. However, the variation at fixed rate of shear is always less 
than that at very low shearing stress, and decreases with increasing rate of shear. 

This behavior is reproduced by Eyring’s hyperbolic sine flow equation, which is the antecedent for most 
other, more adequate, non-Newtonian flow equations. However, this equation is shown to be inadequate 
in that it predicts incorrect values of shearing stress for the occurrence of non-Newtonian behavior. 


I. INTRODUCTION 


HE study of the effect of variation of temperature 
on the viscous behavior of non-Newtonian ma- 
terials may be expected to lead to important information 
about the molecular structure of these materials. In 
order to establish a procedure for such a study, this 
paper defines two partial derivatives which are con- 
venient to examine. Qualitative and quantitative 
experimental data are used to investigate the behavior 
of these derivatives for high polymeric systems. The 
results of this investigation are applied as an experi- 
mentally established criterion to test the adequacy of 
Eyring’s hyperbolic sine flow equation with respect to 
the effect of temperature variation. This equation is 
* This work was performed as part of a research project spon- 
sored by the Reconstruction Finance Corporation, Office of 
Synthetic Rubber, in connection with the Government Synthetic 
Rubber Program. 


t Presented at the 1952 Annual Meeting of the Society of 
Rheology, Philadelphia, Pennsylvania, October 30-31, 1952. 


tested as an antecedent of more adequate equations, 
and not for its own sake. 

The expectation of such a study leading to important 
information about molecular structure is supported by 
the fact that similar studies for Newtonian materials 
has led to such information. For a Newtonian material, 
viscosity () is independent of shearing stress (s) or 
rate of shear (y), and is a constant at any one tem- 
perature. Therefore, for such a material, the variation 
of viscosity with temperature (7) is singly defined and 
is obtained without regard to any special conditions of 
shearing stress or rate of shear. This variation is often 
expressed satisfactorily by the Arrhenius equation 


n= Aexp(—AE/RT), (1) 


where R is the gas constant, and A and AE can be 
considered as constants over limited temperature 
ranges. The quantity AE can be viewed as the energy 
of activation for flow, and A depends largely on the 
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entropy of activation for flow. Since viscosity is defined 
as the ratio of shearing stress to rate of shear, the rela- 
tion between these latter two quantities is expressed 
by the proportionality 


s= (Aexp(—AE/RT))y. (2) 


For a non-Newtonian material, however, viscosity 
at fixed temperature is dependent on shearing stress 
or rate of shear. If it is desired to retain the form of Eq. 
(1), either A, or AE, or both must be considered as 
functions of shearing stress or rate of shear. Accordingly, 
viscosity is no longer a single valued function of tem- 
perature. In order to make any quantitative evaluation 
of the variation of viscosity with temperature, it is 
therefore necessary to deal with variations under some 
kind of fixed conditions of shearing stress and rate of 
shear. Several different specifications of these fixed 
conditions may be made. This paper examines the two 
simplest specifications, namely, those of fixed shearing 
stress and of fixed rate of shear. The specification of 
either one of these parameters is sufficient to specify 
both of them completely. 

The applicability of Eq. (1) for Newtonian materials 
makes it convenient to deal with the derivative dlnn/ 
d(1/T) for such materials. In order to compare results 
for non-Newtonian flow at fixed s and at fixed y with 
results for Newtonian flow, it is sometimes convenient 
to use the derivatives [dlnn/d(1/T)], and [dlnn/ 
0(1/T) ], for non-Newtonian flow. This usage amounts 
to arbitrarily throwing the whole variation of » with 
s or y into AE. 


II. CONSIDERATION OF QUALITATIVE INFORMATION 


In the type of non-Newtonian viscous behavior 
exhibited by high polymers and their solutions, the 
variation of viscosity with temperature at fixed shearing 
stress is higher than that at fixed rate of shear. This 
conclusion can be reached either graphically or ana- 
lytically. 

The above-mentioned relation can readily be seen 
from Fig. 1. This figure is a typical family of logarithmic 
plots of rate of shear versus shearing stress for a high 
polymeric system at several different temperatures. 
The variation at fixed shearing stress is obtained by a 
vertical cross plot, whereas the variation at fixed rate 
of shear is obtained by a horizontal cross plot. It is 
clear that the distances between the different tempera- 
tures are greater along the vertical cross plots than 
along the horizontal cross plots. This relation results 
because the slopes of the plots are greater than one and 
the plots for different temperatures tend to lie very 
roughly parallel to each other. 

This same conclusion, and something more, can be 
reached analytically. Formal differentiation of the 
defining relation for viscosity with respect to tempera- 
ture at fixed shearing stress and at fixed rate of shear 
gives expressions for the variation at fixed shearing 
stress and that at fixed rate of shear. The ratio of these 
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variations is found to be always greater than one 
whenever viscosity decreases with increasing shearing 
stress or rate of shear, as is the case for high polymeric 
systems. 

The differentiation proceeds either by considering 
shearing stress as a function of rate of shear and 
temperature, or by considering rate of shear as a func- 
tion of shearing stress and temperature. This procedure 
involves a purely artificial separation, but it is entirely 
permissible and is used here to simplify the analysis. 

The first case above can be expressed as 


n=s(y, T)/y=n(7, T), (3) 
and the second as 
n=s/y(s, T)=n(s, T). (4) 


By formally differentiating Eq. (3) with respect to 
temperature at fixed shearing stress it is possible to 
obtain the relation 


(0n/dT) y/ (0n/8T),= (Alnn/dlny)r+1. (5) 


Also, by formally differentiating Eq. (4) with respect 
to temperature at fixed rate of shear it is possible to 
obtain the relation 


(an/AT),/(8n/8T); = 1—Y(An/as)r. (6) 


The consistency of Eqs. (5) and (6) can be demon- 
strated by equating the product of their right-hand sides 
to unity, which is certainly the product of their left-hand 
sides since they are reciprocals. From this equation it is 
easy to arrive at the identity 


1— (dlny/dlns)7=1— (Alny/dlns)r. (7) 


From Eq. (6) it follows that for materials of the 
type with which we are concerned (0n/dT),/(0n/dT); 
must always be greater than or equal to one, since 
(dn/ds)r is always negative or zero, i.e., viscosity either 
decreases or remains stationary as shearing stress 
increases. Independently, from Eq. (5) it follows that 





i 
‘ 
iy 
hi 
| 





698 A. B. BESTUL AND H. V. BELCHER 









3 


RATE OF SHEAR, Sec-! 


% 











105 7 
SHEARING STRESS, onidssout a 


Fic. 2. Rate of shear versus shearing stress for solutions of 
X-518 GR-S rubber in alpha-methylnapthalene at three concen- 
trations and three temperatures. 


for these materials (0n/0T);/(dn/8T), must always 
be less than or equal to one since (dlny/dlny)r is always 
negative or zero, i.e., viscosity either decreases or 
remains stationary as rate of shear increases. Further- 
more, (0n/8T);/(@n/8T), is never negative since 
(Alnn/dlny)r cannot be more negative than minus one, 
as seen from the relation 


(Alns/dlny)7= (dIny/dlny)r+1, (8) 


which follows from either Eq. (3) or (4). From Eq. (8), 
if (dlnn/dlny)r were more negative than minus one, 
then (dlns/dlny)7 would be negative, i.e., rate of shear 
would decrease with increasing shearing stress. Such a 
behavior seems unlikely enough to be rejected, so 
(dn/dT);/(dn/dT), can be considered as never negative. 

The condition that the ratio of the two types of 
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Fic. 3. Rate of shear versus shearing stress for Vistanex 
LM-S polyisobutylene at three different temperatures 


temperature variations concerned must never be 
negative is consistent with the fact that both of the 
variations themselves are usually negative. Moreover, 
this condition also requires that if either of these types 
of variations should change sign and become positive 
under any circumstances, it would be necessary for the 
other type of variation to also change sign under the 
same circumstances. The likelihood that either type of 
variation should ever change sign and become positive 
does not seem very large for high polymeric systems, 
but such a possibility is conceivable, and the above 
requirement is of interest in connection with a point 
to be discussed later. 

It is possible therefore to make the perfectly general 
conclusion that in the non-Newtonian viscous behavior 
of high polymeric systems the temperature variation 
of viscosity at fixed shearing stress is greater than this 
variation at fixed rate of shear. This conclusion, how- 
ever, says nothing about the absolute magnitude of 
either of these two types of variations. It does not seem 
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Fic. 4. Temperature variation of viscosity for hypothetical 
substance at fixed shearing stress (s*) and at fixed rate of shear 
(y*) according to hyperbolic sine flow equation. 


possible to make any firm theoretical predictions about 
the absolute magnitude of these variations. It is nec- 
essary therefore to turn to an examination of experi- 
mental data to obtain information about the magnitudes 
of the variations. 


III. CONSIDERATION OF QUANTITATIVE 
INFORMATION 


Experimental data are presented here on the variation 
of viscosity with temperature at fixed shearing stress 
and at fixed rate of shear for the following three high 
polymeric systems: 


(1) Undiluted Vistanex LM-S polyisobutylene (vis- 
cosity-average molecular weight about 70 000). 

(2) Solutions of 10 percent, 50 percent and 100 per- 
cent (undiluted polymer) X-518 GR-S (24 percent 
styrene, 76 percent butadiene) rubber (viscosity-average 
molecular weight about 200 000) in alpha-methylnaph- 
thalene. 
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(3) Undiluted X-672 GR-S (21 percent styrene, 
79 percent butadiene) rubber (viscosity-average molecu- 
lar weight about 200 000). 


The data for systems (1) and (2) were obtained 
previously as incidental parts of two investigations 
directed primarily at different topics than the present 
one.!? 

The measurements for all three systems were made 
with the McKee Consistometer.** This instrument is 
a short capillary viscometer in which a piston-cylinder 
arrangement is used to force the experimental material 
through a capillary or several capillaries in parallel. 
The details of the instrument and its operation are 
given in the above-listed references. The measure- 
ments were reduced to rate of shear and shearing stress 
by the use of the differentiation method,’ for which 
the working equation is 


Yw= (D/4) (3+-dlogD/dlogs.), (9) 


where 7. is the rate of shear at the capillary wall, and 
D and s, are the nominal rate of shear and the shearing 
stress at the capillary wall as calculated from the usual 
relations of Poiseuille. 


TABLE I. Apparent flow activation energies for Vistanex 
LM-S polyisobutylene 











Condition E*, kcal 
Literature value, E 12.5 
Extrapolated to s=0, Eo 11 
At fixed s=800 000 dynes/cm?, E*, 12.3 
At fixed += 200 sec", E*, 5.9 
At fixed += 2000 sec, E*} 3.5 








The data for these systems are shown in Figs. 1, 2, 
and 3, respectively. 

Tables I, II, and III, respectively, list the variations 
of viscosity with temperature for these systems at 
various conditions of fixed shearing stress and of fixed 
rate of shear. The variations are expressed as apparent 
flow activation energies, E* given by R[dlnn/d(1/T) ]. 
These quantities are used only as a convenient and 
readily compared means of expressing the variations, 
and their use is not necessarily intended to imply that 
in non-Newtonian flow they retain the full significance 
attached to activation energies in Newtonian flow. 
Log viscosity is plotted versus reciprocal temperature 
at fixed s and fixed y, and the values of E* are 2.3R 
times the slopes of these plots. These values have the 
advantage that they can be directly compared with the 


1A. B. Bestul and H. V. Belcher, J. Research Natl. Bur. 
Standards (to be published). 
assy Belcher, Quinn, and Bryant, J. Phys. Chem. 56, 432 

3S. A. McKee and H. S. White, Am. Soc. Testing Materials 
Bull. No. 153, 90 (1948). 

4S. A. McKee and H. S. White, J. Research Natl. Bur. Stand- 
ards 46, 18 (1951). 

5 See, e.g., T. Alfrey, Jr., Mechanical Behavior of High Polymers 
(Interscience Publishers, Inc., New York, 1948), p. 41. 
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TABLE II. Apparent flow activation energies for X-518 
GR-S rubber solutions in alpha-methylnaphthalene. 








Concentration, Eo E*, Ss, E*; 4 
wt percent kcal kcal dynes/cm? kcal sec™! 


100 13.0 





11.1 2 500 000 
13.9 4 600 000 


3.7 6.3 
2.8 160 
50 9.2 
8.8 320 000 
10.6 1 100 000 
4.2 20 
2.3 630 
10 4.1 
4.2 2500 
3.7 20 000 
3.7 160 000 
3.7 250 
2.3 4000 
2.3 126000 








variations of viscosity with temperature for the systems 
concerned at extremely low shearing stresses. This 
advantage arises because the variations at low shearing 
stresses are usually expressed as flow activation energies 
since Newtonian conditions are approximated at low 
shearing stresses. When the slopes are obtained from 
two temperatures only, nothing is learned about the 
linearity of the log n versus 1/T plot. However, the data 
shown in Fig. 1 for the X-672 GR-S rubber cover a 
conveniently large range of rate of shear and shearing 
stress at three different temperatures so these are 
examined in terms of linearity of such plots as is 
mentioned later. 

The variations of viscosity listed in Tables I, II, and 
III were obtained from Figs. 1, 2, and 3 by the use of 
vertical and horizontal cross plots as mentioned in the 
Sec. I. 

The apparent flow activation energies for Vistanex 
LM-S are listed in Table I. Around the temperatures 
used here, the value at an extremely low shearing 


TABLE III. Viscosities of X-672 GR-S rubber at 
ed shearing stresses. 











s,dyne/em* 1/°K log » Alogn/A(1/°K) E*,, 
x<10-6 108 (poises) x<108 kcal 
1.0 2.73 5.84 
1.77 8.1 
2.95 6.23 
1.5 2.73 5.57 
1.95 
2.95 6.00 9.7 
2.26 
3.22 6.61 
3.0 2.73 4.95 
1.91 
2.95 5.37 8.9 
1.96 
3.22 5.90 
5.0 2.73 4.24 
1.32 
2.95 4.53 8.7 
2.37 
3.22 5.17 
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TABLE IV. Viscosities of X-672 GR-S rubber at 
fixed rates of shear. 











7. sec™ 1/°K log 7 Alogn/A(1/°K) E*, 
x 1076 x 108 (poises) x< 108 kcal 
0.3 2.73 6.16 
1.00 
2.95 6.38 4.8 
1.07 
3.22 6.67 
1.0 2.73 5.92 
0.86 
2.95 6.11 3.7 
0.74 
3.22 6.31 
5.0 2.73 5.51 
0.68 
2.95 5.66 2.8 
0.56 
3.22 5.81 
10.0 2.73 5.32 
0.59 
2.95 5.45 2.4 
0.48 
3.22 5.58 
50.0 2.73 4.82 
0.45 
2.95 4.92 2.0 
0.41 
3.22 5.03 
100.0 2.73 4.60 
0.32 
2.95 4.67 1.8 
0.44 
3.22 4.79 


stress, is 12.5 kcal. The value of 11 kcal for the 
present data extrapolated to zero shearing stress 
agrees roughly with the above low shear value. This 
extrapolation was made on the basis of the relation 


1/n=a+bs?, (10) 


where a and 6 are constants, a being the reciprocal of 
the viscosity at zero shearing stress. The applicability 
of this relation to the data concerned was verified by 
the linearity of plots of reciprocal viscosity versus 
shearing stress squared. The reciprocal viscosities at 
zero shearing stress were obtained as the intercepts of 
these plots on the reciprocal viscosity axis. The apparent 
flow activation energy, E*, at a fixed shearing stress 
of 800 000 dynes/cm? is 12.3 kcal, which is about the 
same as the above value from literature® and that for 
the present data extrapolated to zero shearing stress. 
However, under fixed rate of shear the apparent flow 
activation energies, E*;, are 5.9 kcal at 200 sec 
and 3.5 kcal at 2000 sec-'. These values are both 
smaller than the low shearing stress value, and they 
show a decrease as one increases the rate of shear at 
which they are calculated. 

Apparent flow activation energies for the solutions 
of X-518 GR-S rubber are listed in Table II. The 
values for low shearing stresses, Ey are derived from 
results of Cragg, Faichney, and Olds.’ At each concen- 





® See, e.g., T. G. Fox and P. J. Flory, J. Phys. & Colloid Chem. 
55, 221 (1951). 
7 Cragg, Faichney, and Olds, Can. J. Research B26, 551 (1948). 
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tration, the values for E,* suggest that E,* changes but 
little with a change in the value of shearing stress 
at which it is calculated, and that at any value of 
shearing stress E,* is about the same as Eo. The values 
shown for E*; support the idea that E*; is always 
smaller than Eo, and that E*; decreases as one increases 
the rate of shear at which it is calculated. 

The data for the X-672 GR-S rubber, shown in Fig. 1 
and in Tables III and IV, were obtained over as wide 
as possible a range of the experimental variables in 
order to provide as thoroughly as possible an examina- 
tion of the behavior. Tables III and IV give values of 
log viscosity as functions of reciprocal temperature at 
several fixed values of shearing stress and of rate of 
shear respectively. The ratios of deltas given in the 
fourth columns of these tables do not differ too greatly 
at any one value of shearing stress or of rate of shear. 
This fact shows that plots of log viscosity versus 
reciprocal temperature are reasonably linear. This 
experimental near linearity of log viscosity versus 
reciprocal temperature gives some support to the use of 
apparent activation energies to represent the variation 
of viscosity with temperature for these non-Newtonian 
systems. The apparent flow activation energies obtained 
from the slopes of such plots are also listed in Tables III 
and IV. The values of E,* calculated at different fixed 
shearing stresses are all about the same. These values 
are a little lower than the value that would be expected 
at extremely low shearing stresses, namely, around 12 
kcal, but the difference is not large. The value of E*; 
decreases with increase in the rate of shear at which 
it is calculated. 

From all the above experimental data it can be 
generalized that for materials of the type concerned, 
the variation of viscosity with temperature at any 
fixed value of shearing stress is about the same as the 
variation at extremely low shearing stress, but that the 
variation at any finite fixed value of rate of shear is 
always lower than that at low shearing stress and 
decreases as one increases the rate of shear at which 
it is calculated. This conclusion goes further than the 
implications of the definition of viscosity, discussed in 
the preceding section, which merely showed that the 
variation at fixed shearing stress should always be 
greater than that at fixed rate of shear but said nothing 
about the absolute magnitude of either of them. 


IV. EXAMINATION OF HYPERBOLIC SINE 
FLOW EQUATION 


The experimental conclusions in the preceding section 
provide a criterion against which theoretical equations 
proposed to express non-Newtonian behavior of the 
type concerned can be checked. Specifically, if any 
theoretical equation proposed to express the non- 
Newtonian viscous behavior of high polymeric systems 
is such that variations of viscosity with temperature at 
fixed shearing stress and at fixed rate of shear can be 
derived from it, then these derived variations should 
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show the type of behavior found in the preceding 
section. To inaugurate a program of checking various 
existing theoretical equations against this criterion, the 
hyperbolic sine flow equation of Eyring* has been 
selected. 

This equation is examined here because it is the basis 
for attempts to develop more adequate theoretical 
expressions. Theoretical expressions developed by 
Grunberg and Nissan,’ by Bondi," and by Spencer" all 
start with a simplified version of the hyperbolic sine 
equation and proceed by taking account of some 
process which is accepted as occurring in the type of 
non-Newtonian behavior with which the development 
is concerned, but which is not accounted for in the 
hyperbolic sine equation. The expressions of Grunberg 
and Nissan and of Bondi apply to ordinary liquids at 
high rates of shear and not specifically to high polymer 
systems. Spencer’s expression seems to be the only one 
which has been developed specifically for such systems. 
The examination of these three last mentioned equa- 
tions will be more directly pertinent than that of the 
hyperbolic sine equation, but since the latter is the 
antecedent of the more adequate expressions its 
examination is carried out here as the logical first step 
in the examination of the whole field. 

Eyring’s rate process theory develops rate of shear as 


y= (2N/d1) (RT /h)e~ S4-T4)/ RT sinh (sdod3d/2kT), (11) 


where all quantities on the right except s and 7 are 
considered as constants which need not all be defined 
here. The corresponding expression for viscosity is 


n= (sdx/2d) (h/RT )e 4-39) RT osch(shodsd/2kT). (12) 


The usual Eyring equation for Newtonian viscosity is 
obtained by applying the approximation that for very 
small arguments of the csch, the csch is approximated 
by the reciprocal of its argument. The variation of 
viscosity with temperature in the resulting simplified 
equation is conveniently expressed by dlnn/d(1/T), 
which is a constant equal to AH/R if AH does not vary 
with temperature. 

Differentiating Eq. (12) with respect to 1/7 at con- 
stant s gives 


E.*/R=[alnn/A(1/T)},=ASH/R+T 


— (sdod3d/2k)coth(sd\odsA/2kT). (13) 
The quantity E*, can be similarly evaluated by re- 
writing Eq. (11) as 
$= (2RT/odsA)sinh (yA1/2A) (A4/RT)eSA-T48)/ kT, (14) 
and thus getting 
E*;/R=[dlnn/d(1/T) |, = —T+ (AH/RT+1) 
XK (2kT?/sdodsd)tanh(sd\od3d/2RkT). (15) 





8 See, e. g., Glasstone, Laidler, and Eyring, The Theory of Rate 
Processes (McGraw-Hill Book Company, Inc., New York, 1941), 
p. 483. 

*L. Grunberg and A. H. Nissan, Nature 156, 241 (1945). 

A. Bondi, J. Appl. Phys. 16, 539 (1945). 

" R. S. Spencer, J. Polymer Sci. 5, 591 (1950). 
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TABLE V. Temperature variation of viscosity according to 
hyperbolic sine flow law at s= 10° dynes/cm*. 











75 (élnn/d(1/T) Js [alnn/a(1/T) 1 
200 4596 1521 
250 4639 1897 
300 4676 2250 
350 4708 2570 
400 4736 2853 
450 4759 3101 








Both Eqs. (13) and (15) are consistent with the New- 
tonian approximation in that for either of them the 
right-hand side reduces to AH/R if one applies the 
approximation that at very small arguments of the 
tanh, the tanh is approximated by its argument. 
Equation (15) has the disadvantage that it gives E*; 
as a function of s rather than 7 as the independent 
variable. However, an expression for E*; using y as the 
independent variable would be extremely more com- 
plicated than Eq. (15), and Eq. (15) is perfectly useful 
if one keeps in mind that a value of E*; obtained from 
it applies to whatever value of y occurs for a given 
material at given values of s and of T. 

It is evident from both Eqs. (13) and (15) that 
Olnn/d(1/T) decreases as s is increased, and in fact 
becomes negative if s is increased sufficiently. A 
previously stated requirement from the definition of 
viscosity now demands that both types of variations 
become negative (go through zero) at the same point. 
This point can be evaluated by making some numerical 
substitutions, for which we choose the following: 


AASA=V/N, 
V = 100 000 cm’, 
.V =Avogadro’s number, 
H=10 000 cal, 
T=300°K. 


The result is that both [dlnn/d(1/T)], and [dlny/ 
0(1/T)}; go through zero at s=8.8X10® dynes/cm’. 
The change of sign in this case probably signifies that 
the flow equation no longer pretends to represent the 
viscous behavior in the region where this occurs. The 
equation probably represents only that part of the 
viscous behavior where deviations from Newtonian 
behavior are increasing, in which case it should not be 
given serious consideration at shearing stresses high 
enough so that the mechanisms responsible for the 
deviations are approaching saturation. At and some- 
what before the point where the variations become zero, 
one is probably in the region of decreasing deviations, 
and hence should not attach much significance to the 
equation. It is known, however, that a shearing stress 
around 10’ dynes/cm? is too low to be representative of 
this region for a material such as the hypothetical one 
considered here. This discrepancy is one illustration 
of the inadequacy of the hyperbolic sine equation itself. 
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The constancy of dlnn/d(1/T) with temperature, i.e., 
the linearity of Inn versus 1/7, can be examined from 
Eqs. (13) and (15). Table V shows the values of 
Alnn/8(1/T) calculated at several different tempera- 
tures from Eqs. (13) and (15). These values were 
obtained using the numerical values stated previously, 
except for temperature, and taking a shearing stress of 
10° dynes/cm*, which is in the middle of the non- 
Newtonian region predicted by Eq. (12). It is seen 
immediately that this variation at fixed s is practically 
constant with temperature. The variations at fixed 7 
are not so easy to interpret since the fixed values at 
which they are calculated are different for the different 
temperatures. However, as the temperature is increased 
at a fixed shearing stress, the rate of shear increases, 
and as the rate of shear increases the variation calcu- 
. lated by fixing the rate of shear (E*;) decreases. 
Therefore, if the variations at fixed 7 were calculated 
at the same fixed rate of shear for each temperature, 
they would change less with temperature than shown 
in Table V, and might easily be nearly constant in 
agreement with Table IV. 

The values of dlnn/d(1/T) calculated at several 
different fixed values of shearing stress and rate of 
shear are shown in Fig. 4. The previously stated numeri- 
cal values apply here. The values at fixed shearing 
stress (s*) apply to the values of shearing stress given 
on the abscissa. The values at fixed rate of shear (7*) 
apply at values of rate of shear corresponding to the 
values of shearing stress shown on the abscissa at the 
temperature used. As discussed previously, the values 
at the highest shearing stresses shown, say somewhat 
above 10°, can probably be discounted as not pretend- 
ing to represent the viscous behavior. However, in the 
region from somewhat above 10‘ to somewhat above 
10° it seems justified to compare the behavior shown 
with the experimental behavior observed. In this 
region the theoretical behavior does in fact agree with 
the experimental behavior in that the variation at 
fixed shearing stress is but little different from the value 
at low shearing stresses, whereas the variation at fixed 
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rate of shear decreases significantly as one increases 
the fixed rate of shear at which it is calculated. 


Vv. CONCLUSION 


The qualitative experimental knowledge of non- 
Newtonian viscous behavior of the type exhibited by 
high polymeric materials requires that the variation 
of viscosity with temperature at fixed shearing stress be 
greater than that at fixed rate of shear. However, this 
consideration says nothing about the absolute magni- 
tude of either of these two types of variations. 

Quantitative experimental data on several different 
systems of linear amorphous high polymers, both 
solvent-free and in solution, indicate that the variation 
at fixed shearing stress is always.about the same as the 
variation at very low shearing stresses, whereas the 
variation at fixed rate of shear is always smaller than 
that at very low stresses, and decreases as one increases 
the rate of shear at which it is calculated. 

The hyperbolic sine flow equation of Eyring, on which 
several attempts to develop theoretical flow equations 
are based, agrees with the nature of the above findings 
but gives too low values for the shearing stresses at 
which critical characteristics of the behavior are to be 
found. Both this flow equation and experimental data 
also suggest that apparent flow activation energies 
calculated either at fixed shearing stress or at fixed 
rate of shear are approximately constant with tem- 
perature. 

These findings furnish an experimental criterion 
against which theoretical approaches to non-Newtonian 
flow for such materials can be checked. The relationship 
found between the variations at fixed shearing stress 
and at fixed rate of shear probably imply that as the 
temperature is varied the essential nature of the flow 
remains the same as long as the shearing stress is held 
fixed, but changes if the rate of shear is held fixed and 
the shearing stress allowed to vary. These considera- 
tions should be helpful in eventually arriving at a 
sound fundamental understanding of the nature of 
such non-Newtonian flow. 
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Fractions of polystyrene, varying in molecular weight from 0.3X10° to 10X10* approximately, were 
prepared by careful tertiary fractionation. Inherent viscosities were determined at various rates of shear in 
the approximate range 100-20 000 sec™, viscosity measurements being made at several different tempera- 
tures in benzene and toluene (good solvents for polystyrene), in butanone (an intermediate solvent), and in 
cyclohexane (a poor solvent). From these values intrinsic viscosities at various rates of shear were deter- 
mined. These viscosity functions are sensitive to shear rate at high molecular weights; at a given temperature 
the shear effects are greater the higher the molecular weight and the better the solvent, and with increasing 
temperature they decrease in a good solvent and increase in a poor one This behavior is shown to be consis- 
tent with current ideas regarding the size and shape of polymer molecules in solution as affected by weight, 
temperature, and solvent power. It is concluded, among other things, that with flexible polymers (or polymer 
fractions) of very high molecular weight, measurements of intrinsic viscosity should be made in a poor 


solvent at a low temperature. 





INTRODUCTION 


EARS ago it was recognized that a solution of a 
high polymer in an organic solvent may be a non- 
Newtonian liquid.’ Nevertheless, in the great majority 
of recent investigations involving the evaluation of 
intrinsic viscosity, the rate of shear has not been treated 
as a significant variable even though in capillary 
viscometers as ordinarily used the rate of shear may be 
altered considerably by a change in solvent, in molecular 
weight, or in temperature. It is true that the effects 
become negligible when the molecular weight of the 
fraction and the concentration of the solution are low 
enough, but the most interesting polymers are not 
always those of low molecular weight, nor are the most 
interesting solutions always the very dilute ones. Indeed 
with the recent developments in the theoretical treat- 
ment of intrinsic viscosity? and with the availability of 
better methods for determining very high molecular 
weights, interest in the very high polymers is rapidly 
increasing. When molecular weights get high enough, 
the rate-of-shear effects can no longer be ignored with 
impunity, even when measurements are made in the 
most dilute solutions practicable. 
A number of investigators have recently been con- 
cerning themselves with these rate-of-shear effects both 
experimentally® and theoretically, but there is still 


* Presented at the Annual Meeting of the Society of Rheology, 
Philadelphia, Pennsylvania, October 30, 31, 1952. 

t Present address: Department of Chemistry, University of 
Saskatchewan, Saskatoon, Saskatchewan. 

t Present address: Canadian Industries Limited, Nylon Division 
Kingston, Ontario, Canada. 

1H. Staudinger, Die hochmolekularen organischen Verbindungen 
(Springer, Berlin, 1932), p. 189. 

P. Debye and A. M. Bueche, J. Chem. Phys. 16, 573 (1948); 
J. G. Kirkwood and J. J. Riseman, J. Chem. Phys. 16, 565 (1948); 
17, 442 (1949); P. J. Flory and T. G. Fox, Jr., J. Am. Chem. Soc. 
73, 1904 (1951). 

*See, as examples, Conrad, Tripp, and Mares, J. Phys. & 
Colloid Chem. 55, 1474 (1951). R. M. Fouss and W. N. Maclay, 
J. + Sci. 6, 305 (1951); Fox, Fox, and Flory, J. Am. Chem. 
Soc. 3, 1901 (1951); Akkermans, Pals, and Hermans, Rec. trav. 
chim. 71, 56 (1952). 
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considerable disagreement as to how to take account of 
them in determining such viscosity functions as the 
intrinsic viscosity [m ], the problem being, of course, that 
the magnitude of the effect varies with the rate of 
shear. Most investigators have favored an extrapolation 
either to infinite rate of shear> or, more commonly, to 
zero rate of shear.® Others advocate making all measure- 
ments at some arbitrary but finite rate of shear.’ It is 
clear that much more work needs to be done before 
this issue can be decided. Accordingly, we have made 
careful measurements of rate-of-shear effects on inherent 
viscosity and intrinsic viscosity of polystyrene fractions 
and of the influence on these effects of changing the 
molecular weight of the polymer, the temperature of the 
solutions, and the solvent used. 


EXPERIMENTAL METHODS 
A. Materials 


The solvents were middle fractions of constant refrac- 
tive index obtained by slow careful distillation through 
a 3-ft column packed with glass helices. Other details 
were as follows: 


benzene: (Steel Company of Canada) ASTM In- 
dustrial Grade, dried over sodium, np**= 1.4975; 

toluene: (Steel Company of Canada) Nitration 
Grade, dried over sodium, mp**= 1.4922; 

butanone (MEK): (Shell Oil Company), Technical 
Grade, dried over anhydrous calcium sulfate 
(“Drierite”’), mp*®= 1.3755 ; 

cyclohexane: (Fisher Scientific Company) C. P. 
Grade; dried with, distilled from, and kept over 
sodium ; 2p”>= 1.4233. 


‘See, as examples, R. Simha, Proc. Intern. Congr. Rheol. 
Holland, 1948, II-68; G. de Wind and J. J. Hermans, Rec. trav. 
chim. 70, 521 (1951); A. Peterlin, J. Polymer Sci. 8, 621 (1952); 
and “ cited therein. 

ad & . Davies, Trans. Faraday Soc. 40, 274 (1944). 

For example, Fox, Fox, and Flory, reference 3. 

7 Tripp, Conrad, and Mares, J. Phys. Chem. 56, 693 (1952). 
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Taste I. Intrinsic viscosities of the fractions at zero rate of 
shear and molecular weights calculated from various equations 





in toluene M(X10~*) 
at 30°C F&F* BL F&K> O,.C& Me G.H& M4 F& Be 
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* Equation of Fox and Flory (reference 10, rearranged): [7] =0.98 
 10~4M?.78, 

> Equation of Bawn, Freemen and Kamaliddin (reference 11): [n] =1.34 
x 1074+Me.71, 

© Equation of Outer, Carr, and Zimm (reference 12): [7] =1.7 K10~4M?.®, 

4 Equation of Goldberg, Hohenstein, and Mark (reference 13): [y] =3.70 
< 1074/2.2, 

‘Equation of Frank and Breitenbach (reference 14) : [)] =1.3 X107*M?®.76, 


The polystyrene fractions were from two sources. 
Those labeled F;C2, FB, FA 1; FA 1A ly and CA, 
derived from polystyrene prepared by emulsion. poly- 
merization at 55°C to 96 percent conversion. They were 
products of a very careful three-stage fractionation and 
are believed to be unusually “sharp” and free of 
branched species.* Those labeled T3, 74, 75, and 745 
were likewise very “close” tertiary fractions ;* the ori- 
ginal sample of polystyrene from which they were 
separated was prepared by allowing styrene, free of 
catalysts or inhibitors, to polymerize slowly in bulk at 
room temperature over a period of two years. 

The molecular weights of these fractions were cal- 
culated from intrinsic viscosities (at zero rate of shear) 
in toluene at 30°C, using the equation of Ewart and 
Tingey as modified by Fox and Flory,” and are recorded 
in Table I. For purposes of comparison, values were 
also calculated—see Table I—from the appropriate 
intrinsic viscosities using certain other equations of the 
many available, namely, those of Bawn, Freeman, and 
Kamaliddin,"' Outer, Carr, and Zimm,” Goldberg, 
Hohenstein, and Mark," and Frank and Breitenbach." 

Fortunately we are concerned in this paper more with 
relative than with absolute values, particularly in the 
high molecular weight range. (The four highest values 
especially are to be regarded with suspicion, partly 
because in this range extrapolation to zero rate of shear 
is dubious and partly because the equations are here 


8 J. A. Manson and L. H. Cragg, Can. J. Chem. 30, 482 (1952). 

*R. H. Sones, M. Sc. thesis, McMaster University, Hamilton, 
Ontario, Canada, 1952. 

rf 2 G. Fox, Jr., and P. F. Flory, J. Am. Chem. Soc. 73, 1915 
(1951). 

"! Bawn, Freeman, and Kamaliddin, Trans. Faraday Soc. 46, 
1107 (1950). 

2 Outer, Carr, and Zimm, J. Chem. Phys. 18, 830 (1950). 
—e Hohenstein, and Mark, J. Polymer Sci. 2, 503 
( ). 

“H. P. Frank and J. W. Breitenbach, Monat. Chem. 81, 570 
(1950). 
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being applied beyond the range to which validity was 
claimed for them.) 


B. Apparatus 


The viscometer was of the Ostwald type but was 
specially designed for the investigation. The maximum 
rate of shear in a capillary viscometer (at the wall) is 
given by the equation 


D=rghd/2In, (1) 


where r is the radius of the capillary and / its length, d 
is the density of the liquid and 7 its (apparent) viscosity, 
g is the acceleration due to gravity, and h is the effective 
hydrostatic head. During a measurement the head 
decreased ; the mean rate of shear is obtained by using 
in Eq. (1) the mean head, i.e., the head at ¢/2 where ¢ is 
the total time of flow. From Ea. (1) it may be seen that 
for a given liquid the mean rate of shear may be varied 
by varying one or more of r, /, and /. It is, however, 
convenient to use the same viscometer for all measure- 
ments, i.e., to keep r and / constant and vary h by 
applying an additional (external) pressure to one or 
other of the arms of the viscometer. 
The modified Poiseuille equation may be written 


mr*hgdt mdV 
y= - ’ 
8V(l+-nr) 82t(l+nr) 





where V is the volume of the efflux bulb and ¢ the time 
required for this volume of liquid to flow through the 
capillary, and » and m are constants. The term mr is the 
end correction (/+-nr being the effective length) and 
the term mdV /(8mi(/+-nr)) is the kinetic-energy correc- 
tion. These corrections will be minimized by making / 
large and r and v small. A large ratio, //r, will also per- 
mit the easier attainment of very low rates of shear 
see Eq. (1) ]. 

Accordingly, the viscometer was provided with a long 
fine capillary and a small efflux bulb. In addition, a 
short section of the tube between the capillary and the 


bulb was of wider radius to minimize surface tension ° 


effects. 
Equation (2) has the form 


n= Adt—(Bd/t) 


v=n/d= At—(B/t), 


where v is the “kinematic viscosity,” and A and B are 
instrument constants for a particular viscometer. (It 
should be emphasized that frequently, because of im- 
perfect construction, the values of A and B are not 
constant, but vary with the flow time /.) Values of A and 
B were determined by calibration with pure benzene 
and toluene at several different temperatures. Equation 
(4) may be written in the form 


v/t=A—B(1/P). (5) 


(2) 


A» te 26 Sf ae ae ~-., 
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Hence, from a plot of v/t vs 1/f, A is obtained as an 
intercept and B as a slope. Values of v were calculated 
from values of 7 and d obtained by interpolation from 
the data of Timmermanns" and the values of ¢ were 
experimental. From the plot obtained it was clear that 
for this viscometer B is constant over the whole range 
of our measurements. The actual values of B and A are 
given in Table II along with other constants of the 
viscometer. Rearranging Eq. (4) again 


v Bl 


ee 


A At 


The kinetic-energy correction, —(B/A)-1/t, would be 
greatest for the shortest flow times. B is so small for 
our viscometer that in the shortest flow time measured 
in our experiments, 7 sec, the correction is only 0.005 
sec. Hence, the kinetic-energy effect could be—and 
was—neglected in all the measurements reported in this 
paper. When the measurements with a polymer solution 
and with the pure solvent are all made in this viscometer 
v,/vo=t,/to, where subscripts s and 0 refer to solution 
and solvent, respectively. Since, moreover, the densities 
of the dilute polystyrene solutions in these experiments 
differ only very slightly from those of the solvents used 
in preparing them, d,/do may be taken as unity, and 
v./vo=n-/no. Thus, relative viscosities can be deter- 
mined directly as relative flow times. 

The manostat, by means of which an external pressure 
could be set, maintained, and applied to the liquid in the 
viscometer, was similar to that described by Fuoss and 
Cathers'® but modified in two ways: (1) by introducing 
between the main body of the manostat and the viscom- 
eter a five-gallon well-insulated bottle containing air, 
to minimize pressure variations particularly at low 
pressures, and (2) by introducing between this bottle 
and the viscometer a drying tube. By means of this 
manostat, external pressures could be maintained con- 
stant throughout the period of measurement within 
+0.1 cm of water. By applying the pressure to the 
appropriate arm of the viscometer (i.e., using it either 
to hasten or retard the flow of liquid) the amount by 
which the effective head was increased was varied from 
—17 to +140 cm. 

Constant temperature baths were maintained at 15, 25, 
45, 65, and 85°C, the temperature in each being con- 
trolled to +0.02°C (more closely at the lower tempera- 
tures). Each was fitted with a clamp incorporating a 
standard-taper socket fitting a pin on the clamp holding 
the viscometer. By this means the viscometer could be 
moved from one bath to another to reproducibly- 
vertical positions. 


‘SJ. Timmermans, Physico-chemical Constants of Pure Organic 
Compounds (Elsevier Publishing Company, Inc., New York, 1950). 
16 R. M. Fuoss and G. I. Cathers, J. Polymer Sci. 6, 301 (1951). 


POLYSTYRENE FRACTIONS 


C. Procedure 
Preparation of Solutions 


The most concentrated solution of each run was 
prepared by dissolving a weighed amount of the 
polystyrene in solvent, with gentle swirling and 
diluting to volume at 25.0°C. Other solutions were 
prepared by diluting a measured volume of this solution 
with a measured volume of solvent, both at 25.0°C. 

Concentrations were calculated in the units g/100 ml 
solution, at 25.0°C from the known weight and volume, 
at other temperatures by multiplying by the density 
ratio d;/d2s. (Densities of the solvent rather than of 
solution were used but this was shown to introduce 
negligible error.) 


Viscosity Determinations 


The viscometer, into which 10 ml of solution had 
been pipetted after filtration through fritted-glass, was 
placed in the 25°C bath and left for 15 minutes to 
insure thermal equilibrium. Flow times were then meas- 
ured at six different pressures. In the same way meas- 
urements were then made at the other temperatures, 
the viscometer being moved successively to the baths 
at 15°, 45°, 65° and 85°C. (Even after this long series 


TABLE II. Constants of the viscometer. 








l 16.9 cm 
r 0.0177 cm 
h(at t/2) 22.9 cm 


0.83 ml 
5.819 10-3 
2.00 10 








of measurements, evaporation was so slight as to cause 
no change in the flow time of the solution at 25°.) 
Flow times were measured, usually in triplicate, with 
accurate calibrated stopwatches reading to 0.05 sec. 
The precision of measurement varied from +0.02 sec 
at 8 sec to +2.0 sec at 2000 sec; this corresponded to a 
precision of +5 percent in the intrinsic viscosity at the 
slowest and fastest flows, falling rapidly to +1 percent 
when /, was in the range 50-400 sec. 


Calculation of Rate of Shear 


The mean rate of shear at the wall was calculated 
using Eq. (1) in the form 


D=rghd/2In-np. 


Values of », were experimentally determined, as /,. 
Values of yo and d were obtained by interpolation from 
the data of Timmermans (d being taken as equal to dp). 
Values of h, the effective hydrostatic head, were ob- 
tained by adding the applied pressure to (or subtracting 
it from) the mean hydrostatic head in the viscometer 
(i.e., the head at fo/2), both being first converted to the 
units dynes/cm?. 
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90 a shear stresses (i.e., settings of the manostat) the whole 
} cee: Cues set of measurements being repeated at several different 
eof we ore 4 temperatures. The data are, therefore, far too numerous 

' ia aateab to record here. 
> 4 The data so obtained were used as follows: Values of 
ite Coat M. Ww. 1 Inn,/c were calculated as Int,/c for each rate of shear 
“ 652106 : These values were then plotted against the shear 
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Fic. 1. Typical inherent viscosity vs shear-rate curves for five 
polystyrene fractions of different molecular weight (at approxi- 
mately equal concentrations). 


RESULTS 


In a given solvent several (4 or 5) solutions of each 
fraction were prepared, the concentrations covering 
about a tenfold range, down to about 0.03 g/100 ml for 
the lower fractions, and to about 0.01 g/100 ml for the 
higher fractions in a good solvent. With each of these 
solutions, flow times were measured at 6 or 8 different 
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Fic..2. Inherent viscosity vs shear-rate curves at 15°C, for 
one polystyrene fraction at four different concentrations. 


rate D and a smooth curve drawn through the 
points. (Typical examples are shown in Figs. 1, 2, and 
3.) From this curve were obtained, by extrapolation, 
(Iny,/c)p-0 the inherent viscosity at zero rate of 
shear, and by interpolation (Iny,/c)p—p’ the inherent 
viscosity at any desired finite rate of shear D’ (within 
the range of measurements, of course). 
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Fic. 3. Inherent viscosity vs shear-rate curves at 85°C. 
(The solutions are the same as those of Fig. 2). 


The values of inherent viscosity so obtained for each 
concentration (for a given fraction in a given solvent at 
a given temperature) were then plotted against con- 
centration and the corresponding intrinsic viscosity, 
[n]p—o or [n ]p—p: as the case might be, were obtained 
by extrapolation to c=0 in the usual way (see, for ex- 
ample, Fig. 4). 

Since measurements were made with several fractions, 
in four different solvents (varying from very good to 
very poor), at several different temperatures, and over a 
range of shear rates, such calculations as these provided 
the data for determining not only the effect on inherent 
viscosity and on intrinsic viscosity of changes in each of 
these variables but also the influence of molecular 
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weight, temperature, and solvent power on the shear 
effects where these were evident. 

It is worth emphasizing that there were enough 
measurements to make it possible to determine these 
effects with several independent sets of data, and hence 
conclusions could be drawn with much greater con- 
fidence. 

From our data, then, it is evident that at constant 
temperature and with a polymer fraction of high enough 
molecular weight : 

(1) The inherent viscosity at any given (low) concen- 
tration decreases with increasing rate of shear; and the 
rate of this decrease is greater (a) the higher the molec- 
ular weight (Fig. 1), (b) the better the solvent (Fig. 
5), and (c) the lower the temperature in a good solvent 
(Fig. 6) and the higher the temperature in a poor solvent 
(compare Figs. 7 and 8). 





tT 
O Zero Shear 
@ Free Fall 


Fraction: Ts 


Molecular Weight: 9.2 x 10% 








5.0 


Solvent: Cyctohexane 


Temp. °C 


int 

















tele) oO. 02 


Concentration, g./100 mi 


Fic. 4. Typical inherent viscosity vs concentration curves. 
(“Free fall” measurements were made_in the usual_way, i.e., with 
liquid falling under its own weight.) 


(2) The intrinsic viscosity likewise decreases with 
increasing rate of shear; and the rate of this decrease is 
greater (a) the higher the molecular weight (Fig. 9), 
(b) the better the solvent, and (c) the lower the temper- 
ature in a good solvent (Fig. 10) and the higher the 
temperature in a poor solvent (Fig. 11). 

Actually, there appear to be two effects of shear on 
the inherent viscosity, one superimposed on the other. 
In Fig. 1, which is quite typical of the curves for a 
series of fractions in a good solvent at one temperature, 
the curve for the lowest fraction, F3C2 is horizontal, 
indicating no effect of shear rate. With the next two 
fractions, F;B, and FA, there is an effect—a recti- 
linear decrease in inherent viscosity with increasing 
shear rate. With the two top fractions, F:A1A; and 
C,A), there is a second effect superimposed on this first 
one, namely, a curvilinear decrease. Putting it another 
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Fic. 5. Effect of solvent on inherent viscosity vs shear-rate curves. 


way, the points corresponding to higher shear rates fall 
on a straight line but at lower and lower shear rates the 
points are further and further above the extension of 
this straight line. A great many curves of this type, 
i.e., with both a straight and curved portion, were 
obtained (for further examples see Figs. 2 and 3), and 
hence the evidence for the two different effects is strong. 
As the molecular weight of the fraction increases, how- 
ever, the curved portion extends to higher and higher 
shear rates, until eventually the line is curved over the 
whole experimental range. (See Fig. 12.) 

The magnitude of these two effects can be estimated, 
at least roughly, whenever a straight-line portion of 
the Iny,/c vs. D curve can be identified. For effect I a 
suitable measure is the slope, d(Iny,/c)/dD, of the 
straight line. For convenience, we shall use for this 
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Fic. 6. Effect of temperature on inherent viscosity vs 
shear-rate curves in a good solvent. 
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Fic. 7. Inherent viscosity vs shear-rate curves for six fractions 
in cyclohexane at 35°C. 


slope the symbol J. For effect II the choice of a measure 
is much more difficult. The most direct would seem to 
be the difference, Ai, on Fig. 13, between the value of 
Inn,/c at D=0 obtained by extrapolating the curved 
portion and that obtained by extrapolating the linear 
portion. This suffers from the obvious defect that the 
question of what happens at very low rates of shear is 
still unanswered. In other words, one cannot yet extra- 
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Fic. 8. Inherent viscosity vs shear-rate curves for six fractions 
in cyclohexane at 65°C. 
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polate this curved portion with confidence. The measure 
is, therefore, both empirical and rough; nevertheless,as 
we Shall see, it is still usable. 

With increasing molecular weight, effect I appears 
first, then effect II appears, and eventually becomes 
large enough to obscure the first effect entirely. It is 
also possible, therefore, to obtain a threshold value for 
each of the effects, e.g., the minimum value of molecular 
weight at which they are observable. Our experiments 
were not designed to determine these threshold values, 
but the data obtained often do make it possible to 
estimate them approximately in the four solvents and at 
several temperatures. ‘ 

All of these semiquantitative conclusions may be 
briefly summarized. 


I. The Rectilinear Decrease with Increasing 
Shear Rate 


(a) Threshold Value 


In benzene, toluene, and butanone the effect of shear 


rate is undetectable at M=0.3X 10° and appreciable at’ 
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Fic. 9. Intrinsic viscosity vs shear-rate curves at 
three different molecular weights. 


1.2X10®, the threshold value probably being in the 
neighborhood of 0.7 X 10° in all three solvents. In these 
three solvents this threshold value is affected little, if 
at all, by change of temperature in the range 15-85°C. 
In cyclohexane, however, the threshold value is 
probably below 1.0X10® at 65°C, but above 2.0 10° 
(almost 2.4 10°) at 35°C (see Figs. 7 and 8). 

Expressed in terms of intrinsic viscosity the threshold 
value is, on the other hand, almost independent of 
temperature (see Figs. 7 and 8). Although the evidence 
on this point is somewhat scanty, the threshold value 
seems to be somewhat higher in the good solvents 
(approximate values being 2.9 in toluene and in benzene, 
1.9 in butanone, and 1.; in cyclohexane). 


(b) The Slope J, i.e., d(\nn,/c)/dD 


The magnitude of the slope J is influenced by several 
factors. 
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(1) J increases with increasing molecular weight of 
the polymer. 

(2) J increases with increasing “‘goodness” of the 
solvent (see Fig. 5). A solvent in which the inherent 
viscosity of a fraction (at a given shear rate, concen- 
tration, and temperature) is high is one in which this 
slope is high. 

(3) J decreases with increasing temperature in a good 
solvent, such as benzene or toluene (compare Fig. 2 
with Fig. 3), but it increases with increasing tempera- 
ture in a very poor solvent like cyclohexane (compare 
Fig. 7 with Fig. 8). 

(4) J is almost independent of concentration, but 
fairly consistently there appears to be a slight increase 
with increasing concentrations. 

A small part of the evidence for these conclusions 
is assembled in Table ITI. 
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Fic. 10. Effect of temperature on the intrinsic viscosity as 
shear-rate curve in a good solvent. 


II. The Curvilinear Decrease with Increasing 
Shear Rate 


(a) Threshold Value 


No curvature was Observed, in any solvent at any 
temperature, at or below M=2.2X10*. At M=5X 10°, 
however, it was already considerable in the good sol- 
vents and was detectable in the poor solvent cyclo- 
hexane at the highest temperature 65°C though not at 
the two lower temperatures. 

In terms of molecular weight the threshold value 
seems to be higher in a very poor solvent than in a good 
solvent. On the other hand, when expressed in terms of 
inherent viscosity (at some fixed shear rate) the thresh- 
old value is lower in the very poor solvent. (Compare 
Fig. 7 with Fig. 1). 
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Fic. 11. Effect of temperature on the intrinsic viscosity vs 
shear-rate curve in a poor solvent. 


(b) Aiv 


As already stated, this measure of the second shear 
effect is very approximate. Nevertheless, certain trends 
are consistently manifested: 

(1) Ai, increases with increasing molecular weight 
(Figs. 1 and 8). 

(2) Aiy increases with increasing “‘goodness”’ of the 
solvent (Fig. 14). 

(3) Ajiy decreases with increasing temperature in a 
good solvent such as benzene or toluene (compare 
Figs. 2 and 3), but it increases with increasing tempera- 
ture in a poor solvent like cyclohexane (compare Figs. 
7 and 8). 
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Fic. 12. Inherent viscosity vs shear-rate curves for a high- 
molecular-weight fraction in a good solvent at three temperatures. 
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SHEAR RATE, D -+ 


Fic. 13. Graphical definitions of the function Ajy. 


(4) Aiy appears to decrease slightly with increasing 
concentration in a good solvent (Fig. 3) and to increase 
very slightly with increasing concentration in a very 
poor solvent (cyclohexane at 35°C). 


DISCUSSION 


It should be possible to explain all of these effects in 
terms of molecules and their behavior. The progressive 
decrease in apparent viscosity (and in the viscosity 
functions) with increasing shear, observed with many 
different polymer-solvent systems, has been attributed 
variously to increasing deformation of flexible polymer 
molecules, to increasing orientation of these molecules in 
the direction of flow, to progressive breakdown under 
shear of polymer-molecule associations (whether arising 
from intermolecular attractions or from entanglement) 
and to combinations thereof. One would expect an effect 
resulting from deformation and orientation of isolated 
polymer molecules to show up earlier (i.e., at lower 
molecular weights) than one resulting from interactions 
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Fic. 14. The decrease in rate-of-shear effects in changing 
from a good to a poor solvent. 
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of polymer molecules. It is tempting, therefore, to 
attribute the rectilinear decrease in inherent viscosity to 
molecular deformation and orientation and the curvi- 
linear decrease to molecular interactions. Indeed, if we 
do this we can find plausible explanations for most of 
the phenomena observed. But, if the second effect is due 
to molecular interaction, it should ultimately disappear 
or at least markedly decrease as the concentration is 
lowered. In spite of special efforts we were unable to 
observe such a decrease even at a molecular weight at 
which Aj, was small. This failure may, of course, be due 
to the difficulty of making meaningful measurements 
when both the concentrations of the solutions and the 
rate of shear are very low. (The length of a vertical line 
in Fig. 15 indicates roughly the precision of the value 
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Fic. 15. Inherent viscosity vs shear-rate curves. Relative 
precision of measurement as affected by rate of shear and con- 
centration of solution. 


of Iny,/c plotted.) Certainly, precise measurements at 
very low shear rates and very low concentrations are 
badly needed. 

Nevertheless, there is good reason to believe that a 
satisfactory explanation for these shear phenomena can 
be found, because many of them can already be fitted 
into a consistent broad picture. It is generally accepted 
that a very large polymer molecule in solution assumes, 
as a result of random kinking, the form of a loose “ball’’§ 
more or less expanded, depending on the nature of the sol- 
vent, on the temperature, and on the inherent flexibility 
of the polymer chain. Whether a given shear effect is due 
to molecular deformation and orientation or to interaction 


§ We prefer this to the more usual descriptive term “coil,” which 
suggests an ordered configuration. In all probability the molecule 
is not neatly coiled but, rather “all balled up.” 
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of the polymer molecules, it should be greater when this 
“ball” is larger and looser. Whatever enlarges and ex- 
pands the molecular “ball” should increase the shear 
effect. And this is just what is observed. Increasing the 
weight of the molecule, putting it in a better solvent, 
increasing the temperature of the solution if the solvent 
is poor and decreasing it if the solvent is good, all these 
make the effective volume of the molecule (the size of 
the molecular “ball” to which we have been referring) 
greater—and all these make both J and Ai, greater! It is 
evident, then, that the rate-of-shear effects are closely 
related to the effective volume of the polymer molecules 
in solution. 

Regardless of explanations, there are three practical 
conclusions that can be drawn from these results. First, 
the effect of shear rate on the intrinsic viscosity of 
polystyrene is by no means negligible at molecular 
weights where hitherto it has customarily been neg- 
lected. Second, on such plots as Inn,/c vs D, a curve 
may only begin to deviate from a straight line at a fairly 
low rate of shear, and hence straight-line extrapolation 
is safe only when measurements are made at as low rates 
as possible (and possibly not even then!). Third, the 
difficulties of extrapolation to zero rate of shear become 
greater the higher the molecular weight and the resulting 
values of [1 ]p.0 become correspondingly less reliable. 
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TABLE III. Variations of the slope J with temperature, solvent, 
and concentration. (M.W.=2.2X10° in toluene and butanone, 
M.W.=2.4X 108 in cyclohexane) 








Toluene Butanone Cyclohexane 


Conc J(X104) Conc J (X10) Conc J(X104) 
g/100 ml 15°C 65°C g/100 ml 15°C 65°C g/100 ml 35°C 65°C 


0.039 0.64 0.38 0.018 0.17 0.15 0.035 0.01 0.10 
0.079 0.72 0.39 0.036 0.16 0.16 0.071 0.01 0.12 
0.157 0.76 0.40 0.071 0.15 0.14 0.143 0.02 0.13 
0.315 0.78 0.42 0.143 0.15 0.15 0.189 0.04 0.14 











The shear effects are, however, very greatly reduced in a 
very poor solvent at a low temperature (close to the 
precipitation temperature). This would suggest that 
with polymers of high molecular weight the intrinsic 
viscosity should be measured in a very poor solvent 
rather than in a very good one, as is now the custom. 
(We plan to elaborate on this point in a later publi- 
cation.) 
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Fluid suspensions of a solid phase in a liquid, for example, paints and printing inks, have been presumed 
to exhibit anomaly of flow at very low rate of shear. The consistency characteristics of such materials 
require an experimental shear rate and shear stress much lower than has heretofore been reported. 

This paper describes a translated cylinder, or translational, viscometer of a modified Pochettino type, 
which possesses a shear stress sensitivity of 5 10-3 dyne/cm*, and a shear rate sensitivity of 1X 10~ sec. 
A rubber Latex of high solids content exhibited no anomaly of flow within this range of sensitivity. A rubber 
dissolved in organic solvent was observed to approximate a Bingham material of 0.05-dyne/cm? yield value, 
while a gum tragacanth suspension in water exhibited a yield value of 0.4 dyne/cm? with marked post-yield 
anomalous flow. Household paints exhibited yield value ranging from zero to 6 dyne/cm’. These yield values 
were related to leveling-out of brushmarks, and to sagging or “curtain,” except for examples exhibiting 
marked thixotropic behavior. Industrial organosol coatings likewise possessed yield values ranging up to 5 
dyne/cm? which were related to leveling characteristics. These yield values agree with those postulated 
by Waring from consideration of the forces of leveling of brushmarks. They are considerably smaller than 
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those reported in the literature from extrapolation of flow curves from much higher rate of shear. 





INTRODUCTION 


HE rheology of materials of technological interest 

which are known or presumed to exhibit anoma- 
lies of flow has been the subject of considerable in- 
vestigation. Bingham,' for example, considers clay 
suspensions, and Green? discusses paints and printing 
inks. No generalized theory which will account for or 
predict anomalies of flow has yet appeared, particularly 
with respect to the case of solids suspended in a fluid. 
It is thus necessary that the flow characteristics of 
systems exhibiting anomalous or non-Newtonian flow 
properties be observed experimentally throughout the 
whole range of shearing rates or shear stresses which 
may be of technological significance. Houwink’ has 
stated the problem very well: 


“With regard to flow, the really important datum should be 
the whole course of the (shear rate-shear stress) curve so far as 
it has been deduced by exact methods from the most appropriate 
experimental investigations.” 


With regard to the low end of the shear rate-shear 
stress curve, experimental investigations have been 
carried out at rates of shear of the order of 0.001 sec“, 
but only for shear stress upwards of thousands of 
dynes/cm*, i.e., only for very viscous materials.** On 
the other hand, for shear stresses of a few dynes/cm? the 
associated shear rates have been upwards of 0.1 sec™;® 
such materials* are of quite low viscosity. Fluids of 
technological importance often fall between these: two 


* Present Address: Wright Aeronautical Division, Curtiss- 
Wright Corporation, Wood Ridge, New Jersey. 

'E. C. Bingham, Fluidity and Plasticity (John Wiley and Sons, 
Inc., New York, 1922). 

2H. Green, Industrial Rheology and Rheological Structures (John 
Wiley and Sons, Inc., New York, 1949). 

*R. Houwink, Second Report on Viscosity and Plasticity (Norde- 
mann Publishing Company, New York, 1938), p. 185. 

* Stow, Horowitz, and Elliott, J. Colloid Sci. 4, 321 (1949). 

5 Traxler, Romberg, and Schweyer, Ind. Eng. Chem. Anal. Ed. 
14, 340 (1942). 

* A. K. Holliday, Trans. Faraday Soc. 43, 630 (1947). 


extremes; an investigation of the flow curve for such 
materials implies that the lower limits of accurate 
measurement of both shear stress and shear rate be 
kept as small as possible. 

An example may be drawn from the analysis by 
Waring’ of the magnitude of forces involved in the 
leveling-out of brushmarks in a paint film. Taking into 
account typical values of depth and width of brush- 
mark, viscosity and surface tension of paint, Waring 
concludes that a paint which will not flow when sub- 
jected to a shear stress of less than two or three dynes/ 
cm” cannot be expected to level-out brushmarks satis- 
factorily. If such a paint is presumed to possess a 
viscosity coefficient of 10 poises, it follows that the 
rate of shear to be anticipated for a stress of, say, one 
dyne/cm? greater than its yield value would be of the 
order of 0.1 sec’. Hence, the instrument should be 
sensitive to at least one percent of this rate of shear, or 
0.001 sec'. Likewise, the shear stress measurement 
should be accurate to approximately 0.01 dyne/cm’. 


The Translated Cylinder Viscometer 


The instrument used in the investigation herein 
described is based upon the principle of the translated 
coaxial cylinder viscometer described by Pochettino® 
and frequency referred to as the Pochettino type. Such 
an instrument has been employed by, among others, 
Traxler, Romberg, and Schweyer® to measure the flow 
properties of bitumen and by Bikermann’ for rosin sus- 
pensions and adhesives. The latter author provides an 
extensive bibliography of the subject. Eirich’ also 
comments on the Pochettino-type viscometer. 

Figure 1 presents a diagram of the translated cylinder 
viscometer, which consists of a solid cylindrical bob of 


7R. K. Waring, J. Rheol. 2, 307 (1931). 

8 A. Pochettino, Nuovo cimento 8, 77 (1914). 

9 J. J. Bikermann, J. Colloid Sci. 3, 75 (1948). 

” E. R. Eirich, Proc. Intern. Congr. Holland IV-3 (1948). 
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radius r; and length LZ supported coaxially within a 
vertical closed tube of radius rz; the bob is immersed 
in the sample to be examined. A force F applied axially 
to the bob will cause it to move in the direction of F 
with a velocity v;. This motion causes the material in 
the annulus between the two cylinders to be sheared, 
while material displaced by the bob flows through the 
annulus in a direction opposite to the direction of 
motion of the bob. A pressure difference thus appears 
between the ends of the bob of such sign that it opposes 
the force F. 

An analysis of this problem is given by Smith, Ferry, 
and Schremp." The generalized integral of the differ- 
ential equation of fluid flow for this case is given by 
Page” as 


v= Pr?/4nL+ 





log r+ B, (1) 
2rnL 


where v is the velocity at any radius r in the fluid of 
viscosity » and # is the pressure drop along the bob of 
length L. A and B are constants of integration. 
The volume of fluid displaced per unit of time by the 
bob is equal to that flowing through the annulus. 
Referring to Fig. 1, 


Ta 
vari= f v-2ardr. (2) 
r 


Through the use of Eq. 2 and the boundary conditions, 
v=Oforr=r,; v=; for r=17;. 


Smith, Ferry, and Schremp" show that the shear rate 
dv/dr is given by 


retr?e—2r 


dv/dr=0; —., 
rL(ra+r,*) logera/ri— (r?—17) | 





(3) 
Equation 3 solved for r=r; yields the expression for 
the shear rate at the surface of the bob, 
ré—r3 


(r2+r7) log.ra /y;— (r.’—F 2) 





dv/dr | =1;=2; (4) 


The force F applied axially to the bob comprises two 
components 


+ar?7p. (5) 


rT=ri 


dv 
F= dard 
r 


The first term on the right results from the viscous 
resistance of the motion of the bob, while the second 
term is the force required to balance the pressure drop 
along the bob. Upon obtaining expressions for p from 


4 Smith, Ferry, and Schremp, J. Appl. Phys. 20, 144 (1949). 
®L. Page, Introduction to Theoretical Physics (D. Van Nostrand 
and Company, Inc., New York, 1947), p. 259. 
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Fic. 1. Schematic diagram of translational coaxial viscometer. 





Eqs. 1 and 2 and dv/dr |, =r; from Eq. 3 in terms of 2,, 
r;, and rq, Smith et al. show that Eq. 5 becomes 
24Ln; te—re 


o—— +1}. 
logera/ri' (ra’+-17) logera/ri— (ra’—1) | 








F 


(6) 


Equation 6 may be rearranged to express 7 in terms of 
the variables F and 2; and the geometric constants of 
the instrument 


F 
7 = 
Qn Lv; 








C(r2+r?) logera/ri— (ra? —17) ] logera/ri 


7 
(r’+r*) logera/r: 4) 

This analysis for a closed-end tube indicates that 
the flow within the annulus is complex, resembling some- 
what the conditions obtaining in a capillary tube. If the 
bob is rising, the liquid adjacent to the bob is rising 
also, and the velocity gradient (shear rate) is positive 
(taking v; to be positive in the rising direction). The 
velocity gradient diminishes as the radial r becomes 
larger than r;, vanishing at a point ro= (r.?+1,7)'/2. 
Also, here the velocity is negative, the liquid is flowing 
downward to replace that displaced by the motion of 
the bob. At the wall of the tube r., the shear rate is 
negative. 

It is thus apparent that in the translational cylinder 
viscometer it is not possible to arrange to subject the 
sample to essentially a uniform stress or strain rate, as 
is possible in the case of a rotational viscometer. It may 
be pointed out that if the tube were open ended, im- 
mersed in a larger container of the liquid, the flow 
within the tube would no longer be complex; the vis- 
cometer would then be of the Pochettino type. The 
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expression for the translational force would now become” 


_ 2anLo, 
 —an 

logera/7: 
whereas the equation for translational force for the 
closed-end tube is given by Eq. 6. Denoting this force 
for the closed-end tube by F,, it is evident that 


F, re—r?e 





= +1 

Fo (ré+r2) logere/ri—(r2—r2) 

which will always be greater than 1 for r2>r;. That is, 
for the same viscosity and rate of translation »; the 
closed-tube viscometer allows greater forces to be used 
than does a similar open-end viscometer. Since our 
purpose is to achieve shear stress and shear rate as 
small as possible, the closed-end viscometer presents 
an advantage which is quite considerable. 

This advantage of the closed-end tube in achieving 
smaller shear stress for a given force of translation than 
is possible with an open-end tube outweighs the dis- 
advantage of the complex flow associated with the 
latter. It may be pointed out that even in the case of 
an open-end tube, if the sample is non-Newtonian, the 
velocity gradient will not be constant and the as- 
sumption of a uniform stress field within the sample 
might well represent a fictitious concept. 


Experimental Apparatus 


The translated cylinder viscometer used in this in- 
vestigation consists of a brass bob suspended coaxially 
in a Gardner-Holt bubble viscosity tube by means of a 
copper wire of 0.003-in. diameter. In Fig. 1 the wire is 
shown suspended from one arm of an equal-arm ana- 
lytical balance. The tube is rigidly clamped in a bracket 
affixed to the platform of the balance. 

The counterbalance end of the balance beam supports 
the weight pan, a portion of the suspension consisting 
of the core of a linear variable differential transformer.{ 
This transformer is an electromechanical transducer 
which translates the position of its free-floating core 
into an electrical signal which may be suitably ampli- 
fied. Since the displacement of the core corresponds 
exactly to the displacement of the bob of the viscometer, 
it is thus possible to measure directly the displacement 
of the bob in terms of the transformer output signal. 


Guy Barr, A Monograph of Viscometry (Oxford University 
Press, London, 1931). 

t For example, for the viscometer described herein r, = 0.536 cm; 
r:=0.398 cm, and F./Fo=33.7, that is, for the open-end tube 
the weight units would have to be reduced by a factor of more than 
1/30 to obtain equal shear stress sensitivity. Taking dv/dr= 
Vi(ra—ri) as the shear rate for the open-end tube, and Eq. (4) 
for the closed-end tube, the shear rate in the closed tube is found 
to be-about 34 times that in the open-end tube. Thus the ad- 
vantage in shear stress sensitivity of the closed-end tube is nearly 
tenfold that of the open-end tube at constant shear rate. 

t Manufactured by Schaevitz Engineering Company, Camden, 
New Jersey. 
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The transformer is energized and its signal amplified 
by means of a bridge oscillator and amplifier described 
by Burr.'* The amplifier output is a de signal which is 
recorded by a dc recorder§ shown. The transformer is 
mounted on a micrometer screw bracket to which is 
attached a dial indicator. Calibration of the transformer, 
amplifier, and recorder in terms of core displacement 
is accomplished as follows: With the balance beam sus- 
pension locked, the dial indicator is set to zero near the 
electrical null point of the transformer by adjustment 
of the micrometer screw. The recorder is then elec- 
trically balanced to zero through null adjustment of 
the amplifier. By then moving the transformer with the 
micrometer screw a desired amount, noting the deflec- 
tion of the recorder, the amplifier gain may be adjusted 
to yield a full-scale deflection of th «recorder to corre- 
spond to the desired core displacement. Since the 
amplifier is phase sensitive, the motion of the pen indi- 
cates not only the magnitude but also the direction of 
motion of the core in relation to the transformer. 

Surrounding the fixed bracket into which the Gardner- 
Holt tube is clamped is a water bath through which water 
from a thermostated bath is pumped. Except where 
noted the temperature of this bath is 25°C+0.05°; a 
pumping rate corresponding to about two bath changes 
per minute suffices to eliminate temperature variations 
in the bath. 

The viscometer tube is centered with respect to the 
bob by replacing the bob with a small pointed plumb 
bob. Inserted in the tube is a brass cylinder tapered 
accurately to a conical point. By adjusting the point of 
the plumb bob and that of the tapered cylinder to 
coincide, coaxial alignment is achieved to within a 
thousandth of an inch or so. Minor adjustments of 
such alignment may be made by adjusting the position 
of the balance beam arrest support. 


Calibration of the Translational Viscometer 


The calibration of the transformer, amplifier, and 
recorder was carried out as described above; experience 
indicated that a full-scale deflection of the recorder, for 
a displacement of 0.004 in. of the transformer core, rep- 
resented the greatest sensitivity which could be em- 
ployed without encountering undue variations oc- 
casioned by microseisms of the building or by the noise 
level and inherent stability of the amplifier. At this level 
of amplification (2500 to 1) the electrical system was 
completely stable for periods of at least two hours. 

The chainomatic loading device was readily calibrated 
and found to correspond to 0.138 milligram per least 
division. Loads in excess of those delivered by the chain 
were applied by addition of chip weights to the balance 
pan. 

A typical run was carried out as follows: Having 
placed the sample tube and sample, with bob suspended 

4 C, W. Burr, Electronics 22, 101 (1949). 


§ Manufactured by Leeds and Northrup Company, Phila- 
delphia, Pennsylvania. 
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in it, in the fixed bracket, a period of 15 to 20 minutes 
was allowed to establish temperature equilibrium. 
During this period the transformer calibration was 
checked. 

The balance arrest was then released, and weights 
were adjusted so as to cause the bob to fall at a suitable 
rate. The recorder was brought on scale by adjustment 
of the micrometer stage carrying the transformer. The 
motion of the bob was recorded for a sufficient period 
of time to produce an essentially straight displacement- 
time curve. For viscous liquids the curve became linear 
almost instantaneously; the slope of this curve repre- 
sents, of course, a particular rate of shear which is 
taken to be negative when the bob is falling. 

Next, weight was added to the pan such that the 
rate of shear became suitably smaller, again recording 
displacement vs time to achieve constant velocity of 
bob translation. 

In this manner weight was added stepwise so that 
the bob could be observed to stop moving altogether 
and, in turn, to begin to rise at increasing velocity as 
the weight was increased. The velocity associated with 
rising of the bob is taken to be positive. The correspond- 
ing weight, in excess of that for which the bob ceased to 
move, is taken as positive weight. 

To establish the experimental values of the constant 
in Eq. 7, the flow curves were observed for two samples 
of oil, the viscosity of which had been determined by 
the National Bureau of Standards. The data are shown 
graphically in Fig. 2, where the force in chainomatic 
units (1.000 unit=27.6 milligrams) is plotted against 
the rate of translation of the bob (1 chart division per 
minute= 10~‘ inch per minute). The dimensions of the 
viscometer are as follows: 


Radius of tube, ra: 0.536-+0.0005 cm. 
Radius of bob, r;: 0.398-+-0.0005 cm. 
Length of bob, Z: 5.08 +0.002 cm. 


The expression on the right of Eq. 7 will be observed 
to consist of the variables F and 2; and the constants 
2rL and the function of r, and r; within brackets. Hence 
Eq. 7 may be written 


v5; D 


where G represents the applied force in chainomatic 
units, D represents the rate of translation of the bob 
in chart divisions per minute, and k includes appropriate 
factors to convert these variables to units of dynes and 
cm/sec, respectively. That is, for the dimensions given 
above 


k=1.71X10*. 


The experimental values of k from the data in Fig. 
2 are 


ky= 2.23 10° and ky =2.15X 10° 
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CALIBRATION WITH STANDARD OILS 


NB. CALI 

sampce —visedsiry “Costa” 

M-17 2.01 2.15x 10> 

N-16 9.87 2.23x 10> 
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Fic. 2. Experimental calibration of translational viscometer. 


for the known viscosity samples V-16 and M-17, 
respectively. 

The discrepancy between the theoretical and ob- 
served calibration constants may be attributed to the 
failure to include in the analysis recognition of the 
forces involved in flow of the fluid around the ends of 
the bob. These “end effects” evidently amount to about 
35 percent of the total forces; hence, the applied force 
must be corrected by a factor k/ky = 0.763 in computing 
the actual shear stress. 

The maximum shear rate from Eq. 4 is thus 


dv/dr |r =r5= 4.82 10-°CD sec, 


where C is the bob deflection for full-scale pen deflection 
and D is the observed rate of deflection in units of chart 
divisions per minute. 

The maximum shear stress may be computed from the 
Newtonian equation 


dv 
Tr =r;> 1 — 


Ir =r; 


=3.91X10-°W dyne/cm’, 


where 7 and dv/dr_}r =r; are experimentally determined 
and W is the translating force, milligrams. This con- 
stant includes the end effect correction noted above. 
This method of determining the balance point, where 
the bob velocity is zero, obviates the necessity for 
bouyancy corrections for the weight of the bob. 


DISCUSSION 
Anomalous Flow of Complex Systems 


The calibration described above indicates that the 
translational viscometer serves to measure the flow of 
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Fic. 3. Flow curve of Type III Latex (60 percent solids). 



































Newtonian liquids with a sensitivity of approximately 
5X 10- dyne/cm* maximum shear stress and 1X10~ 
sec~' maximum shear rate. 

The flow curve for a high solids Latex (60 percent 
solids) shown in Fig. 3. This suspension, despite the 
large amount of solids present, appears to be com- 
pletely Newtonian at all rates of shear with no evidence 
of a yield value. This conclusion was also reached by 
Krieger and Maron” though for considerably higher 
rate of shear. 

It is of interest to note that spherical particles, even 
under such conditions of crowding, do not develop 
mutual stress fields greater than 0.005 dyne/cm?. 

A suspension of a synthetic rubber (Chemigum III) 
of approximately 20 percent solids in methyl-ethyl 
ketone exhibited the flow properties shown in Fig. 4. 
In this case the fluid is no longer a Newtonian liquid, 
and the following modification in treatment of the data 
was necessary. 

The determination of the flow curve is initiated with 
an arbitrary negative force (falling bob), and upon 
adding weight (decreasing stress) the flow curve ex- 
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Fic. 4. Flow curve of rubber suspension (Chemigum III in 
methyl-ethyl ketone, 20 percent solids) at 20°C, yield value 
=0.05 dyne/cm’. 














I, M. Krieger and S. H. Maron, J. Colloid Sci. 6, 528 (1951). 
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hibits a singularity or flat portion for zero rate of shear. 
Somewhere within this “flat” singularity the bob is 
obviously counterbalanced, but to know the exact 
point at which counterbalancing occurs (i.e., where 
shear stress is zero), except for a Newtonian liquid, 
requires an extremely precise knowledge of the density 
and volume of the bob and the density of the sample. 
Since such precision is not practical the alternative is 
to assume that, as the stress is diminished and the shear 
velocity approaches zero, an elastic structure is formed 
at the negative shear stress corresponding to the yield 
value. This structure is further assumed to persist 
until the shear stress has passed through zero and in- 
creased again to a positive value corresponding to the 
yield value. The balance point, or shear stress origin, 
thus lies at the center of the zero-flow singularity of the 
flow curve. 

For a Newtonian fluid, the stress distribution in the 
sample may be computed from Eq. 4 and the viscosity 
of the sample. If now this viscous fluid is replaced by an 
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Fic. 5. Flow curve of a natural gum suspension (gum tragacanth, 
1.60 percent solids in water), yield value=0.4 dyne/cm*. 





elastic solid the stresses will be identical, for constant 
force F, as has been shown by one of the authors.’* In 
this elastic analog of the viscous case, elastic shear dis- 
placements replace viscous shear velocities. Hence, the 
calibration of the viscometer, by means of standard 
viscosity samples, is correct for the region of shear 
stress less than the yield value. Therefore, the maximum 
shear stress, at which flow is incipient, does represent 
the actual yield value. 

Once flow has commenced, the analysis is less straight- 
forward. The non-Newtonian fluid is subjected to a 
complex stress field, and since only the integral of the 
unknown flow function is observed experimentally, the 
data cannot be reduced to absolute parameters. The 
portions of the flow curve where shear rate is finite thus 
cannot be treated as absolute flow curves. An empirical 
correlation is indicated later in this paper between the 


‘6 J. T. Bergen, Proc. Soc. Exptl. Stress Anal. Semiann. Rept. 9, 
(IT) 13 (1952). 
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ANOMALOUS VISCOUS FLOW 


flow curve for finite shear rate and the behavior of 
non-Newtonian liquids under conditions which are of 
technological interest. 

The maximum shear stress for which flow is incipient, 
in Fig. 4, is 0.05 dyne/cm?, this being the yield value 
fo by our conventions. The linearity of the flow curve 
above fo strongly suggests a Bingham material, although 
anomalous behavior sets in at higher stresses. Anoma- 
lous flow for concentrated GRS suspensions is reported 
by Bestul and Belcher” for shear rate upwards of 100 
sec~', in agreement with the curves of Fig. 4. 

Very marked anomalous flow is evident in Fig. 5 for 
a gum tragacanth suspension. The yield value appears 
to be 0.4 dyne/cm?. Hastewell and Riston,” for a gum 
tragacanth suspension of 1.83 percent solids, postulate 
a viscous element of 52 poises coupled with a Maxwell, 
or retarded elastic element, of 45 poises. The deforma- 
tion-time relation for such a model is asymptotic and the 
data of Fig. 5 may represent a condition of psuedo- 
steady flow at low shear stress. At higher stress steady 
flow would be established more rapidly and the flow 
curve should tend to become linear, in agreement with 
the data of Hastewell and Riston. Higginbotham,” 
however, reports anomalous flow for an unspecified gum 
tragacanth suspension at high shear stress. 

A retarded elastic element likewise would lead to 
asymmetry of the flow curve about the origin, as is 
evident in Fig. 5. 


Fic. 6. Flow curve of 
three different brands of 
exterior white paint. See 
Table I for yield values. 


AT VERY LOW RATE OF SHEAR 
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TaBLE I. Yield values for several types of household paints, 
as measured with the translational viscometer. 








Exterior white paint 





Viel 
he Yield value after Fischer 
Brand dyne/cm? Leveling Sag (see reference 7)* 
A 1.0 Fair Slight 110-170 dyne/cm? 
B 5.1 Poor Nil 
c 0.9 Good Marked 
Interior flat wall paint (white) 
A 4.7 Fair Nil 40— 50 dyne/cm? 
B 2.9 Fair Nil 
ts 0.0 Good Marked 
Interior semi-matte enamel (white) 

A 1.0 Good Marked 65-170 dyne/cm? 
B 5.8 Very Poor Nil 
és 6.6 Fair Marked 








* Figures of Fischer do not refer to particular brands. 


The Yield Value of Household Paints 


The results of a study of three types of household 
paints are given in Table I. The flow curves for three 
brands of one of these types (outside white) are given 
in Fig. 6. The corresponding flow curves for the other 
types were quite similar to those shown in Fig. 6. 
Evaluation of the leveling and sag properties of each 
of these paints was carried out subjectively by brushing 
the sample onto a hiding-power card, allowing the 
sample to dry with the card standing vertically. After 
two days’ drying ‘time the brush-outs were examined 
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A. B. Bestul and H. V. Belcher, J. Colloid Sci. 5, 303 (1950). 
*L. J. Hastewell and L. J. U. Riston, J. Sci. Instr. 29, 20 (1952). 
* R. S. Higginbotham, J. Sci. Instr. 27, 139 (1950). 
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Fic. 7. Flow curve of Organosol coatings. Sample 1 leveled 
poorly, yield value=4 dyne/cm*. Sample 2=sample 1+1 percent 
of a “flow-out” agent and leveled very well, yield value=nil. 


visually for disappearance of brushmarks and for sag- 
ging or running of the film from a heavy “bead.” 

The yield value in Table I is the greatest stress for 
which flow was incipient in the translational viscometer. 
A comparison of these data indicates that paints with 
yield values of the order of one dyne/cm* or less level 
but will tend to sag or form curtains. Paints which do 
not level well exhibit a yield value of 5-6 dynes/cm’. 
Two samples, Flat Wall A and Semi-Matte C showed 
relatively high yield values but good leveling. These 
samples differed from the others in requiring about 10 
minutes to exhibit steady flow, upon a change of stress, 
where the other samples reached steady flow in two 
minutes or less. Evidently the longer thixotropic time 
scale allowed these samples to level before the onset of 
structure became significant, while the observed yield 
value is that of the equilibrium structure. A complete 
description of leveling properties evidently must in- 
_ clude a consideration of the thixotropic properties of 
the paint. 

These data, however, lend support to the conclusions 
reached by Waring (see reference 7) on the magnitude 
of the yield value for brushing paints. Waring’s con- 
clusions are disputed by Fischer® who reported yield 


values shown in Table I. Using a form of rotational. 


viscometer he obtained flow curves ranging downwards 


* E. K. Fischer, J. Colloid Sci. 5, 271 (1950). 
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to about 1 sec~'. Extrapolation of these curves after the 
manner suggested by Green? to zero rate of shear 
yielded a stress axis intercept which has been denoted 
by the latter as “yield value.” Hence, the figures ob- 
tained by Fischer in this manner represent an un- 
justifiably great extrapolation in terms of Fig. 6. The 
comparison renders the procedure for establishing 
yield value, as followed by Green (see reference 2) and 
Fischer,” of doubtful validity. 

Owing to the limitations of the theory of flow of non- 
Newtonian liquids for finite rate of shear, as previously 
described, no absolute parameters may be derived 
from the flow curves of these paints. However, it has 
been observed that, in general, those with “shallow” 
flow curves, for example, Brand “A” in Fig. 6 resist 
sagging much better than those with “steep’’ curves 
(lower relative “viscosity””) as exemplified by Brand 
“C,” although the yield values for these cases are 
almost identical. 


Organosol Coatings 


Organosol coatings may be applied industrially in 
the form of a relatively thick nonuniform coating. It is 
essential that leveling occur before the coating has set. 
In the course of examination of such materials, an 
example of the marked effect of surface active additives, 
in small quantities, was observed as shown in Fig. 7. 
Sample 1 in this figure leveled very poorly, even in a 
thick film with very slow solvent evaporation. Upon 
adding 1 percent of a “flow-out” agent, the coating 
leveled very satisfactorily and the flow curve of sample 
2 was obtained. 

Such coatings have been observed to undergo 
marked changes in flow properties upon aging, de- 
pending upon the plasticizer-solvent system employed. 
Figure 8 illustrates the course of aging for one such 
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Fic. 8. Flow curve of Organosol coating. Numbers refer to age 
of coating, hours. At 4 hours the coating leveled very well and 
yield value=nil; at 28 hours leveling was fair, yield value=0.4 
dyne/cm?; at 100 hours leveling was poor, yield value=3.8 
dyne/cm?. 
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ANOMALOUS VISCOUS FLOW AT VERY LOW 


sample, for which the change in leveling upon aging 
was accompanied by a corresponding increase in yield 
value and viscous character of the flow curve at low 
rate of shear. 


CONCLUSIONS 


A translational concentric cylinder viscometer of 
the Pochettino type is described, for which an analytical 
balance is employed to achieve very small shearing 
stress and an electrical transducer to observe low rate 
of shear. The ultimate sensitivity of such a device js 
found to be 5X10~* dyne/cm? maximum shear stress 
and 1X10~‘sec™' maximum shear rate. Calibration 
with Newtonian liquids of known viscosity agrees with 
a theoretical expression for viscosity, allowing for 
“end” effects. The flow properties of various complex, 
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anomalous systems are described for the region very 
near the shear rate-shear stress origin. With the ex- 
ception of a high solids Latex suspension, which was 
Newtonian, the complex systems exhibited a yield value 
and anomalous flow in the post-yield region. 

The yield values of several household paints for very 
small rates of shear are found to correlate with their 
leveling and sagging properties except where thixo- 
tropic effects become large in terms of the time re- 
quired for leveling to occur. The yield values thus 
observed are considerably less than those reported else- 
where and do not exceed about 6 dynes/cm?. Industrial 
Organosol coatings are found to possess similar charac- 
teristics. Examples are given of the effect of addition 
of a “flow-out” agent and of the effect of aging upon 
such materials. 
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Signal-to-Noise Ratios in Band-Pass Limiters* 


W. B. Davenport, Jr. 
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A general analysis is made of the relations between output signal and noise powers and input signal and 
noise powers for band-pass limiters having odd symmetry in their limiting characteristics. Specific results are 
given for the case where the limiter has an mth root characteristic, and they include the ideal symmetrical 
limiter (or clipper) as a limiting case. This analysis shows that, for the band-pass limiter, the output signal-fo- 
noise power ratio is essentially directly proportional to the input signal-to-noise power ratio for all values of 
the latter. This result is due to the band-pass characteristics rather than to the symmetrical limiting action. 





I. INTRODUCTION 


ATURATION, or limiting, may often take place in 
the band-pass amplifier stages of a radio receiver. 
Sometimes this limiting is inadvertent (as in the case of 
a much larger than usual input signal which overdrives 
an amplifier), while sometimes the band-pass stages are 
deliberately designed to limit (as in the case of most FM 
receivers). In any case, whether the limiting is in- 
advertent or deliberate, it is of interest to know quanti- 
tatively the action of the band-pass limiter. 

The purpose of this report is to determine the rela- 
tions between the output signal and noise and the input 
signal and noise for the case of a band-pass limiter for all 
values of the input signal-to-noise ratio. Previous 
studies have either considered the effects of noise alone 
as a limiter input;! or, when a signal-plus-noise input 
was considered, either the action of the limiter was 
studied only in combination with that of a discrimi- 
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Fic. 1. Block diagram of the band-pass limiter. 


nator’ or results were obtained only for large values of 
the input signal-to-noise ratio.® 

The system to be considered here consists of a limiter 
followed by a band-pass filter, as shown in Fig. 1. The 
input to this system is assumed to consist of an ampli- 
tude-modulated sine wave plus a noise wave 


x(t)=P(t) cospt+N (i). (1) 


The input noise JN (¢) is assumed to be Gaussian in nature 
and to have a narrow band spectrum centered in the 
Vicinity of the signal carrier frequency p/2x. The 
spectrum of the limiter output y(¢) will consist of signal 
and noise terms centered on the angular frequencies 
+mp, where m=0, 1, 2, ---. The band-pass filter is 


* This work has been supported in part by the U. S. Signal Corps, 
the Air Materiel Command, and the U. S. Office of Naval Research. 

1D. Middleton, J. Appl. Phys. 17, 778 (1946). 

*N. M. Blachman, J. Appl. Phys. 20, 38 (1949). 

* D. Middleton, J. Appl. Phys. 20, 334 (1949). 

950) Middleton, Quart. Appl. Math. 7, 129 (1949), and 8, 59 
(1 ’ 

5D. G. Tucker, Wireless Engineer 29, 128 (1952). 


assumed to have an ideal rectangular pass-band transfer 
characteristic which is centered on the fundamental 
angular frequency p. The filter pass band is assumed to 
be wide enough to pass all of the limiter output spec- 
trum centered about +, but narrow enough to reject 
those parts of the spectrum centered on +mp (where 
m1). 

In the analysis to follow, we will obtain expressions 
for the autocorrelation function at the input to the 
band-pass filter, as well as expressions for the signal 
power and noise power at the output of the band-pass 
filter. From these expressions we will be able to de- 
termine the relation between the output signal-to-noise 
power ratio and the input signal-to-noise power ratio. 


II. GENERAL ANALYSIS 


Let us first consider the problem of determining the 
autocorrelation function of the limiter output y(¢). This 
function is defined as the statistical average of 
y(t)y(t+7), ie., 

Ry(7)=(y Oy (t-+7)) mw (2) 


and has been shown by Wiener® to be the Fourier 
transform of the spectral density. 

Rice’ and Middleton® have shown that if the output 
of a nonlinear device may be expressed as a unique 
function of its input 


y¥O=sie], (3) 


and if the input to that device is an amplitude-modu- 
lated sine wave plus gaussian noise, as in Eq. (1), then 
the autocorrelation function of the output of the 
nonlinear device may be expressed as 


R,(r)= EE Uns hina + 7))uRw (1) cosmpr, (4) 


where the e,, are the Neumann numbers 


éo=1, 
€m=2 for m2>1, (5) 


where Ry(r) is the autocorrelation function of the input 


*N. Wiener, Acta Math. 55, 117 (1930). 
7S. O. Rice, Bell System Tech. J. 24, 46 (1945). 
®D. Middleton, Quart. Appl. Math. 5, 445 (1948). 
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noise, and where the function h,,;(¢) is defined by 


5 
2 


mk (é) = 





+k es) , 
J fGujeHO™ “Py [uP (L) Jdu. (6) 


o°(N) is the variance of the input noise,./J, is the mth 
order Bessel function of the first kind, and f(ju) is the 
Fourier transform of the transfer characteristic of the 
nonlinear device 


f(Gjuy= f g(x)eriude, (7) 


—s 


In our present study we wish to specify that the 
limiter transfer characteristic g(x) is a nondecreasing 
odd function of its argument 


g+(x) for x>0 


= & 
et) oma for x<0. ®) 


Because of convergence difficulties, the Fourier trans- 
form f(ju) must be replaced in this case by the bilateral 
Laplace transform?” f(w) : 


f@)= f.@)+f-@), (9) 


where w is the complex variable v+ ju, and where f, (w) 
and f_(w) are the unilateral Laplace transforms of g(x) 
in the intervals (0, +) and (— ~~, 0), respectively. 
The unilateral Laplace transforms f,(w) and f_(w) 
have different regions of convergence in the w plane, 
and, as we shall see later, each may have a singularity at 
the origin of that plane. Because of these different 
regions of convergence for f,(w) and f_(w), we must in 
general employ two inversion integrals with separate 
integration contours in order to return to g(x) from 
f(w). For this reason, the single integral expression for 
the function /,,,(/) must be replaced by the sum of two 
contour integrals in this study 


1 
Ama (t) =—— fx (w)elOw"l yk], [wP (t) |dw 
2nj Y c+ 


1 
+— J f_(w) el? wy kT, [wP(t) ]dw, (10) 
2x7 C— 

where C+ is the contour along the imaginary axis of the 
w plane with a possible indentation to the right of the 
origin, and C— is the contour along the imaginary axis 
with a possible indentation to the left of the origin. 

Because of the odd character of g(x), it follows that 


f-@)=— f(—v) (11) 


* E. C. Titchmarsh, Fourier Integrals (Clarendon Press, Oxford, 
1948), second edition. 

” B. van der Pol and H. Bremmer, Operational Calculus (Cam- 
bridge University Press, Cambridge, 1950). 
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Fic. 2, Plots of the spectral densities ,G(w), showing the relative 
values of the various spectral contributions. 


and therefore that 


‘(0 for m+k even 


1 
Ame (t)=42-—— J fy (well yk], [wP (t) Jdw(12) 


WIM c+ 





for m+k odd. 


Thus we see that, because of our assumed odd symmetry 
for the limiter transfer characteristic, the functions 
hmi(t) vanish whenever the sum of the indices m+ is 
even. Using this extended definition for /ms(#), we may 
now use Eq. (4) to determine the autocorrelation 
function of the limiter output. 

From this point on, we will for convenience assume 
that the input signal is unmodulated. That is, we will 
assume that P(?) is a constant. In this case, the func- 
tions hms(#) are not functions of ¢, and Eq. (4) for the 
limiter output autocorrelation function simplifies to 


Emil 





R,(7)= pm } a 
m=0 k=0 
(m+k odd) 


~ Ry*(r) cosmpr, (13) 


where the coefficients h,, are determined from Eq. (12). 
It is convenient to expand Eq. (13) as follows 


Ry(r)=2 SY Imo? cosmpr+ 
m=1 


(m odd) 


2 Moy? 
fe ee) 
k=1 k! 
(k odd) 
+2 » ® > ee cosmpr. (14) 


m=alk=1 
(m-+k odd) 


The first set of terms (sum over m) is periodic and 
consists of the signal output terms representing the 
interaction of the input signal with itself (SS terms). 
The remaining terms are the limiter output noise terms. 
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Fic. 3. Plots of the transfer characteristics of several cases of the 
band-pass rooter. 


The second set (sum over k) represents the interaction 
of the input noise with itself (VX terms), while the 
last set (sum over m and k) represents the interaction of 
the input signal and noise (SX N terms). 

The spectral density of the limiter output is simply 
the Fourier transform of the autocorrelation function 
R,(r), i.e., 


a“ 


1 
Choo f R,(r)e-i#*dr, (15) 


T V_« 


where G,(w) is the so-called “two-sided” spectral 
density containing both positive and negative fre- 
quencies. The Fourier transform of Eq. (14) may be 
written as 


x 


G,(w) -_ os 


(m odd) 


+z 


é odd) 


X[.Gv(w—mp)+.Gy(wt+mp)]}, (16) 


hme? - 2x6 (w— mp)+5 (w+ mp) | 


mk 


hox 
Gul) > =" ee 


m=l1k=1 
(m+k odd) 


where 6(w) is the unit impulse function" (Dirac delta- 
function), and where ,Gy(w) is the Fourier transform of 
Ry*(w). Successive applications of the convolution 
theorem” shows that .Gy(w) may be expressed as the 
(k—1)-fold convolution of Gy(w) with itself: 


(2x) J: f aaa 


‘Gy (w—w1)dox_1-+-dw;, (17) 





.Gy (w )= == 


X Gy (wr-2—we-1)* 


where Gy (w) is the spectral density of the input noise. 
One may obtain an idea of the form of the various .Gy 
by specifying the form of the spectral density of the 
input noise, and then using Eq. (17) to construct plots 
of the .Gy up to any desired value of k. Plots were 
obtained in this manner for several values of k, and are 
shown in Fig. 2, along with the relative heights of the 
various spectral contributions. It follows from Eq. (17) 


JR. 


that each of the spectral regions in a particular ,Gy has 
the same shape, although this shape may differ from 
that obtained with a different value of k. 

Let us now consider the system output. Because of the 
band-pass filter, only those terms in Eqs. (14) and (16) 
which correspond to energy in the vicinity of + will 
appear at the system output. The output signal 
autocorrelation function is therefore given by 


Rso(r) = 2hie? cospr (18) 
and the signal output spectral density is 
Gso(w) = hyo? 2x5 (w— p)+5(w+ p) ]. (19) 


The output signal power may be obtained by setting r 
equal to zero in Eq. (18) 


So=Rgo(0)= 2x0. (20) 


The noise terms in the filter output may also be ob- 
tained by picking out those terms in Eqs. (14) and (16) 
which contribute only to the spectral region in the 
vicinity of +. Examination of Eqs. (14) and (16) 
shows that only those (V XV) terms corresponding to 
odd values of k appear. From Fig. 2, we then see that all 
of these terms contribute to the noise output from the 
band-pass filter. We may determine the filter output 
noise power due to these terms by setting 7 equal to 
zero in the appropriate terms in Eq. (14), and then 
multiplying each term in the resultant series by a factor 
representing the fraction of that term that appears at 
the filter output. From such a process, we find that the 
filter output noise power caused by the interaction of 
the input noise with itself is given by 


2 


ho. 3 ho3* 
Nowy) = 1-—Ry (0)+--—Ry*(0) 
1! 4 3! 


5 os? 5 he: 
ees Ratt RM O+- - (2) 


Plots of the spectra of the various (SX J) noise terms 


‘at the limiter output may easily be constructed from the 


plots of Fig. 2 by translating each plot in that figure by 
an amount -+-mp along the w axis. A study of Fig. 2 
shows that there is a maximum value of the shift mp 
which will allow a given term to contribute to the 
spectral region in the vicinity of p. From such a study, 
we see that for a given k, the only significant values of m 
are those in the range (1, +1), such that (m+) is odd. 
Therefore, the only terms in Eq. (14) that can con- 
tribute to the filter output noise are those given by 


k+l @ Mm, 
R' ysxny)(r)=2 DY Ry) « cosmpr. (22) 
(mth odd) z 


We may then find the filter output noise power due to 
the (SX) terms by setting 7 equal to zero in Eq. (22) 
and multiplying each term by an appropriate factor 
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corresponding to the fraction of that term appearing at 
the filter output. The result is 


ho? 3 hy? 1 hs? 
Ry(0)+ (2 +--2 avr) 
1! ‘a4 aii 


1 ho3* 1 haz? 
+ (2 +-: VR 
2 3! 8 3! 





1 
N osx) =—2 
2 





5 hy? 5 h3< 1 hs? 
+ (G2 242 ROE (23) 
8S 4! 16 4! 16 4! 


The total filter output noise power is then given by the 
sum of the (VX) terms and the (SX) terms, and 
the filter output signal-to-noise power ratio is defined as 
the ratio of the filter output signal power Sp to the total 
filter output noise power NV. In order to proceed further, 
we will have to assume a specific form for the limiter 
transfer characteristic g(x). From this transfer charac- 
teristic, we may then determine the coefficients /,,,; and 
substitute the result in the above expressions. 


III. THE BAND-PASS ROOTER 
A. General Results 


A convenient form of limiter transfer characteristic is 
that where the limiter output is proportional to the mth 
root of its input. We then have 
for x20 


ax! n 
g4(x)= | (24) 
0 for «<0, 





r() for m+ even 
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m+ k— 


1 P? m/2 
(oT se 
link = 4 n/1207(N) 2 





723 


where a@ is a scaling constant. Plots of g(x) for several 
values of m are given in Fig. 3. The case (n=1) corre- 
sponds to the linear amplifier, while the case (n= 0) 
corresponds to the ideal symmetrical limiter. 

The Laplace transform /,(w) of this transfer charac- 
teristic is readily determined to be 


(o) 


witainy ” 


f+ (w) = (25) 


where I is the usual gamma-function. In general, this 
transform has a branch point at the origin of the w 
plane, and the contour C+ must consequently have an 
indentation to the right of the origin. 

The coefficient h,,, is given by substitution of Eq. 
(25) in Eq. (12) so that 


0 for m+k even 


1 1 
har= rar(i+-).— f ele?(N) w] /2 
Nn} Inj Yoox 


Xw 4») 7, (Pw) dw 


(26) 


for m+k odd. 


This contour integral is essentially the same as that re- 
quired in the study of the vth law detector (if 1/n is 
replaced by v). Paralleling the evaluation of the corre- 
sponding integral for the vth law detector,*? one can 
readily determine that 














[— = 


where ,F; is the confluent hypergeometric function :# 


T' (m+ pr 1 


(1/n) P 
;m es 
ae (27) 
for m+k odd, 
m+ k— ed 
az a(a+1)2 
(28) 


iF ,[a;c; —2]=1—-—+ 
cl! 


c(c+1)2! 


Reference to Sec. II shows that the coefficient ,,, always occurs in combination with Ry(r) in the form 


hmeRy* (r) . Now 


Ry*(0)=07*(N), 


(29) 


as the input noise has a zero mean. Then by using this result, and the fact that the input signal-to-noise power ratio 


is given by 


(-) S; P?/2 
n/N; o(N) 





(30) 


‘1! W. Magnus and F. Oberhettinger, Formulas and Theorems for the Special Functions of Mathematical Physics (Chelsea Publishing 


Company, New York, 1949). 
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we may write 


0 for m+k even 


ceat-ornpe/ (1+- ~).2 o(- =) 


NPORT, JR. 


m+ k—(1/n) S 
(ste) 
2 N/; 


(31) 





bee RetO)=4" 
| mnt tyr] 1 


This result may now be substituted in expressions (20), 
(21), and (23) in order to obtain the output signal and 
noise powers. 

A partial check on our results may be obtained by 
considering the case (n= 1). When we substitute (n= 1) 
into Eq. (31), we find that the only nonvanishing 
coefficients are /yo and Ao, and that the output signal 
and noise powers are simply a’ times the corresponding 
input powers. These results are comforting in view of 





0 for m+k even 


S\* m+k 
(5) 
him? Rn * (0) = 4 N/; 2 





for m+ odd. 


m+k— aad 


2 





the fact that our limiter here is a linear amplifier with a 
power gain a’, 


B. The Ideal Symmetrical Limiter 


As may be seen from Fig. 3, the ideal symmetrical 
limiter may be represented as a limiting case (for n= ©) 
of the rooter. Substitution of this limiting value of m in 
Eq. (31) gives 


S 
m+1; -(=) 
N/; 


(32) 








I? (m+ pr(1- 


for m+ odd. 





m+k 
y 


If we use this result in our previously obtained expression (20) for the output signal power, we obtain 


2a? /S 
2()." 
T N i 


This output signal power has been plotted in Fig. 4 as a 


f-(] 


(33) 


function of the input signal-to-noise power ratio (S/N);. 


An expression for the output noise power may be obtained by using Eq. (32) in our previously determined 


expressions (21) and (23). The result is 


1 S 1 3 
Fs; 3 (-) }; be 
2 NJ Jj 8 2 
| 7 
“aot oefia 
N 3072. 2 
1/S\? 3 S 
—(-) Fel; 33;= (— 
16 N a 2 N 
1 /S\° 5 S 3 /S\? 5 Ss 
4) ef OHO E-O) 
128\N/ ; 2 NJ 3 32N\N/; 2 N 
23 738° 7 S 
BV ofl) 
L 24576\N/; 2 N/; 





A plot of this output noise power is given in Fig. 4 as a 
function of (S/N). 

Even though we have in Fig. 4 plots of Sp and No as 
functions of (S/N);, it is desirable also to obtain ap- 





“OQ 
Qo 
KC) #f-(] | 





(34) 


| 
| 
. | 
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proximate expressions for these powers which are valid 
in the regions of very large (or very small) values of the 
input signal-to-noise power ratio. 

From the power series expansion about the origin of 
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the confluent hypergeometric function :Fi[a;c; —z] 
(Eq. 28), we see that 


WF ifa;c;—z}>+1 as2z-0. (35) 


Using the limiting result (35) in Eq. (33), we obtain 
for the output signal power 


2c / S § 
So=— ~) for (—) —0. (36) 
T N i N i 


Referring to the numerical calculations used to obtain 
Fig. 4, we see that the error involved in Eq. (36) is less 
than ten percent when values of (S/N), are less than 
about two-tenths. 

By using the limiting result (35) in Eq. (34), we 
obtain for the output noise power 


for (-) = (37) 


A study of Eq. (34) shows that in the region of small 
(S/N), the dominant output noise is that due to direct 
feedthrough of the noise input to the limiter. 

From Eqs. (36) and (37) we obtain 


S rf{S S 
(—) ~“(-) for (-) —0. (38) 
N 0 4 N i N ‘ 


Thus we see that, for the ideal, symmetrical, band-pass 
limiter, the output signal-to-noise power ratio is directly 
proportional to the input signal-to-noise power ratio in 
the region of very small (S/N); This result differs 
radically from the familiar square-law behavior of 
detectors’’® in the region of small (S/N),. The present 
result is due primarily to the fact that the output 
terms of interest in the present case are those in the 
vicinity of the input frequencies, while in the detector 
case, the output terms of interest are those in the 
vicinity of zero frequency. 

From the series expansion about infinity" of the 
confluent hypergeometric function ,F,[a;c; —z], we see 
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Fic. 4. Output signal power So and output noise power No 
plotted as functions of the input signal-to-noise power ratio 
(S/N), for the case of the ideal, symmetrical, band-pass limiter. 
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(3), 


_ Fic. 5. The ratio of output signal-to-noise power ratio to the 
input signal-to-noise power ratio as a function of the latter, for the 
case of the ideal, symmetrical, band-pass limiter. 


that 
P'(c) 


iF [a;¢; —2]=———_ 
I'(c—a)z* 


for 2. (39) 


If we now use the limiting result (39) in Eq. (33), we 
obtain for the output signal power 


2a’ /4 S 
si=—(-) for (—) 0, (40) 
a \r N/; 


Application of the limiting expression (39) to Eq. (34) 
gives for the output noise power 


2 2 S 
No=—-: for (—) x, (41) 
x (S/N); Ni; 


A study of Eq. (34) shows that the dominant noise 
output terms in this case are (a) the direct feed-through 
noise term, and (b) the noise resulting from the inter- 
action of the input noise with the second harmonic of 
the input sine-wave signal. 

The output signal-to-noise power ratio becomes 


S S S 
(—) ~2(—) for (—) —o, (42) 
NJ» N/; N/; 


Thus, for very large values of the input signal-to-noise 
power ratio, we find that the output signal-to-noise 
power ratio is twice that of the input. This is the result 
obtained by Tucker.® 

From Eqs. (38) and (42), we see that the output 
signal-to-noise power ratio is directly proportional to 
(S/N); in both the large and small value regions of 
(S/N). In order to determine the behavior of (S/N)o 
for intermediate values of (S/N);, the ratio of (S/N)o 
to (S/N); was calculated from the data used to plot 
Fig. 4, and the results were plotted to form Fig. 5. 
From this plot, we see that in the case of the ideal, 
symmetrical, band-pass limiter, the output signal-to- 
noise power ratio is essentially linearly proportional to 
the input signal-to-noise power ratio for all values of the 
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latter. A review of this analysis shows that this behavior 
is due primarily to the action of the band-pass filter 
following the limiter rather than to the symmetry of the 
limiter. 
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Substitution of Eq. (43) into Eq. (20) gives 
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as an expression for the output signal power from the bar 
Substitution of Eq. (43) into Eqs. (21) and (23) gives 
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as an expression for the output noise power from the 
band-pass square-rooter. 

Let us now obtain limiting expressions for the output 
signal and noise powers valid in the region of large (or 
small) values of input signal-to-noise power ratio. 
Substitution of the small (S/N), limiting expression 
(35) for the confluent hypergeometric function in Eq. 
(44) gives for the output signal power 


} a 1\o(N)/S S 
s~—1(-) (—) for (-) —0. (46) 
dn 4 v2 N i N i 





DAVENPORT, 





25 9 S\ 7 
+ a be {= (-) aa 
307 4 NJ x: 


rQ 5 
ZO of-€ 
4608\ NJ; 4 N/; 
25 sS\? 19 
+ =) FA - 

1536 4 


‘aad Gh 


JR. 


C. The Square-Rooter 


Let us now consider the case of the square-rooter: 
Substitution of (n=2) in the general expression, Eq. 
(31), gives 


(43) 
for m+k odd 
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Substitution of the expression (35) in Eq. (45) gives for 
the output noise power 


a 1\ o(N) S 
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From these expressions, we obtain 
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signal-to-noise power ratio, the output signal-to-noise 
power ratio is equal to 96 percent of the input ratio. 
Substitution of the large (S/N), limiting expression (39) 
for the confluent hypergeometric function in Eq. (44) 
gives for the output signal power 


2 (eV) (2) 


Substitution of Eq. (39) in Eq. (45) gives for the output 
noise power 


a f 5 I\o(V)sS\7-o 
mAs)" Ga a) 
4a \9r? 47 v2 N\NNJ; 
S 
for (~) 2, (50) 
NJ; 


From these expressions, we obtain 
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Thus, in the region of very large values of the input 
signal-to-noise power ratio, the output signal-to-noise 
power ratio is again found to be directly proportional to 
the input ratio. We see then, as in our previous cases, 
that the output signal-to-noise power ratio is essentially 
directly proportional to the input signal-to-noise power 
ratio for the case of the band-pass square-rooter. 


IV. CONCLUSIONS 


We have presented here an analysis of the relation 
between the output signal-to-noise power ratio and the 
input signal-to-noise power ratio for the case of a band- 
pass limiter. This analysis shows that, for this type of 
system, the output signal-to-noise power ratio is es- 
sentially directly proportional to the input signal-to- 
noise power ratio for all values of the latter. This type of 
behavior is due primarily to the fact that, in the systems 
studied here, the system output has been so filtered that 
it contains only those frequency components in the 
immediate vicinity of the input frequencies. 
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A selected set of points on the trajectories of charged particles traversing an electron-optical system may 
be considered to be an object space, and another set an image space. Electron-optical lenses are said to be 
ideally focused if the transformation of the points in object space to those in image space is one to one and 
continuous. A necessary condition for ideal focusing is used to prove that a number of electron-optical 
systems require the presence of space charge in order to be ideally focused. Expressions for some ideally 
focused electron-optical lenses are given, in particular those for cylindrical lenses without space charge 


derived from spherical lenses with space charge. 


I, INTRODUCTION 


VARIETY of electron-optical systems have been 

used to bring a set of electron paths emerging 
from one point, or points, to an approximate focus at 
some other point, or points. The focusing usually is not 
perfect, unless the bundles of trajectories are of infin- 
itesimal cross section. Since the aperture of any 
system is finite, it is of some interest to determine 
whether or not finite bundles of charged particle 
trajectories, emerging from one set of points, can be 
brought to exact focus at another set of points. 

The particle trajectories may be considered as 
effecting a transformation of one set of points into an- 
other set. If the mapping is one to one, then all trajec- 
tories emerging from one point will be brought to 
exact focus at another point. The study of exact focus- 
ing systems is equivalent, therefore, to the investigation 


* This work was supported in part by the U. S. Air Forces. 


of physically realizable one-to-one transformations. 
One may require, further, that the transformations 
be continuous: curves will then map into curves. Ideal 
focusing will be said to occur if the transformation is 
physically possible, one to one, and continuous. 

The above formulation of ideal focusing has long 
been known in geometrical optics. Gabor'* appears to 
have been the first, however, to study ideally focused 
electron-optical systems. He rediscovered a necessary 
condition for ideal focusing and concluded, erroneously, 
as was pointed out by Glaser,* that only one electron- 
optical system (the Maxwell Fisheye) would yield a 
one-to-one continuous mapping of a three-dimensional 


1D. Gabor, Nature, 150, 650 (1942), also Electronic Eng. 15, 
295, 328 and 372 (1942-1943). 

2/An account of Gabor’s work is given in V. E. Cosslett Intro- 
duction to Electron Optics (Oxford University Press, London, 1946), 
p. 142. 

3 W. Glaser. Nature 162, 455 (1948). 
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region into a three-dimensional region. The Maxwell 
Fisheye contains space charge. 

The use of space-charge lenses has often been sug- 
gested as a means of reducing aberrations in electron- 
optical systems, but the experimental difficulties en- 
countered in forming and maintaining the appropriate 
space charge configurations have not been overcome in 
any simple or general fashion. 

The purpose of this note is to investigate the neces- 
sity for space charge in some ideally focused electron- 
optical systems. The work of Gabor and of Glaser is 
generalized, using results from geometrical optics, and 
analytical expressions for some ideally focused systems 
are developed. 

Definitions and assumptions are given in the re- 
mainder of this section. A necessary condition for ideal 
focusing is stated and some three dimensional ideal 
focusing lenses are treated in Sec. II. Spherically sym- 
metric lenses are considered in Sec. III; a class of 
cylindrical lenses is discussed in Sec. IV. 

The following definitions and assumptions hold 
throughout this paper. Charged particles are emitted 
from one surface, the source, with constant initial 
speed (but in different directions). These particles 
constitute the primary beam. The orbits of primary 
beam particles traverse a region in space; a selected set 
of points in the region forms an object space, and 
another selected set, an image space. If ideal focusing 
occurs then a point in object space can be associated 
with a corresponding point in image space: the two 
points are termed conjugate points. 

A lens is a region in space where at least one of the 
field intensities, electric and magnetic, is not zero. Note 
that the boundaries of a lens need not coincide with ob- 
ject or image space boundaries. Physically realizable 
lenses are three dimensional, but if some charged particle 
orbits remain in a plane section of a lens then this plane 
will be called a plane lens. Object and image space will 
be two, or one dimensional regions for plane lenses. 

The electric and magnetic fields are assumed to be 
constant in time. Relativistic effects, the space charge 
effects of the primary beam, and the magnetic effects 
of the particle motion are ignored. All scattering and 
collision processes are neglected. 

Space charge may be present within a lens; it is as- 
sumed, however, that the transitions between regions 
with and without space charge are smooth. Analytically, 
it-is required that all first derivatives of the electric 
field intensity exist and be continuous everywhere. 


Il. GENERAL CONSIDERATIONS 


A necessary condition for ideal focusing exists in the 
theory of geometrical optics, and hence, by the known 
correspondence between particle trajectories and the 
paths of light rays, in electron-optical theory. The 
correspondence is stated, the necessary condition given, 
and some of the consequences of this condition devel- 


oped here. 


Consider a point, Po, on the path, Co, of a light ray, 
and a point, Po’, on a primary beam particle’s trajectory, 
Cy’. Let the index of refraction of the light optical me- 
dium be n, and that of the electron-optical medium be 


n’, where 
n\' ds 
n'~al (V- Vo) (<) a] 
2 ds 


(2.1) 


‘If the slopes of the light path, and of the particle’s 


trajectory are equal at Po and P’, and if n=n’ along 
the two curves Cy and Cy’, then one curve will be a 
uniform magnification of the other.* 

In (2.1), V is the scalar electric potential, V» the equiv- 
alent initial voltage of the particle, A is the magnetic 
vector potential, ds is an infinitesimal vector element 
of path length along the particle’s trajectory, 7 is the 
charge to mass ratio of the particle, and & is a constant. 
The assumptions made in the introduction allow one to 
write E=—VV, and B=yxA, where E is the electric 
field intensity, and B is the magnetic flux density of the 
applied magnetic field. 

Given, therefore, an electron-optical system, a 
corresponding light optical medium can be postulated, 
in accord with (2.1), and conversely. The terminology 
of light optics and electron-optics will be used inter- 
changeably hereafter. 

A region in space where V is constant is called homo- 
geneous, if A=0, isotropic. 

As was mentioned previously, an arbitrary set of 
points in object space, will be transformed, by the orbits 
of incident beam particles into a set of points in image 
space. It is necessary, for ideal focusing, that® 


f masi= ff mais 
Cl c2 


for every arbitrary object curve C,, and its image curve 
C». The integrals in Eq. (2.2) are line integrals of the 
refractive indices m, and m2 taken along the respective 
curves C; and’C2.} 

Without going into the details of the proof, it may be 
observed that Eq. (2.2) is a consequence of the require- 
ments that the light rays shall satisfy Fermat’s principle 
and that the mapping of object into image space shall 
be one to one and continuous. These requirements are 
just the ones to be satisfied by an ideal focusing system. 


(2.2) 


*H. Busch and E. Bruche, Bettrage zur Electronenoptik (Johann 
Ambrosius Barth, Leipzig, 1937), p. 29. 

tA definition for isotropy is somewhat arbitrary, since the 
physically significant quantity is B rather than A. When B=0, 
then A=V¢, where ¢ is an arbitrary scalar function. But if A is 
chosen to be zero when B=0 then n’ becomes independent of 
trajectory direction; this is consistent with the terminology of 
light optics. 

°C, Caratheodory, Geometrische Optik (Julius Springer, Berlin, 


1937), pp. 70-74, gives a general proof and a bibliography for this 
theorem. It is a version of Eq. (2.2) which was rediscovered by 
Gabor. 

t Condition (2.2) cannot be applied to the paraxial equation. 
See Caratheodory, reference 5, for a discussion. 
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The discussion in the remainder of this note will be 
confined to an important special case, namely that of 
isotropic object and image spaces. Caratheodory§ has 
shown that under this condition Eq. (2.2) will be satis- 
fied if and-only if the transformation of object into 
image space is conformal. 

Now all three-dimensional conformal transformations 
are given by® 








h(x,— a) 
* eee, 
r2 
h(yi—6) 
Ya™ + ’ (2.3) 
r2 
h(z,— c) 
2o> + ’ 
r2 


where x, yi, 2, are the rectangular coordinates of a 
point (in object space), x2, ye, 22, the rectangular coor- 
dinates of the transformed point (in image space), h, a, 
b, c are constants, and r°= (%,—a)*+ (yi—b)*+ (z1—c)?. 
The transformed differential line element, ds, is given 
in terms of the original one, ds,, by 


ig 


(ds2)*= —(ds,)?. (2.4) 
r . 


Equations (2.1)—(2.4) lead to the functional equation, 


Vi (a, yy 21) h? 


. : (2.5) 
V2(%2, Ye, 22) 14 


Equation (2.5) is a necessary relationship between the 
potential functions in object and in image space, for 
ideal focusing. It cannot be used to deduce the potential 
distribution within the intervening lens. 

,..Equation (2.5) can be used to determine the necessity 
for space charge in image, or in object space, in certain 
cases. Thus, if image space is homogeneous, then on 
differentiating Eq. (2.5) twice with respect to x, yi, and 
2, and adding the derivatives, one finds that 


‘V2V <0, (2.6) 


where the subscript 1 on the Laplacian indicates 
differentiation with respect to the object space coordi- 
nates. Similarly, if the roles of V; and V2 are interchanged 
with V;(%1, 1, 21)=const, then 


V2V2~0. (2.7) 


It follows that space charge must be present, for ideal 
focusing, regardless of the properties of the intervening 
lens, if both object and image space are isotropic, and 
just one of the two spaces is homogeneous. 

§ Reference 5, p. 75. 

*G. Monge A pplication de l Analyse a la Geometrie (corrigee et 


pag par Liouville) (Bachelier, Paris, 1850), fifth edition, Note 
, p. 609. 


Equation (2.5) may be satisfied by systems with in- 
homogeneous object and image spaces which are free of 
space charge,as the example Vi= — x1/ (x?+-y?2+32;7) +4, 
V2= —X2/ (x2?-+-y2?+22")t? shows, since V:/V¢ satisfies 
Eq. (2.5) and both V, and V¢ satisfy Laplace’s equation, 
in object and image space, respectively. 

Ideal focusing systems with inhomogeneous image 
and object spaces are discussed in the next two sections. 
As can be seen from the above arguments, some proper- 
ties of the system as a whole must be known then before 
the need for space charge can be determined. 


Ill. SPHERICALLY SYMMETRIC LENSES 


Isotropic spherically symmetric lenses which ideally 
focus a three-dimensional object space onto a three- 
dimensional image space are considered in this section. 
The lenses studied are those which include object and 
image space, and which may be described by a single 
scalar potential, V(r). It is shown that all such lenses 
must contain space charge, if they are to satisfy Eq. 
(2.5). Some spherically symmetric lenses are exhibited. 

The general solution of Laplace’s equation which is 
spherically symmetric is V(r)=Ki/r+Ke, where Ky 
and Kz are constants. The particle trajectories in the 
Coulomb field are conic sections.’ The equation for any 
orbit may be written as 


u=y+ (uo—y) cosd+ uo’ sind, (3.1) 


with “=o, du/d0@=uo' at 2=0, u=1/p, and p, @ plane 
polar coordinates. y=yi+7y2%0? where y: and y2 are 
functions of %, K, and Ke, but not of uo’. 

Let a bundle of orbits intersect at the object point 
(19, 0). The object point will have a conjugate image 
point (w#, 6,) whenever #; and 6; are independent of to’ 
over a range of values of uo’. If one differentiates Eq. 
(3.1) with respect to mo’, and uses the conditions that 
Ou,/OuUo' = 00,/duo' =0, one obtains 


6; 
Qy otto’ = aes 


(3.2) 


Differentiating Eq. (3.2) again, with respect to mo’, 
yields 


(3.3) 


Now 2 must be zero, unless 6,;= 2ma(m an integer), 
the only exceptional possibility. Evaluating the in- 
determinate form, one obtains 


06; 
/ cosé,= 0, 
Oug'® 


when 6,=2mr. Thus 72 is always zero. But this implies 
that if ideal focusing is to exist, it may occur only if 
object space is the surface of a particular sphere, 
namely the one for which y2=0 and not a three-dimen- 


7E. T. Whittaker Analytical Dynamics (Dover Publications, 
New York, 1944), p. 86. 





4y2= (3.4) 
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sional region. Hence ideally focused three-dimensiona] 
spherically symmetric regions require the presence of 
space charge. 

Necessary conditions for ideal focusing have been 
given, both in Sec. IT, and in this section, but no systems 
have yet been discussed which are ideally focused. 
Theoretical work in geometrical optics has shown that 
some plane lenses are ideally focused; expressions for 
these plane lenses will be used now to generate formulas 
for spherically symmetric ideal focusing lenses. 

Let n(x, y) be the index of refraction of any plane 
ideally focused lens. Consider those lenses for which 
n(x, y)=n(p). Such lenses may be thought of as being 
diametral plane representations of spherically sym- 
metric lenses, and therefore, on substituting r for p, in 
n(p), one obtains a spherically symmetric ideally 
focused lens. 

Luneberg® has shown that the plane lenses, 


2|f'(é)| 


“LEO? 


are ideally focused, where f(£) is an arbitrary analytic 
function of the complex variable =x+ iy. If f(¢)=&", 
m an integer, then n(x, y)=n(p)=2mp”""/1+)", and 
n(r)=2mr™—"/1+9r". The best known lens of this class 
is the “Maxwell Fisheye”!! with m=1. 


IV. SOME CYLINDRICAL LENSES 


It is the object of this section to derive a class of 
cylindrical lenses, which are free of space charge, from 
some ideally focused spherically symmetric lenses. The 
midplanes of the cylindrical lenses will be ideally 
focused. 

Glaser* has derived a space charge free cylindrical 
lens from the Maxwell Fisheye; the following treatment 
is somewhat more general than his method. 

Let the even function V (p) be a known scalar poten- 
tial function in a diametral plane of an ideally focused 
spherically symmetric lens. The diametral plane is 
considered to be the plane z=0 in an axially symmetric 
system, with the axial coordinate denoted by z, and the 
origin in the plane coincident with the point of inter- 
section of the plane and the axis. 

The potential V(p,z) at any point in an axially 
symmetric system can be given, in terms of the potential 
on the axis, by® 


1 7 
¥,9)=- f g(2-+ ip cos6)d8, 
0 


qv 


n(x, y) (3.5) 


(4.1) 


*R. K. Luneberg, Mathematical Theory of Optics (Brown 
University, Providence, Rhode Island, 1944), p. 204. 

'! Reference 5, p. 75, and reference 8, p. 97, contain discussions 
of the Maxwell Fisheye. 

*E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
— University Press, Cambridge, 1935), fourth edition, Ex. 1, 
p. 399. 
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where g(z) is the potential on the axis. The function 
g(z+ipcosd) can be expressed in terms of a double 
power series in p and z, and integrated term by term. 
One obtains 


2 «w (—1)tg@r+2)(Q)z# ri17 
Ve)-E E28 I () | (4.2) 
r=0 s=0 s! L 2 ! 


Tv? 
Now V (p, 0) = V (p) can be given by 





wo Vem) (Q)p2™ 
V (p, 0)= p>» eee 


(4.3) 
m=) (2m)! 

and, therefore, by setting z=0 in Eq. (4.2) and equating 

coefficients of like powers of p, in Eq. (4.3) and the 

resulting Eq. (4.2), one finds that 


(—1)*V 2 (0) (¢!)22% 
(2) (Q) = 
g@) (0) ny 





(4.4) 


for all positive integral ¢. 

Equations (4.2) and (4.4) still do not determine 
V (p, z) completely, since the g°***) (0), with s odd, are 
unknown. One may choose g(z) to be an even function, 
however. Equation (4.2) becomes then 


wo wo (—1)rg(2rt2t) (9) 22 r47- 
Vo,2=L DL a = (=) |, (4.5) 
r=0 t=O (22)! 27 r! 





where the coefficients g°"**" (0) are known, from Eq. 
(4.4). 

It follows, from the evenness of g(z), that E.(p, 0) =0. 
Hence if the axial velocity of a charged particle is zero, 
at some time, in the plane z=0, the particle will remain 
in that plane thereafter. 

The equation V(p, z)=const determines an equipo- 
tential surface, and if two such surfaces are replaced by 
conducting metallic sheets, raised to the potentials 
V (p, z)= Ky, and V(p,z)=Koe, then the annular strip 
piX<p<pe, in the plane z=0, will have the property of 
ideal focusing, where p; and p2 are defined by V (91, 0) 
= K,, V(p2, 0)= Ke. Furthermore if these two surfaces 
intersect the z axis [i.e., if V(0, ) = Ki and V (0, z)= Kz 
have at least one real solution], then the potential 
distribution at z=0 will not be subject to end effect 
corrections if the metallic sheets are continued to the 
points of intersection with the axis. 

The author wishes to thank a number of friends, and 
in particular Dr. A. T. Nordsieck, for comments on the 
manuscript. 
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An Investigation of Boron Carbide 
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Mixtures of boron and carbon were heated at approximately 2000°C; the reaction products have been 
studied by x-ray diffraction and by density and electrical measurements. The existance of a wide range of 
homogeneity of “boron carbide” has been established. No evidence of compound formation corresponding 
to B,C could be detected. Similarities between the structures of boron and “boron carbides” indicate that 
the latter may best be described as solutions of varying amounts of carbon in a slightly distorted boron 


lattice. 





INTRODUCTION 


N the course of an investigation of metal-carbon- 

boron systems, Glaser’ observed a surprising in- 
stability of boron carbide in the presence of a number of 
transition metals or their carbides. At relatively low 
temperatures (1000-1100°C), the transition metals of 
the 4th, 5th and 6th groups of the periodic table 
react vigorously with boron carbide powders, of ap- 
proximate composition B,C, to form the metal borides. 
Other reactions with B,C, of a similar nature, have been 
reported.” In these reactions the boron-carbide phase 
behaves more like a reactive mixture of boron and 
carbon, than like the extremely inert compound it is 
reputed to be.’ 

Various carbides of boron, ranging in composition 
from BC to BeC, have been reported.‘ In one of the 
earliest investigations in this field, Moissan® had 
reported a compound of composition BsC. Many sub- 
sequent references to BeC are based on his work. Thus, 
in his well known textbook of inorganic chemistry, 
Ephraim refers only to BC in his discussion of carbides 
of boron. 

In 1934 Ridgway*® described a “new” carbide of 
boron. On the basis of chemical analysis and physical 
measurements, he concluded that the formula was B,C, 
and that, in addition, ‘there is no evidence to indicate 
that the compound phase has a range of composition 


| because in all samples the (x-ray diffraction) lines have 


the same positions within experimental error.’’* How- 
ever, in their discussion of binary borides, Latimer and 
Hildebrand’ refer to this compound as “the so-called 





1F. W. Glaser, J. Metals 4, 391 (1952). 

? Nelson, Wilmore, and Womeldorph, “Refractory Bodies Com- 
posed of Boron and Titanium Carbides Bonded with Metals.” 
Presented at 99th Meeting of the Electrochemical Society (1951). 

*R. R. Ridgway, Trans. Am. Electrochem. Soc. 66, 117(1934). 

*N. V. Sidgwick, Chemical Elements and their Compounds 
(Oxford University Press, New York, 1950), p. 368. 

°H. Moissan, Compt. rend. 118, 556 (1899). 

*F. Ephraim, Inorganic Chemistry (Nordmann Publishing 
Company, New York, 1943), p. 181. 

7™W. M. Latimer and J. H. Hildebrand, Reference Book of 
“1 on Chemistry (MacMillan Company, New York, 1940), 
p. 86. 


boron-carbide, B,C.” More recently, Clark and Hoard® 
have discussed the possibility of ranges of composition 
from ByC to Ba.e7C. 

It is evident that little agreement exists in the litera- 
ture concerning the stoichiometry of carbides of boron. 
A primary objective of the present investigation has, 
therefore, involved efforts to prepare and characterize 
“boron carbides” of widely varying compositions. It 
was hoped that as a result, some light would be shed on 
the observed reactivity of boron carbide. 


EXPERIMENTAL PROCEDURE 


Boron,* ranging in purity from 95 to 96 percent, was 
mixed in the desired proportions with Dixon Grade 
8485 graphite powder. The mixtures were poured into 
graphite dies heated by direct conduction, to tempera- 
tures in the neighborhood of 2000°C. A Leeds and 
Northrup Speedomax recorder and Rayotube were used 
to control and record reaction temperatures. 

Changes in composition, attributable mostly to 
oxidation of boron, with subsequent volatilization of 
B.O; at temperatures above 1300°C, and also to some 
carburization of the mixed powders, occurred during 
the hot-pressing process. All samples were therefore 
analyzed chemically for their boron content, using 
Blumenthal’s procedure,? and also for their carbon 
content, subsequent to the preparative procedures. 
The precision of the boron analysis by this method, as 
determined by repeated trials, is better than 0.5 percent. 
Carbon analyses were made using a Lindberg carbon 
determinator. 

Specimens of the boron carbide phase were crushed to 
better than through 100 mesh for pycnometric density 
measurements. Resistivity data were computed from 
potentiometric measurements at room temperature of 
the voltage drop across 1.5 cm long sections of hot- 
pressed samples of uniform cross section. 


(1943) K. Clark and J. L. Hoard, J. Am. Chem. Soc. 65, 2115 
* This grade of boron was asserted by the supplier to be 99.3 
percent pure. It was found on careful chemical analysis to contain 
only from 95-96 percent of boron, plus 0.6 percent carbon, 0.4 
percent iron, and traces of other elements. 
*H. Blumenthal, Anal. Chem. 23, 992 (1951). 
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Fic. 1. 26 values of the (10.4) and (20.1) reflections 
as a function of atomic percent carbon. 


Copper K alpha-radiation was used in the x-ray 
diffraction investigations. X-ray powder film and spec- 
trometer traces were obtained of all specimens, to 
identify the phases present. In addition, efforts were 
made to measure, with precision, certain 20 values in 
the “boron-carbide” patterns. For this purpose, a 
Norelco wide range spectrometer, run at }° per minute, 
was used. Preliminary x-ray studies showed marked 
broadening of lines, in most cases, at high Bragg angles. 
In addition, intensities of reflections fell off very 
rapidly for values of 26 in excess of 50°. As a result, it 
was found that most accurate measurements could be 
made of the relatively sharp and intense (10-4) and 
(20-1) reflections, which occur at approximately 34.6° 
and 37.9° (26), respectively. 

In these runs, portions of a batch of recrystallized 
sodium chloride were used as an internal standard. 
Strong sodium chloride reflections occur at 31.71° and 
45.45° (20); these bracket the boron carbide lines under 
investigation. Measurements of the two boron carbide 
lines were reproducible to +0.02° (26). 


RESULTS AND DISCUSSION 


Analysis of the x-ray film and spectrogram patterns 
of the boron-carbon specimens indicated the following: 
The “normal” boron pattern” is observed in the case of 
specimens to which no carbon has been added. At a 
low carbon content (approximately 4 atomic percent), 
a change to the “boron-carbide”’ pattern occurs. Except 
for slight shifts in 20 values of reflections, to be discussed 

“below, this basic trend appears unchanged up to a 
carbon content of about 28 atomic percent. In this 
composition range no carbon lines could be detected. 
When the carbon content exceeds 28 percent strong 
reflections due to free graphite are observed. 

The “boron-carbide”’ unit cell is rhombohedral ;* the 
indexes used in this paper refer to the corresponding 
hexagonal unit cell. In Fig. 1, values of 20 of the (10-4) 
and (20-1) reflections are plotted as ordinates against 


A. W. Laubengayer ef al., J. Am. Chem. Soc. 65, 1924 (1943). 


MOSKOWITZ, 


AND POST 


atomic percentages of carbon, as determined by final 
analysis. 

It is evident from Fig. 1 that the variation of the 
spacings of the (10-4) and (20-1) reflections with 
carbon content is regular and almost linear. There is 
no indication of compound formation at 20 atomic 
percent carbon. 

The calculated decrease in volume of the unit cell in 
going from 4 to 28 atomic percent carbon is 2.2 percent. 

Efforts were also made to determine whether com- 
pound formation occurred at a boron to carbon atomic 
ratio of 4 to 1 by means of electrical resistivity and 
density measurements. Experimental difficulties were 
considerable. Since single crystals of a size suitable for 
resistivity measurements could not be obtained, hot- 
pressed specimens of uniform density were used; these 
were approximately } in.X} in.X1 in. in size. Several 
measurements were made, using different samples for 
each composition, and the averages of these measure- 
ments are plotted in Fig. 2. 
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There is no indication in Fig. 2 of any discontinuity 
or significant change of slope at a carbon content of 20 
atomic percent. An abrupt decrease in resistivity is 
observed in specimens containing free carbon. 

The results of pycnometer density measurements of a 
number of samples of varying carbon content are shown 
in Fig. 3. Here, too, no evidence of compound formation 
at 20 atomic percent can be detected. Specimens 
increased in density steadily from 2.29 g/cc, at zero 
carbon content, to 2.63 g/cc at about 24 atomic percent- 
age of carbon. 

According to Zhdanov and Sevastyanov" and Clark 
and Hoard,* the boron carbide structure can be repre- 
sented formally as a distorted NaCl type of structure. 
Compact groups of twelve boron atoms situated at the 
vertices of nearly regular icosahedra, substitute for the 
sodium atoms, and linear groups of three carbon atoms 


1G. S. Zhdanov and N. G. Sevastyanov, Compt. rend. acad. 
sci. U.R.S.S. 32, 432 (1941). 
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INVESTIGATION OF BORON CARBIDE 


substitute for chlorine atoms. Clark and Hoard* have 
pointed out that additional “holes” between boron 
icosahedra are present in the boron carbide structure. 
These, they state, provide enough space for two 
additional boron atoms. Filling of these holes with 
boron atoms would tend to a B/C ratio of 4.67 to 1, 
thus accounting for reported instances where the B/C 
ratio exceeded 4. 

It is interesting to note that filling of these “‘holes”’ 
with carbon atoms would lead to a B/C ratio of 12 to 
5; this would represent the upper limit of carbon 
content. Results of the present investigation indicate 
that the “‘boron-carbide”’ structure can accommodate a 
maximum of about 28 atomic percent of carbon, in 
very good agreement with this 12 to 5 ratio. When the 
carbon content exceeds this value, the presence of free 
graphite is clearly indicated by x-ray, resistivity, and 
density measurements. 

Hoard and Geller” have recently completed a deter- 
mination of the crystal structure of boron. They report 
that the boron atoms are arranged in groups of twelve 
at the vertices of nearly regular icosahedra. They de- 
scribe “the strong network structure (in both B and 
B,C) in which surprisingly large holes are interspersed 
among the very compact icosahedral groups.” 

It appears, as a result of the present study, that the 
introduction of even small amounts of carbon, perhaps 
even less than 4 atomic percent, results in a rearrange- 
ment of the boron icosahedra from the “boron”’ to the 
“boron carbide” arrangement. The latter structure 
resembles more a solution of carbon among the boron 
icosahedra, with an upper solution limit of about 28 
atomic percent of carbon, than it does a “compound”’ 
in the usual sense. 

The density measurements are of some interest in 
this connection. It is clear that a range of composition 
from, say BooC to BisCs, accompanied by a 2.2 percent 
decrease in volume, would lead to an increase in density 
of approximately 36 percent, compared with the 15 
percent increase which is observed (2.29 to 2.63). It 
is evident that, at low carbon concentrations, the 
icosahedral holes are occupied by a mixture of boron 
and carbon atoms. The increase in carbon content, 
therefore, appears to represent, in part at least, a 
replacement of boron atoms in icosahedral holes, by 
carbon atoms. The observed decrease in volume which 
accompanies the increase in carbon content may, 
therefore, reflect a replacement of boron atoms by 
smaller carbon atoms. The volume decrease does not 
necessarily imply bonding forces of considerable magni- 
tude between the carbon and boron atoms. It is believed 
that this picture of the boron carbide structure as 


” J. L. Hoard and S. Geller, J. Am. Chem. Soc. 73, 1892 (1951). 
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Fic. 3. Pycnometric density vs atomic percent carbon 
for boron-carbon compositions. 


resembling a ‘solution of carbon (and boron) in a boron 
lattice, helps explain the reactivity of “‘boron carbide” 
which was mentioned at the beginning of this paper. 


SUMMARY 


It is believed that the observed reactivity of “boron 
carbide” with transition metals of the 4th, 5th, and 6th 
group of the periodic table, as well as with Fe, Ni, Co, 
and Th, can be attributed, at least in part, to the nature 
of the boron carbide structure which resembles a 
solution of carbon (and boron) in a boron lattice. This 
solution of carbon in boron has a range of at least 4 
to 28 atomic percent and is accompanied by a 2.2 
percent volume decrease over this range (with increasing 
carbon content to the maximum of about 28 percent). 
Density measurements appear to indicate that an 
increase in carbon content leads, in part at least, to a 
replacement of boron atoms by carbon atoms in 
icosahedral holes. 

Lattice parameter, electrical resistivity, and density 
measurements have not produced any evidence to 
support the existence of the previously reported, 
stoichiometric compound B,C at 20 atomic percent 
carbon. A rather wide range of homogeneity for this 
type of boron carbide was indicated by the afore- 
mentioned test methods, which appeared to reveal the 
existence of free graphite only for compositions con- 
taining more than 28 to 30 atomic percent of carbon 
added to boron. 
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Room temperature measurements on very pure specimens verify the Tyndall law, s=at™, which was 
determined by tensile measurements. The value of m is approximately 0.6. Discrepancies in tensile creep 
tests reported by other observers are shown experimentally to be caused most probably by bending of the 
specimen during the creep process. The Bauschinger effect has also been investigated and creep at the very 
small stresses needed appears to follow the same creep law. 





INTRODUCTION 


WEALTH of technical information has been 

accumulated in the past concerning the creep 
phenomenon in polycrystalline materials of engineering 
interest and in various noncrystalline organic materials, 
all at large strain values.' Sully’ states that “The first 
systematic investigation of the creep of a variety of 
metals and alloys over a range of stresses and tem- 
peratures was made by Andrade.”’ Andrade’ actually 
measured the creep as a function of time under constant 
tensile stress for polycrystals of lead, copper, cadmium, 
tin, and mercury, as well as various brasses. For the 
pure metals he found a law of the form 


L=L1 (1+ 86) exp(k?), (1) 


in which the constants 6 and k are empirical, differing 
for different materials as well as for the same materials 
with different histories. For small strains E this may 
be rewritten as 


E=6t'+kt. (2) 


The first term is generally interpreted as the transient 
strain, as its rate of change decreases with time, whereas 
the second, with a constant strain velocity, is called the 
steady state term. In the literature? one finds creep as 
a function of time divided into regions, a primary one 
in which the strain velocity is initially high but de- 
creases rapidly, a second region in which the velocity 
is constant, and sometimes a third region of rapidly 
increasing velocity. Andrade’s equation accounts for 
the first two regions. 

Although Andrade’s law was obtained for poly- 
crystals, support has been found for it for single 
crystals as well. Using single crystals of zinc in the 
form of wires two millimeters in diameter, Cottrell and 
Aytekin‘ find that their data agree with a law of the 


* A dissertation submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy in the Department 
of Physics in the Graduate College of the State University of 
Iowa. 

t Now at University of Minnesota, Duluth Branch, Duluth, 
Minnesota. 

1C. S. Barrett, Structure of Metals (McGraw-Hill Book Com- 
pany, Inc., New York, 1942). 

2A.°H. Sully, Metallic Creep (Butterworth Scientific Publica- 
tions, London, 1949). 
*E. N. DaC. Andrade, Proc. Roy. Soc. (London) A84, 1 (1910). 
‘A. H. Cottrell and V. Aytekin, Nature 160, 328 (1947). 


form . 
L=Lo(1+pt!+kt). (3) 


Their strain region started at about five percent and 
extended to forty percent. The three empirical constants 
are not the same for different crystals of zinc. 

Another article’ on the creep of single crystals, this 
time for aluminum, offers this relationship 


L=Lo—1/(bt+c)+2t. (4) 


Here three empirical constants are introduced and 
applied for one crystal for five different stresses. 
Measurements on single crystals of zinc in the very 
low strain region, where presumably little chance 
exists for deformations such as bending and twinning 
to take place, have been made in this laboratory by 
Tyndall,*:? who has proposed a law of the form 


S=ai™ (5) 


in which S is the strain under a given stress, / is the 
time, and a and m are empirical constants. The constant 
m is approximately 0.5 at room temperature for all 
crystals, while a is a function of the stress, but may 
differ from crystal to crystal and is history-dependent 
for any one crystal. 

Slifkin and Kauzmann® have made measurements on 
creep in the low strain region also and find that their 
results agree with the equation, 


strain rate=at-", (6) 


with @ and m empirical constants. This expresses the 
same facts as Eq. (5) with n=1—™m and a taking the 
place of the product am, since differentiation of Eq. (5) 
gives dS/dt=ami™—". Although the values of m found 
by Slifkin and Kauzmann vary considerably from +0.46 
to —0.28, many are in the neighborhood of 0.7, which 
corresponds to 0.3 in Eq. (5). 

It is, perhaps interesting to note that a law of this 
type was proposed by Nutting® as a result of his 


5R. R. Hasiguti, Nature 168, 706 (1951). 

¢E. P. T. Tyndall, “Symposium on Plastic Deformation of 
Crystalline Solids,” Pittsburgh, May, 1950, p. 49 (issued by 
U. S. Office of Naval Research). 

7E. P. T. Tyndall, J. Appl. Phys. 21, 939 (1950). 

8 L. Slifkin and W. Kauzmann, J. Appl. Phys. 23, 746 (1952). 
( *P. G. Nutting, Proc. Am. Soc. Testing Materials 21, 1162 

1921). 
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observations on the creep of. amorphous organic 
materials. His equation was 


S=bt"e", (7) 


in which S is the shear strain, o the stress and b, m, n 
empirical constants differing for different materials. 

In all of the work on creep as a function of time and, 
with one exception," on the stress strain relation for 
single and polycrystals, the method of measurement 
has been tensile, that is, the crystal has been supported 
at one end of its length and the load has been applied 
at the other. In the case of zinc, it has been found that 
if one resolves the stress thus applied into a shear along 
the basal plane (0001) in one of the [1120] directions, 
and a normal stress, then the behavior of the crystal is 
affected only by the magnitude of the resolved shear 
stress for normal stresses varying by a factor of 2500." 

In order to test the effectiveness of shear along the 
basal plane in producing creep, without the large 
accompanying normal stresses which are present in 
tensile measurements, an apparatus was devised to 
measure the creep of a single crystal of zinc under 
direct shear, so that the stresses were parallel to the 
basal planes and to the length of the specimen. 

Although successive compressive and tensile tests 
have on a few occasions” been carried out on single 
crystals, the difficulties of observing creep in the reverse 
direction are manifest in any tensile measurements. 
Since considerable interest is attached to the effect of 
strain in one direction on the creep process in the 
reverse direction, and since with a direct shear ap- 
paratus it is extremely simple to reverse the shear 
direction, attention was devoted to this problem also. 

Since this apparatus permits a readily measurable 
direct shear to be applied on any plane desired (by 
using a crystal grown with an appropriate orientation) 
and at the same time restrains creep along other planes 
and directions, it was feasible to investigate also the 
possibility of creep along other crystallographic planes 
and directions, as well as the possibility of twinning! 
a single crystal, since, for zinc, the twinning plane is 
well known."* 4 


EXPERIMENTAL PROCEDURE 


Crystals in the form of rods with a square cross 
section of about 50 square millimeters and a length of 
15 centimeters were grown in air in a transite mold by 
a method used frequently in this laboratory.'® The 
materials used were Bunker Hill (BH4),'® a commercial 


” K. Bausch, Z. Physik 93, 479 (1935). 

"' E. Schmid and W. Boas, Plasticity of Crystals (English trans- 
lation) (Hughes and Company, Ltd., London, 1950). 

" G. Sachs and H. Shoji, Z. Physik. 45, 776 (1927). 

C. H. Mathewson and A. J. Phillips, Proc. Amer. Inst. Min. 
Met. Eng., Met. Div., 445 (1928). 

4 N. Thompson, and D. Millard, Phil. Mag. 43, 423 (1952). 

‘°C. A. Cinnamon, Phys. Rev. 46, 215 (1934). 

_'*This particular lot (BH4) consisted of a 50-pound slab 
kindly donated to the laboratory by Mr. Walter P. Carrol, Mgr, 
National Lead Company, Chicago, III, 
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Fic. 1. Schematic showing a 6 of 90°, a of 0°, 8 of 0° crystal 
under shear. The hexagon (in the basal plane) is parallel to one 
pair of faces (@=0°), its normal is perpendicular to the length 
of the specimen (@=90°), and one side of the hexagon is in the 
direction of the length (a=0%). Changes in these angles are 
produced by rotation about each of the axes shown. 


grade of zinc with less than 0.01 percent impurity, 
New Jersey Zinc Company Spectrographically Pure 
(SP) zinc, with less than 0.001 percent impurity and 
a third lot designated R212.” 

For the basic investigation, crystals were grown with 
a rectangular face parallel to the basal plane and with 
the [1120] direction along the length of the rod. This 
orientation is completely described by three angles: 
6=90°, a=0°, and B=0°. The angle @ is the angle 
between the normal to the basal plane and the length 
of the rod, @ is the angle between the [1120] direction 
in the basal plane and the rod length projected, if 
necessary, into that plane, and @ is the angle between 
the intersection of the plane to be sheared (i.e., usually 
the basal plane) with the face of the crystal rod and the 
edge in that face; e.g., a 8 of 0° indicates that the shear 
plane is parallel to one pair of rectangular faces of the 
crystal (see Fig. 1). 

For all crystals investigated, the procedure after 
growth was to saw the crystal to an appropriate length 
using a fine jeweler’s saw, after waxing the crystal into 
place in a holder of channel iron. After sawing, the 
crystal was then etched in dilute HCl to remove the 
cold work caused by the sawing operation as well as to 
remove the oxide which would interfere with the mount- 
ing operation. Thereafter, the pair of faces parallel to 
the plane to be sheared were “soldered” with Wood’s 
metal between two steel plates, and the whole could 
then be mounted between a pair of shearing plates, 
which were readily attachable by means of bolts. 

The actual load was applied by using standard 
weights suspended from a wire which went over a pulley 
and pulled horizontally on the upper plate to which 
the frame was bolted, while the lower remained rigidly 
attached to an I beam. A spring scale was inserted into 
the wire between plate and weight so that any frictional 
binding in the pulley system could be detected. 

Angular strain, or shear, was measured directly by 
the rotation of a mirror, with one support on each of 
the two crystal holding plates, or occasionally, for 
comparison and when circumstances permitted, with 
both supports directly on the end face of the crystal. 
The mirror was placed behind a telescope objective lens 
of about 100-cm focal length which focused the image of 


17 Kindly donated by the New Jersey Zinc Company and 
stated to be very nearly the same purity as the SP zinc. 
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Fic. 2. Creep vs time for crystal 3A on three consecutive days, upper left, upper right, and lower, respectively. 


Symbol Top Left Top Right Bottom 

Oo 37.2 35.0 39.4 g/mm* 
x 39.4 37.2 41.6 g/mm? 
e@ 41.6 39.4 43.8 g/mm? 
A 43.8 41.6 

+ 46.0 43.8 


a one-mil hairline onto a scale having 100 divisions per 
cm. The passage of the hairline image across the scale 


TaBLe I, Composition and orientation of the crystals with 
their yield points. BH*=Bunker Hill Zinc Company 99.99+ 
percent zinc; SP and R212=New Jersey Zinc Company 99.999 
percent zinc. Angles a, 8, and @ are defined in Fig. 1 except for 
crystals 5, 6, 7, in which p is the angle between the normal to the 


twin plane and the length of the specimen. 






































was then observed with a low power microscope’ 


mounted on a calibrated traveling carriage, so that 
deflections larger than the range of divisions within the 
field of view of the microscope could also be measured. 

One division on the scale corresponded to a shear of 
50 microradians, and since tenths could generally be 
estimated, angles of 5 microradians were detectable. 
All parts of the system, i.e., the crystal supports, the 
hairline, lens, and microscope and scale, were fastened 


Yield Point ° : . 
Crystal Zinc _© oc We) “G/ mm?) to the same I beam at different points, so that motion 
BH,| 83° 10° oe 2 of the I beam as a whole would not interfere with the 
- . " creep run. 

Bi) = ? x a Except where particularly noted, creep-time runs 
3 | BH,} 90° 0° O° TR 55 were made by a standard procedure as follows: As soon 
4 |BH,| 87° \7° o° 29 as a new load increment was added, the stop watch was 
started, and scale readings were taken through the 

5 |B 43° 30° ° |>35(F : , : . 
“ AM Haren microscope at definite time intervals. Thus the zero of 
6 | BH,| 43° | 30° | O° 105 time was that time when the load increment had been 
7 | BH,} 43° | 30° o° 100 completely added. The scale zero was obtained, how- 
g Irei2| 90° | 30° | o° 24 ever, by linearly extrapolating the first two readings to 
9 |spl so O° 9 - zero time, thus removing to a large degree the effect 
10 | BH, i. ¥ —_ —_ >100 ; 18 Sensitive optical lever, originally described by Roberts, Heat 
































and Thermodynamics (Blackie, London, 1940). 
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of the slight scale movement which unavoidably must 
occur during any loading process which requires a 
finite loading time. All data were obtained at room 
temperature. 


RESULTS 
Yield Point 


The general behavior of a single crystal specimen of 
zinc is to give small sudden (elastic) strain increments 
as the load is increased by steps from zero. As the stress 
needed to initiate creep is approached, these sudden 
strain increments become noticeably larger and no 
longer completely elastic for the same stress incre- 
ments as have been previously applied. There is, at this 
time, no perceptible further strain thereafter, until, 
finally, a load is reached for which the sudden strain 
increment is now followed immediately by a continued 
strain increase at a measurable rate over an extended 
period of time. This minimum stress at which creep 
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Fic. 3. The creep-time relation for crystal 3B. The 33.8-g/mm* 
run shows the effect of using too small an increment. O =27.2 
g/mm?, X = 29.4 g/mm?, @ =31.6 g/mm?*, A=33.8 g/mm?. 


noticeably begins will be called the yield point. The 
value of this yield point depends on the apparatus 
employed, since, with a more sensitive device, it might 
be possible to detect time-dependent creep which would 
not be detectable with the present apparatus in any 
reasonable period of time. 

Table I gives the yield point for virgin crystals as 
well as the orientation of each specimen and the type 
of zinc of which each specimen is composed. The values 
shown for crystals properly oriented for shear along 
their basal planes (i.e., crystals 3, 4, 8, 9) are in good 
agreement with other values reported,’’” after the 
tensile stresses have been resolved along the basal plane. 


Form of the Creep Curve 


As can be seen in Figs. 2-6, the plot of log strain 
against log time is always a straight line when the 
successive load curves are taken under the standard 
procedure, but where other attending circumstances 
are quite variable. Thus for all initially undeformed 
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Fic. 4. Creep vs time for crystal No. 4. The lower runs were 
made by reversing the stress within 30 minutes after completing 
the runs shown in the upper box. The solid circles in the upper 
box also show the effect of adding too small an increment. 























Symbol Upper Lower 
Oo 34 36 g/mm? 
x 45 49 g/mm? 
: : satan 
300 : 
200} se 
Fd 
100+- Pea 
70F —* 
F + e 
Sor Ys a,e 
30 * P 
+ oo 
+ ° 
20 “ % x* ° 
.- °° x * 
ot s ” a x ° oe 
7 4 x ° 
+ Fy ry x ° 
5 ‘ ” bs ” 
, + ae x .* 
3} a % °°? 
: 2 oe! SS ae 
= 2+ a x 
xw e } ° 
~-inz 
x = 1 © 
=@ x 
x 
- va ai | ! 
Fd 
30 - 
r 8 
20} i - 
° ® 
Te} oe e ee 
7 4 . x 
7r a4 e 
5h 6 e x . ° 
a a a ® “* ° ° 
3+ ry eo x oO 
ex*xo 
zt . e, 0 
x ° 
x 
wee a | ett ttl —a—e eee | 
I 


23 5710 2030 $0 100 200 
TIME (MINUTES) 


' —" 
01 020305 


Fic. 5. Creep vs time for crystal No. 8A. The lower set were 
made by reversing the stress used in the upper set. The 20 g/mm* 
run was made 15 minutes after completing the upper set. The 
remainder of the lower runs were made 12 hours later. 


Symbol Upper Lower 
Oo 28 20 g/mm? 
x 32 26 g/mm? 
@ 36 28 g/mm? 
4 40 32 g/mm? 
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Fic. 6. The creep-time relation for crystal No. 9A under a 
stress of 24 g/mm*. Note the regular continuation of the run into 
the macroscopic region. The strain scale here starts at 10 divisions 
instead of the usual one. 


crystals of the proper orientation (a=0°, B=0°, 
6=90°) the creep curve is a very good straight line with 
a slope between 0.5 and 0.6. For crystal 3A, the average 
slope of 15 runs is 0.54, with the extremes all within 
the range 0.5 to 0.6. On the first direct runs made on 
crystal 3B the slopes ranged from 0.5 to 0.7. The 
over-all average on this crystal, including those runs 
both in the forward and in the reverse direction is 0.5, 
with the lowest slopes of m=0.3 being obtained on the 
first runs made after stress reversals and the highest 
slopes, of about 0.7, being obtained on the last runs 
(i.e., those of highest stresses) in any sequence. Simi- 
larly, the slopes for crystal 4 centered about 0.62 with 
a range from 0.4 to 0.7. For crystal 8A, m varied from 
0.5 to 0.65 with about half of the runs made having 
slopes approximately 0.59. For crystal 9A, for which 
only the long term run shown in Fig. 6 was made, 
the slope was 0.59. 

For the same crystal run under a number of loads for 
three successive days, Fig. 2 shows the similarity of the 
results obtained. 

Figure 3 shows a sequence of runs made on another 
crystal on one day. The effect of too small a load 
increment is shown by the last load increment applied. 
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Fic. 7. The creep-time relation for crystals not correctly 
oriented for basal shear. Note the high stresses needed to initiate 
creep. Note also the pronounced hardening of crystal No. 2 in 
the single day elapsing between the 96 g/mm? and the 170 g/mm? 
runs. © =crystal No. 1, 102 g/mm?*, @=crystal No. 2, 96 g/mm?’, 
X =crystal No. 2, 170 g/mm*. 


WEINBERG 


In Fig. 4 the lower set of curves was obtained by 
reversing the stress 30 minutes after completing the 
upper set of runs. 

In Fig. 5 the first (bottom) run in the lower set was 
made 15 minutes after reversing the stress used in 
obtaining the last (top) run in the upper set. Here 
creep was obtainable at 20 g/mm?’, a load considerably 
lower than the minimum load needed to produce creep 
in the initial forward direction. The remaining runs in 
the lower set were taken about 12 hours later, and the 
loads necessary to produce creep at the same rate are 
now about the same as those in the upper set, even 
though the stress is still reversed. 

Figure 6 shows the validity of the creep law for a run 
continued over a long period of time and to a shear of 
7.5 percent. 

In fact, for all single crystals observed, even those 
whose orientation was considerably off (see Figs. 7 


20 





ior 


5f 


RADIANS 
- ~ 
t > 


SHEAR (x}xi0*) 


° 
a 4 
——— 


9 
~ 


O.it © 
awel — r ‘ awe eee | 


Ol O2 0.5 I 2 5 10 20 
TIME (MINUTES) 











+ al 
50 100 200 


Fic. 8. The creep-time relation for crystal No. 3B mounted 
with its basal plane perpendicular to the shear direction (i.e., 
the crystal has been rotated through 90° about its length and 
remounted). The strain scale here starts at 0.1 division instead of 
the usual one. The slope of the line is about 0.8. Creep here must 
be interpreted as shear along the prismatic planes, since the 
basal planes are rigidly held. 


and 8) from that for basal shear, thus requiring much 
larger stresses, no evidence was obtained in favor of the 
existence of two or three different successive creep 
processes. As Fig. 7 shows, the two runs on crystal 
number 2, taken a day apart, with the 96 g/mm? run 
on the first day, show a dissimilarity not found in the 
ideally oriented crystals. Not only are the slopes very 
different, but the load needed to get creep curves in 
approximately the same strain region is much greater 
on the second day. This may be interpreted as 
hardening. 

In Fig. 8, which exhibits the creep curve for a pre- 
viously strained crystal (3B), the same general law 
again appears to hold, but with m much different and 
a somewhat more irregular shape to the curve. Creep 
here must be interpreted as shear along the prismatic 
planes since the basal planes are rigidly held. 

An interesting deviation from the regular procedure 
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described so far can be seen in Fig. 9. It was obtained 
by shearing the crystal at a particular load (open 
circles 0), then unloading, and very rapidly reloading 
it again to the same load value. The curve obtained is 
shown by the x points in the figure. It not only lies 
below the previous run at the same load, but is far 
from being a straight line. The upper end is, however, 
approaching parallelism with the first run. These last 
data are shown in a different fashion by the solid circle 
points which are plotted with time and strain reckoned 
from the beginning of the open circle line. Thus it is 
seen that the removal of the load for a short time has 
checked the creep process so that it goes on at a gener- 
ally lower rate than it would have had the load been 
left on continuously. 

For a constant slope m on a log-log plot, the values 
of the coefficient a@ must be functions of the stress 
applied, and it might be hoped that some insight into 
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Fic. 9. The creep-time relation for crystal No. 3A at 43.8 g/mm*. 
The lower curve was obtained by unloading and immediately 
reloading the crystal to the same value. The solid circles indicate 
how the lower set of points would appear if the time and strain 
were plotted as a continuation of the upper curve, instead of 
taking a new zero for strain and time. 


the creep mechanism could be gotten in this way. 
Several attempts have been made to obtain this relation 
between stress and the a coefficient. Tyndall®7-'® finds 
that his data fit a law of the form 


a=exp(co). 


As there is some theoretical evidence” that the re- 
lationship ought to fit an equation of the form 


a=exp(—k/o), 


Figs. 10, 11, and 12 show both types of plot. Evidently 
there is little reason to prefer one over the other, a 
consequence of the fact that the stress values cover too 
narrow a range to discriminate between the two. 
Actually a linear relationship between a and o or 
(¢—o) as well as powers of either can be fitted as well 


. to the data presented, with oo as an adjustable constant. 


"T. A. Read and E. P. T. Tyndall, J. Appl. Phys. 17, 713 
(1946). 


*” J. S. Koehler, Phys. Rev. 86, 52 (1952). 
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Fic. 10. Plot of log strain at the end of 10 minutes (a quantity 
proportional to the coefficient a) as a function of the applied 
stress o for crystal No. 3A for several runs. In the left-hand plot 
the abscissas are the stresses in g/mm?*, while on the right they 
are the reciprocals of these values. Left plot: O=initial run, 
xX =second day, @=third day, A=after a 5-day lapse, total 
shear about 0.1 radian, + =reverse 2 days later. 


In addition to the small stress range limitation, the 
situation is complicated by the effect of putting on 
too small an increment. If, consistently, a large enough 
increment is used (where large enough is defined by 
the resulting effect) each run appears parallel and higher 
on the log S, log / plot. If, however, the increment is too 
small, as noted previously in reference to Figs. 3 and 4, 
it causes the coefficient a to be about the same or even 
lower than the previous one though this effect is usually 
removed by adding a sufficiently higher load on the 
next following run. Thus any regular increase of a 
with increasing stress depends on the procedure used 
in getting the data. 

The history dependence of the differences in behavior 
of the a vs o plots makes the finding empirically of any 
definite one to one relationship meaningless. For 
example, in Fig. 11 the open circles near the top 
appear to flatten out the trend of the lower points. 
This “increment effect” is not readily observable, 
however, in Figs. 10 or 12. The over-all regularity 
of these curves should be noted, nevertheless, since 
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Fic. 11. Plot of log strain at the end of 10 minutes (a quantity 
proportional to the coefficient a) as a function of the applied 
stress o for crystal No. 3B for several runs. In the left-hand plot 
the abscissae are the stresses in g/mm?, while on the right they 
are the reciprocals of these values. Left plot: O=initial run, 
X =immediate reverse, @=reverse continued after 2 days, 
A=forward after 1 day. 
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Fic. 12. Plot of log strain at the end of 10 minutes (a quantity proportional to the coefficient a) as a function of the 
ogre stress o for crystal No. 8A for several runs. In the left-hand plot the abscissae are the stresses in g/mm?*, while on 
the right they are the reciprocals of these values. Left plot: O =initial run, X =immediate reverse, @ = reverse continued 
after 12 hours, A=immediate forward, + = forward continued after 24 hours. 


over the stress ranges here employed, the regularity 
is much more significant than the history-dependent 
deviations. In fact, as will be further discussed in the 
next section, it is noteworthy that not only runs in 
one direction of shear give qualitatively the same a 
vs o curves (despite history-dependent variations), 
but very similar data are obtained even with the stress 
reversed after sufficient anneal time. 


Creep Recovery and the Bauschinger Effect 


The Bauschinger effect?! is the observed lowering 
of the yield point, or elastic limit, after previous 
plastic strain in the reverse direction. It is the opposite 
of work hardening which is the raising of the yield 
point after previous strain in the same direction. For 
polycrystalline materials the needed reverse stress may 
even become negative, in the sense that a considerable 
amount of plastic recovery is supposed to take place 
over an extended period of time, i.e., the specimen 
creeps under zero external load in the opposite direction 
after the original load is removed. This effect is ex- 
tremely minute in single crystals, as it should be, 
since local stress inhomogeneities are much less likely 
to develop in a single crystal. For this reason it was 
believed for a long time that the Bauschinger effect 
was observable only in polycrystals, but there is, at 
least, one report of this effect in a single crystal of 
a-brass.” With this exception, it appears to be the 
general opinion that single crystals do not exhibit this 
Bauschinger effect. 

On the other hand, the observation of well-marked 
hysteresis in a crystal following a permanent strain” 


" F. Seitz, Physics of Metals (McGraw-Hill Book Company, 
Inc., New York, 1943). 


is undoubtedly related to the Bauschinger effect in 
that, particularly in the unloading branch of a hysteresis 
loop, the strain decreases in greater proportion to 
decrease of load than that shown by a previous “elastic” 
curve. That the Bauschinger effect has not been 
more often directly observed is probably a result of 
the fact that, as previously mentioned, the majority 
of plastic studies have been carried out with tensile 
apparatus so that alternate stress reversals were 
extremely difficult, particularly when thin wire crystals 
were used. 

Table II exhibits the Bauschinger effect as well as 
the opposite phenomenon of strain hardening. The 
first column is merely the identifying number of the 
crystal. In the second column is shown the direction 
of the stress applied, i.e., either forward or reverse. 
For a new crystal, the first stress is automatically 
designated forward; the first stress reversal, then, is 
shown by a reverse arrow. An additional reverse of 
stress now is in the same direction as the initial one, 
so that the arrow again points forward. In the middle 
column, the total shear in radians is shown for the 
beginning of that sequence of runs. Thus, every new 
crystal starts with zero previous strain as shown. A 
negative sign indicates that the total reverse strain 
up to that time is greater than the total forward 
strain. The time interval between a run and a previous 
run is indicated by the fourth column, while the fifth 
gives the minimum load necessary to initiate creep 
on any particular sequence of runs. 

Data are shown for three crystals, two of which 
(3A and 3B) are parts of one original crystal. The 
ability of a crystal, which has not been strained over 
too extreme a range, to anneal between runs taken 
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one day apart is shown by 3A. After considerable 
strain, however, the minimum stress necessary to 
initiate creep has risen from 28 to 35 grams per square 
millimeter. 

Having established the fact that data taken on 
successive days were essentially reproducible and 
independent of previous runs, it was then possible to 
investigate in the other crystals the more detailed 
behavior of a crystal which is sheared alternately in 
one direction and then the other. A minimum load 
to cause the reverse creep was not determined for 3A, 
since the first load applied, unfortunately, was a 25 
gram per square millimeter load, which caused rather 
rapid creep, showing that the minimum load was less 
then that and no more exact value could then be given. 

3B exhibits the Bauschinger effect in a very definite 
manner. If 20 grams per square millimeter was sufficient 
to start the shear, then it is evident that the 11 needed 
in the reverse direction was so much lower as a result 
of the previous run. The effect appears to last an 
appreciable period of time, if very little strain is allowed 
to take place in the reverse direction, but after several 
runs have been made the effect appears to wear off 
completely. Rapid reversal enables runs to be made 
at extremely low stress values, and since there is a 
small amount of unaided creep recovery in any case, 
it is safe to assume that instantaneous reversal would 
find zero for the minimum load necessary to produce 
creep. 

For crystal number 4, the same effect is again ob- 
served. However, the effect is the more pronounced 
in that hardening is simultaneously taking place, so 
that the crystal does not shear at the same load that 
it did previously, in the same direction. This hardening, 
which is not very apparent on the other crystals, will 
be discussed in detail later on. 


Twinning 


There are six equivalent twinning planes for an 
hexagonal close packed metal, all of the form (1012). 
For a zinc crystal, which has longitudinal to digonal 
axial ratio 1.86, the twinning plane will be parallel 
to a face of the specimen and to the shearing plates 
when the orientation is given by 0=43°, a=30°. 

Three crystals (5, 6, 7) were grown with this orienta- 
tion and mounted in the usual manner. Crystals of this 
orientation presented a difficult handling problem 
since they are extremely “soft” and since, further, if 
the Woods metal solder is not holding at every point 


.on the surface, the orientation is such that the crystal 


will be easily pulled apart, as was the first crystal. 
In all three, however, it was found impossible to obtain 
any observable creep even up to the maximum loads 
which could be used in this apparatus. There was also 
no visible evidence of twinning having taken place. 
The third was sawed into two portions before being 
tested. After loading 7B, its x-ray back reflection 
pattern was compared with 7A, which had not been 


loaded at all. From the practically identical patterns 
at the points compared, by this means also, it was 
concluded that no twinning had occurred. 

A recent article’ quotes a figure of 300 to 450 grams 
per square millimeter as the stress along the twinning 
plane necessary to twin a zinc crystal. Since loads 
greater than 170 g/mm? were not obtained on this 
apparatus, the above results are not surprising. 

Interest in twinning was originally stimulated by 
the observation (see Fig. 8) of creep in a plane perpen- 
dicular to the basal plane. It was thought that twinning 
might first have occurred, followed by creep along 
those basal planes which now would be in approxi- 
mately the correct shearing direction. As a result of 
this portion of the investigation, it seems reasonable 
to conclude that creep along these prismatic planes is 
possible, although it has not previously been observed. 


DISCUSSION 


As might be expected, the orientation of the crystal 
in the apparatus strongly affects the results. In tensile 
experiments the orientation of the crystal makes 
little difference and only an easily computable factor 
is needed to obtain resolved shear stress from the 
actual stress (a function of @ and a). In our shear 
apparatus, as can be seen from the minimum stresses 
needed to initiate creep and from the dependence of 
the coefficient a on the stress a, it is quite different. 
For 6 as much as seven degrees away from the customary 
90°, the yield point is extremely high (Table I, crystal 
1), although creep occurs (Fig. 7). 

Even for @ only two or three degrees away from the 
proper ninety degree orientation (crystal 4) there is a 
pronounced effect. The stress necessary to start the 


TABLE II. The Bauschinger effect. 
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Crystal [Direction |. Interyal (Pah?) 

oO 28 
.025 | Day 28 
3A —* [040 | 1 Day 28 
100 | 5Doys | 35 
=— | .105 2 Days | <25 
— 0 22 
O16 2 Days i 
3B —_— .008 2 Days 17 
002 | Day 22 
__, [2.004 | 20 Min. 6 
-.002 | Day 17 
0 29 
— T0035 | 11 Hrs. 29 

0038 | 15 Min. 2.7 
~— [0025 | 17 Hrs. 30 

4 -,001!1 | 20Min. 5.5 
0004 | I! Hrs. 33 
—" [0035 |20Min. | 45 
0093 | 3Hrs. 52 
0143 | Il Hrs. 17 
~— [ono | 36Hrs. 41 
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Fic. 13. The coefficient a vs the stress for various crystals 
under differing conditions as follows: 


Line Crystal Description 


1 3A Three consecutive days of small strain runs 
2 3A After a total shear of about 3° 

3 3A Under reverse stress 

4 3B First forward runs 

5 3B First reversed runs (after 1 day) 

6 SA First forward runs 

7 9A First forward runs 

s 4 First forward runs 

9 4 First reversed runs 
10 4 Second forward runs (note extreme hardening) 
11 4 Second reversed runs 


creep process appears to be about the same, but the 
rate of creep (i.e., as measured by a) is greatly reduced 

(Fig. 4 and Fig. 13). This implies that, as creep begins, 
the planes have to be rotated or bent somewhat for 
the process to continue, and it is not surprising then to 
see that the runs made on the following days exhibit 
a pronounced “hardening,” since bent lattices un- 
doubtedly block the motion of one shearing plane 
upon another (or, more properly, the motion of lattice 
imperfections along these planes). Also, the stress nec- 
essary to produce creep almost doubled from the initial 
run to one two days later. A similar effect is exhibited 
by crystal number 2 (Fig. 7). On the other hand, 
crystals 3 and 8, whose orientations proved upon 
cleaving to be within a half-degree of that desired, 
while exhibiting a definite hardening after considerable 
working, never required more than an additional 
30-40 percent stress for creep to start. And, as is shown 
by crystal 3A (Fig. 2), the same loads and the same 
rates of creep were obtained three days in a row, 
showing that little time was required to anneal out 
the effects of the strain on previous runs. 

_ The simplicity of the results presented here for the 
favorably oriented crystals even to fairly large strains 
(0.1 radian in Fig. 6) show the superiority of applying 
force to the crystal directly as a shear rather than 
relying on the resolution procedure of the tensile test 
method, as has indeed been noted by others. The 
validity of the tensile test method is particularly poor 
for anything but very small strains in the case where 
the testing machine is of such a nature that one end 
of the specimen is made to move away from the other 
along the direction of the initial long dimension of the 


WEINBERG 


specimen. Since the planes slip parallel to the glide 
direction (which must make an angle less than zero or 
greater than ninety degrees with the length of the 
specimen) a bending of the specimen and of the glide 
planes must occur in the neighborhood of the ends of 
the crystal and may extend appreciably into the part 
being measured. Such bent planes could not be ex- 
pected subsequently to show simple glide. In the case 
where the upper end of the specimen is hung from a 
universal joint arrangement and a hanging load is 
applied by a second universal joint, it would seem that 
bending would not occur, but even here, if one region 
of a crystal has slipped appreciably more than neighbor- 
ing regions above and below, the effect is to put a sort 
of kink in the crystal, and the straightening of this 
by the longitudinal force again causes bending. More- 
over, in all cases where the ends are held fixed in mount- 
ing cups, simple glide cannot occur for planes which 
extend into these cups. In the case of large strains, 
where most previous data have been taken, the strains 
are never uniform over the length of the crystal, as 
evidenced by the development of slip bands and 
occasionally even twin regions over local areas on the 
surface of the crystal. This means that it cannot be 
expected that all lattice planes have glided by equal 
amounts, and hence, there will be considerable bending 
of one part of the crystal with respect to another. 
Evidently, this produces a rate of creep which is far 
from representative of that occurring at smaller strains 
and, further, a hardening which cannot readily be 
annealed out. Since much of the data of other observers 
have been obtained with thin wires stretched from 
five to several hundred percent, it is, therefore, not 
surprising if this internal bending effect should not 
contribute an appreciable amount to the discrepancies 
among reports from different observers. In this labora- 
tory a crystal of zinc of the form used in the shearing 
apparatus was stretched in a tensile apparatus to a 
strain of some twenty percent. The eventual appearance 
of slip bands and large twinned sections was remark- 
able; it could not be doubted that a tremendous amount 
of internal bending and general lattice misalignment 
had taken place. This is the more significant since 
care had been taken to avoid any external nonaxial 
stresses by mounting the crystal in universal joints, 
both top and bottom, and adding the increments in an 
extremely careful and uniform manner. Thus, the 
contention of Orowan” that previous work taken at 
large strain regions could not be interpreted as meaning- 
ful data is supported, although the reasoning here is 
quite different. Orowan believes that strain hardening 
is so excessive at large strains that such procedures are 
valueless, whereas we believe that it is not actually 
strain hardening at all, but merely very nearly, or 
actually, macroscopic bending that is inherent in such 
large strain tensile measurements. As the long-term 


25 E. Orowan, Proc. Phys. Soc. (London) 52, 8 (1940). 
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large-strain curve for crystal 9A (Fig. 6) shows, no 
such difficulty is encountered when the shear is applied 
in such a manner as to produce no lattice rotations. 
The face of the specimen indicated a uniform shear over 
the entire cross section, and no slip bands or twin 
regions were able to be detected. 

The occurrence of even a single run which follows a 
single creep law from the inception of the run to a 
final strain of about 0.1 radian in a period of about 
five days should be considered extremely significant for, 
although many runs might be obtained which do not 
show such a simple relationship, in view of the above 
discussion, it is permissible to assume that some mecha- 
nism other than simple creep is taking place, either as 
a result of the method of growing or handling the 
specimen, or as a result of the way in which the loading 
or mounting was carried out. In other words, it would 
seem that one such run as that of Fig. 6 is sufficient to 
cast some doubt on the validity of relationships at 
variance with this simple law. Other laws are then the 
results of secondary processes which were not able to be 
eliminated by the methods employed. 

Additional significant information can be obtained 
from the data available on the dependence of the coeffi- 
cient a on the stress o. Without regard to the particular 
form of this function, Figs. 11 and 12 show that in the 
stress region where creep can be obtained only by 
reversal of the stress direction, i.e., in the Bauschinger 
region, the dependence of a@ on o is approximately a 
continuation of the same curve in the larger direct- 
stress regions. The left-hand plot of Fig. 12 furnishes 
the best proof of this statement, as can be seen from 
the fact that the open circle points, which were obtained 
from the initial run in the forward direction, establish 
a line along which the x points are seen to lie, although 
these latter were obtained after rapidly reversing the 
stress. Twelve hours later, as shown by the solid circles, 
continuation of the run in the same (reverse) direction, 
although requiring a higher initial stress, gave results 
which lie very well along the same line previously 
established. 

The dashed line of Fig. 12 shows that the creep rate 
at any given stress is now lower than for the solid line. 
This is probably the result of the specimens having 
been, by this time, considerably strained, and this 
effect may be called a “hardening.” 

In the left-hand plot of Fig. 11 results similar to 
those of Fig. 12 are shown. The open circles again 
represent the initial run, with the x points again being 
those for the immediate reversal of the stress. Since 
the fluctuations are in all cases rather large, it is by 
no means certain that the x points and the open 
circles do belong to the same curve, but if one examines, 
for example, the solid line in Fig. 10, similar variations 
can be found where there was no reversal. 

The solid circles in the left plot of Fig. 11 exhibit the 
same hardening as that of Fig. 12. These points again 
appear to lie approximately along a straight line which 
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is displaced to the right with respect to the initial line, 
but again parallel to it. The triangle points, which were 
obtained about a day after the solid circles, but after 
reversing the stress again (i.e., the crystal is now being 
sheared in the initial forward direction), appear a little 
displaced from the line of solid circles, but well to the 
right of the initial open circles. This may be interpreted 
as hardening, again, though with a little less hardening 
having taken place for the forward direction than for 
the reverse. 

Figure 10 also shows this hardening. Three days of 
runs at relatively low strains were obtained and are 
seen to lie along the solid line. The third day a large 
additional strain (up to about 0.1 radian) was obtained 
and the triangles, obtained several days later, exhibit 
a similar, more or less parallel displacement to the right. 
Several days later the specimen was strained under 
reverse stress, and the plusses form a line of different 
slope. No simple interpretation for this is offered, 
particularly in view of the large deformation accumu- 
lated previous to this sequence of runs. 

Figure 13 is intended as a sort of summary sheet 
showing, in part, the same data as that of Figs. 10, 11, 
and 12 and for the remainder, data not previously 
exhibited in this manner. Lines 1, 2, 3 are, of course, 
from Fig. 10. Lines 4 and 5 are from data shown in 
Fig. 3. Here the points are sufficiently spread about 
these two lines so that one is probably not justified in 
attempting to explain the apparent displacement of 
the second line (5) from the first. 

The outstanding conclusion to be drawn from Fig. 13 
is that a specimen whose orientation is even slightly 
off from the proper one behaves in an obviously dif- 
ferent manner from correctly oriented ones. This is 
clearly shown by lines 8, 9, 10, and 11, in which not 
only are the initial stresses to produce shear much 
higher, but the hardening after one set of runs was 
completed is extreme. 

Some insight into one form of history dependence, 
namely, hardening, is offered by examination of Fig. 9. 
There data are shown for a normal creep run (open 
circles) and then for a run made at the same load value 
immediately after completion of the initial run (crosses). 
The steeper slope in the middle section of this latter 
curve is probably caused by the rapid annealing out 
of the strain hardening which causes the first portion 
of the curve to be nearly flat. When the effect of the 
previous run has been nearly annealed out, there 
follows the usual creep time relation, though the 
coefficient a never achieves the higher value which 
it had on the initial run. The slope m, however, becomes 
a constant of about the same value as that for the first 
run. The time required for this annealing to take place 
at room temperature seems reasonable because on 
previous runs spaced about 18 hours apart, no such 
hardening, or flattening of the curve, could be observed. 

Briefly, then, the experimental data presented here 
show that a single creep law is valid over a wide range 
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of experimental conditions. Both forward and reversed 
stresses give rise to the same law, even in the extremely 
low stress region where creep can only be obtained by 
rapid reversal of the applied stress (i.e., in the Bau- 
schinger region). Further, for the room temperature 
conditions employed throughout, it is evident that the 
exponent m remains constant over a wide stress and 
strain region with little history dependence, while 
the coefficient @ retains the functional dependence of 
the strain on the stress, as well as on the previous 
history of the crystal. 

If the plastic flow of metals has its origin in the 
multiplicative dislocation process, as is generally 
assumed today, then certain conclusions can properly 
be drawn from the above observations. In particular, 
those properties of a crystal specimen which might 
reasonably be expected to remain constant, with little 
regard for the previous history of the specimen, ought 
to be associated with m in the simple creep law here 
employed. Similarly, those properties which are variable 
with each specimen in an essential manner must then 
be considered as determining a. 


Thus, since the number of dislocations at any instant 


of time is surely a variable dependent on the amount 
of shear, the time of anneal, the method of growing 
and handling, etc., we should expect to find this 
quantity incorporated into the coefficient a in no simple, 
or even single valued, relationship. On the other hand, 
any rate process theory, which might well apply to 
the migration of dislocations throughout the specimen, 
should predict the existence of such a constant as the 
exponent m, which should, however, be markedly 
dependent on the temperature. This temperature 
dependence is, indeed, already established** and shows 
the increase of m with the temperature in a pronounced 
manner. 

The existence of an a different from zero in the low 
stress Bauschinger region, where no creep could 
initially be observed before reversing the stress, is 
merely demonstration of the production, by previous 


26D. O. Thompson (private communication). 
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strain, of local stresses, which, together with the small 
applied stress, add up to the same approximate numeri- 
cal stress value under which creep was observed before 
reversal. The number of these regions being presumably 
small compared with the number of regions taking 
part in the initial forward shearing process, theactual 
strain rate (as measured by a, m remaining constant) is 
also small as observations indicate. 

The factor determining the number of regions of 
lattice imperfections, or dislocations, taking part may be 
assumed to be dependent on the blocking of the move- 
ment of the dislocations at any particular time rather 
than their actual creation er destruction, since other- 
wise one would not expect to find creep runs made 
on the same specimen on succeeding days to have 
almost identical values of a. One other possibility does 
exist, however, under which reproducible data could be 
obtained even though the flow process actually were 


ns 





to consist of the continual destruction (for m less than 1) 


of dislocations. An equilibrium number of dislocations 
might be found to exist at a particular temperature, 
and, if more or less are at some instant of time actually 
in the specimen, these would be expected with sufficient 
anneal time to reach the proper number for that tem- 
perature. Experimental verification of this latter 
possibility should be obtainable by annealing a specimen 
at some high temperature for sufficient time, then 
cooling it relatively rapidly, and shearing it at the 
lower temperature. The a determined in this manner 
might still show the effect of more than the equilibrium 
number of dislocations, i.e., the strain rate might be 
greater than normal, even though the value of m should 
be the same. 
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Tolerance Coefficients for R-C Networks* 
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A method is presented for the calculation of the departure of actual network behavior from design charac- 
teristics attributable to the use of nonideal components. The method yields a set of tolerance coefficients 
relating percentage changes in the positions of the zeros and poles of the network function to percentage 
changes in the network components. Once this information is available, changes in gain or phase are easily 


determined. 





1. INTRODUCTION 


N the practical design of networks we are often con- 
cerned with the departure of the actual network 
behavior from design characteristics caused by the use 
of nonideal components. The present paper is concerned 
with a method for determining these effects for certain 
R-C network functions. The results apply also to R-L, 
L-C, and analogous nonelectrical networks with only a 
change of symbols. 
The method consists of the derivation of a set of 


tolerance coefficients relating percentage changes in the 


positions of the zeros and poles of the network function 


_ to percentage changes in the components of the network. 


Once this information is available, changes in gain or 
phase are easily determined. It turns out that an exact 
solution is tractable only when the network contains 
two or at most three independent capacitors. Two 
theorems will be proved which serve as checks on 
approximations made for more complex networks. 


2. TOLERANCE COEFFICIENTS 


Consider the principal determinant of the general 
R-C network. After clearing negative powers of p, the 
roots are found from an equation of the form 


praA= a,p"+dn1p" 1+ spielen +aip+ao=0, (1) 
or in factored form, 
(Tap+1)(T.p+1)---=0. (2) 


Here T, is positive real for R-C networks and a homo- 
geneous function of the network time constants. We 
have 


To=f(Tu, Ti, T22,° v5 -), (3) 


where T= RiCi, T12= RiC2, etc., and any R; or C; may 
be a series or parallel combination of several of the R’s 
and C’s of the network. 

The total differential of T, may be put in the form 


dT, [Tu OT. ]dTu = [Ti2 OT. dT 
=|— +|— tee (4) 

T, T, OTyITy Ta, OT 25 Ti2 
* This paper represents a portion of a thesis submitted to the 
Graduate School of Yale University in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. The work 


was supported by the U. S. Navy Bureau of Ordnance under con- 
tract NOrd 10740. 
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The quantities in brackets are called the tolerance 
coefficients. A given change in any 7;; when multiplied 
by the proper tolerance coefficient gives the resulting 
percentage change in 7, subject to the error in assuming 
that the differential is equal to the increment. 

A very useful property of the tolerance coefficients 
is that their sum is exactly equal to one. To prove this, 
we note that attributable to the homogeneity of T., we 
have for arbitrary \ 


fATu, AT »,---)=Af(Tu, T2,--+), (5) 
=\T, 


Differentiating with respect to A, setting A=1, and 
dividing through by 7, yields 


T10T, Ti2 OT, 
T,9Ty, T, OT 








where the left-hand side is the sum of the tolerance 
coefficients of (4). 
If we substitute 


dT;; dR; dC; 
eee (7) 
Ti Ri Cj. 








in Eq. (4) it is evident that we have theorem 1. 


Theorem 1 


The sum of the tolerance coefficients for the resistors 
is equal to one and similarly for the capacitors. 

The theorem evidently holds for the roots of any of 
the symmetrical minors of A. It must also hold for the 
roots of the unsymmetrical minors even through they 
are not restricted to the negative real axis. 


3. A PROPERTY OF THE ROOTS OFA 
We next show that the reciprocals of the zeros of A 
for any R-C network obey relations of the form 


oT, oT, 
>0 and 
OR; OC; 








>0. (8) 


To establish this result we make use of the energy 
relations derived by Bode.' According to Bode’s analysis 


1H. W. Bode, Network Analysis and Feedback Amplifier Design 
(D. Van Nostrand Company, Inc., New York, 1952), pp. 125-136. 
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the zeros of A(p) for an R-C network must obey a rela- 
tion of the form 


1 
[otro |}+|va@+ve|-o 0) 


where [F(a)+F(0)] corresponds to the “dissipation 
function” of the network and [V(a)+V/()] to the 
stored energy in the capacitors. These energy functions 
are positive definite quadratic forms and may be 
written 


rT, #=n 


F(a)=3 UD Real ral va; 


r,e=l t (10) 


rT, =n 1 


V (a) =} z. > —I sal ca, etc, 
r,3s=l ae J 





where J,, and J,» are the real and imaginary parts of the 
transient mesh current /,. 


Suppose a zero occurs at p= —wa= —1/T,. Then 
F(a)+F (0) 
T,=——_—.. (11) 
V (a)+V (0) 


If the network is planar and all mesh currents are taken 
in the same direction, it is evident that any particular 
resistance in the network, say R;, can be made to appear 
in at most three of the terms of Eq. (11). If it is in a 
mutual branch R;; it must appear also in R;; and R;; 
and if not it will appear only in R;;. If the network is 
nonplanar, the currents can always be taken so that 
R, appears in at most three of the terms. When this is 
done F(a) may be written, noting that R;;=Rj;, 


2F (a) painted + (Ri? + Re) Ti +2(Rij + Re) ial ja, 
+(Rji +R) iP +---. 


Here R;;’/=R;;—R, and the only terms which have 
been written down are those which involve R,. Using 
Eqs. (11) and (12), 


OT. (Tiat I ja)?+ (Tiet+ I 5»)? 
aR, V(ia)+V() 


Since this expression is always positive, Eq. (8) is 
proved for any R, which appears in three of the terms 
of Eq. (12) and evidently holds for R;, in only one 
term as well. 

For the capacitors, we consider the reciprocal of 
Eq. (11). An argument similar to Eq. (12) and (13) 
shows that 


(12) 








(13) 








OWa 
<0, (14) 
OC, 
and since T7,=1/w, 
oT, 
>0. (15) 
OC, 


Thus Eq. (8) holds for any C;, and we have theorem 2. 


CHARLES BELOVE 


Theorem 2 


The zeros of A for any R-C network when expressed 
as time constants can only increase (decrease) if any 
resistor or capacitor in the network increases 
(decreases). 


4. CONCLUSIONS 


From the results of the previous sections, we may 
draw the following conclusions: (1) The magnitude of 
any zero of A for an R-C network, expressed as a time 
constant, can only increase if any resistor or capacitor 
in the network increases. (2) Since any symmetrical 
minor, 4;; may be thought of as the principal deter- 
minant of a network ‘obtained from the original by 
eliminating the proper mesh, the above must be true 
for any A;;. (3) For any of the above-mentioned time 
constants, the sum of the tolerance coefficients for the 
resistors must be equal to one and similarly for the 
capacitors. Noting this and (1) and (2) above the 
tolerance coefficients must all be positive and less than 
or equal to one. (4) For any network constructed using 
resistors all having the same fractional tolerance +6 
and capacitors-all having the same fractional tolerance, 
+e, the maximum shift in the zeros of A or A;; from 
their design values will be +(6+e). In particular this 
holds for both the zeros and poles of the driving point 
functions. (5) The only conclusion concerning the roots 
of the unsymmetrical minors A,; is that the sums of the 
tolerace coefficients must be one. 


5. COMPUTATION OF THE TOLERANCE 
COEFFICIENTS 


Before the tolerance coefficients can be computed 
the network under consideration must be analyzed. 
Usually this yields the network function of interest in 
the form of a rational polynomial in which the coeffi- 
cients are known functions of the R’s and C’s of the 
network. Obtaining the factored form (2) where the T’s 
are known exactly in terms of the R’s and C’s is tract- 
able only when the polynomials are of first, second, or at 
most third degree. For the second degree case we have 





P+ a1p+ao= (pts) (pte). (16) 
After some algebra, 
dw, —d\ da, 
@1 (a;?— 4a)! a, 
2ao dao = 
+ ‘ pe ace (1 7) 
[a;(a;?—4ao)!— (a;°—4ap) | ao 
dws a, da, 
We 7 (a;?— 4a)! a\ 
2a day 
—. (18) 





~ [ax (as2—4a0)#+ (a;°—4ap) } ado 


' 
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If design values have been chosen, numerical values for 
a; and ap should be substituted in the above and then 
ddo/a and da,/a; found in terms of dR;/R; and dC ;/C;. 

When higher order equations occur, Lin’s method 
may be used to obtain literal approximations to the 
roots. Results will be fairly accurate if the roots are well 
separated. 

If a driving point impedance or admittance is based 
directly on a partial fraction expansion, each pole will 
be determined by only one R and one C. The zeros are 
easily approximated in terms of the residue constants 
and poles since one zero must occur between each pair 
of poles. 


6. SUMMARY 


When the network under consideration has no more 
than two independent capacitors, the maximum degree 
of the determinantal equation is two and it is possible 
to compute all of the tolerance coefficients exactly 


2 Shih-Nge Lin, J. Math. and Phys. XX, 231, 1941. See also 
Brown and Campbell, Principles of Servomechanisms (John Wiley 
and Sons, Inc., New York, 1948), pp. 89-91. 


TOLERANCE COEFFICIENTS FOR R-C NETWORKS 


747 


using Eqs. (17) and (18). For more complex networks 
approximations must be made in order to obtain the 
zeros and poles in terms of the coefficients. The pro- 
cedure is as follows: 


(1) Analyze the network to obtain the network func- 
tion in the form of a rational polynomial or partial frac- 
tion expansion if applicable. The coefficients in the 
first case and residue constants and poles in the second 
case: must be obtained in terms of the R’s and C’s of 
the network. 

(2) Compute the numerical values of the coefficients, 
zero, and poles. 

(3) Obtain literal approximations to the zeros and 
poles using one of the methods described previously. 
Check these against the known numerical values. 

(4) Derive the tolerance equations from the approxi- 
mations found in 3. 

(5) Check the sums, signs, and magnitudes of the 
tolerance coefficients noting Sec. 4. 


The author wishes to express his gratitude to John L. 
Bower for his counsel and encouragement. 
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The formula for mutual impedance by the generalized circuit method is reduced to a form which greatly 
reduces the number of integrations required in determining the mutual impedance of various combinations of 
open wire and terminated wire antennas. The application is illustrated by finding the mutual impedance of the 
legs of an open wire X-antenna, the latter being equivalent to the radiation impedance of a biconical antenna, 
and for small angle cones reduces to a form from which Schelkunoff’s inverse terminal impedance may be 


determined. 


GENERALIZED MUTUAL IMPEDANCE 


HE mutual impedance of two antenna configura- 
tions is given in the generalized circuit by’ 


jkZn,/30= — rf g Rel f:(P1)*fo(Ps)] 
1 2 


X Oile(ra:)df2]-dii, (1) 
in which 


P,=any point along the axis of wire one, 
P.=any point along the axis of wire two, 
¥o1= distance from P; to Po, 
e(ro1)=rex! exp(—jkrax), 
k= (uo€o) t= 2n/d, 
Ho=4nr(10)—* henries per meter, 
€9= (36r- 10°) farads per meter, 
*U. S. Naval Postgraduate School Technical Report No. 6, 
November, 1952. 


t Professor of Electronics. 
J. G, Chaney, J. Appl. Phys. 22, 12, 1429 (1951). 





©1=Vi(Vi-)+#=operator deltil, with the subscript 
indicating the position at which the differentia- 
tions are to be performed, 
*=the complex conjugate to be taken, 
f:(P;)=the current distribution function along a wire, 
Re=the real part to be taken. 


With the exception of the distances involved in the 
case of two identical antennas, the integrations to be per- 
formed in Eq. (1) are the same as those to be performed 
in determining the self-radiation impedance by the 
conventional method of finding the mutual impedance 
between an axial path and a surface path. Equation (1) 
has been integrated for the self-radiation impedance of a 
terminated long wire antenna,? a terminated Vee- 


2 J. G. Chaney, “On the generalized circuit theory as applied to 
antennas and radiating lines,” U. S. Naval Postgraduate School 
Research Paper No. 1, March, 1951. 





























& Be SER PRES BS 


STi S3%.3250 


See & be 


748 JESSE GERALD CHANEY 


antenna,’ and a terminated rhombic antenna.’ Also, it 
has been integrated for the mutual impedance of two 
parallel staggered standing wave antennas of unequal 
length? two parallel staggered terminated long wire 
antennas,? and for a standing wave antenna parallel 
staggered with a long wire antenna.” 

In the case of the rhombic antenna, the algebra was 
greatly reduced by assuming the axial and surface paths 
to be interchangeable and by subjecting the currents to 
equations of constraint. This resulted in requiring the 
actual evaluation of only three integrals after postulating 
an unattenuated wave of current traveling along the 
rhombus. The resulting formula has been verified by the 
lengthy evaluation of the large number of integrals 
involved when the current distribution is postulated at 
the outset.‘ This reduction in algebra suggests that 
Eq. (1) be examined for similar reductions when applied 
in the derivation of formulas for mutual impedances. 

Each of the two antennas (Fig. 1) will be assumed to 
be physically symmetric with respect to its generator. 
Hence, 


weao-(F (FF) 


X Rel fi(P1)*fo(P2) JO iLe(rai)d2J-d7y. (2) 


Now let 


--($+$ ($ +f) 
e b f n 
x ReLfi(P1)*fe(P2) JViLV1-e(re1)d?2)-d71. (3) 


Recall that 
Vi- e(r21)d?2= — Voe(ro1)- dF 2 (4) 





Fic. 1. Two coupled antennas. 


3J. G. Chaney, “Free space radiation impedance of rhombic 
antenna,” U. S. Naval Postgraduate School Technical Report 
No. 4, May, 1952. 

*C. F. Klamm, Jr., “A detailed integration for the radiation 
impedance of a rhombic antenna,” U. S. Naval Postgraduate 
School Technical Report No. 5, June, 1952. 


and integrate by parts for 


‘nis ( g + ri )eReLf(P.)*fa(Pa) Weelre) 
tS m 


— Re[_fi(P.)*f2(P2) |V2e(ree) 
+ Rel_f:(Pa)*fe(P2) |V2e (rea) 


— Rel fi(P»)*f2(P2) V2e(r25)} «di 


+(¢ +g Jeeta) 9 RCC.) HPD] 


—e(r)ViReLfo(Ps)*fi( Pi) J 
+e(roi)ViRel_fo(Po)*fi(Pi) J 
—e(rm1)ViRel_fe(Pm)*fi(P1) J} “diy 


(g + £)\(g + g ‘ete 


X Vof ViRelfi(P1)*fe(P2) ]-dF1}-dF2. (5) 


It is of interest to examine Eq. (5) for the three cases 
in which the two circuits are (1) both terminated 
rhombic antennas, (2) both open wire antennas, (3) one 
rhombic antenna and one open wire antenna. 

In each case, not only are the antennas assumed to be 
symmetrically fed such that the currents are continuous 
through the generators, but the terminal spacings of the 
generators are assumed to be negligibly small in com- 
parison with a wavelength. Likewise, the terminals for 
the load impedance of the rhombic antenna are assumed 
to be negligibly spaced. Then, since the current at the 
ends of a standing wave antenna vanish, the single 
integral terms of Eq. (5) vanish for each of the three 
cases. Thus, 


($+ $ NF +F) 
e b tS m 
X e(re1) Vol Vike fi (P;) * fo (P2) ]-d1} -dfo. (6) 
Substituting into Eq. (1), 
jtea/30= $f e(ro1)[Vo{ ViRel_fi(P1)*fe(P2) J 


-d?1} —k’Re{ f:(P1)*fo(P2)}d?i]-df2. (7) 


In terms of arc lengths along the antennas, let 


g(ks1, ks2) = Rel fi(P1)*fo(P2) ] 
cos2a(s1, S2)ds\ds2= d?,- do, 
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and substitute into Eq. (7), Let 
ris =sP?+53?+ 25153 cos2a, (12) 
jkZ2/30= o¢ e(re1) and change the variables in Eq. (11), 
RZ 21 sin?kl/60 





rY 
x| —k costa (ks, ks2)dseds;. (8) 
052058; 


Equation (8) is in a relatively simple form and is 
suitable for deriving formulas for the mutual impe- 
dances of several antenna configurations. It is true that 
any formula which requires an a priori assumption of 
the current distribution can be no more than an ap- 
proximation. However, it has been found that many 
such formulas are sufficiently accurate for engineering 
purposes. 

OPEN WIRE X-ANTENNA 


An interesting application of Eq. (8) occurs in de- 
termining the mutual impedance of the legs of an open 
wire X-antenna (Fig. 2). The conventional sinusoidal 
current distribution will be assumed to be sufficiently 
accurate if the legs are not too near antiresonance. 
Hence, 


g(ksy, ks2)=sink(l—|s,|) sink(J—|s2|) csc?kl, (9a) 


ro" = $°+s2— 25152 cos2a, (9b) 
and 


jkZ 2, sin?kl/30 


+ att EY 
= f f e(ra)] —k* costa] 
191 05205) 


Xsink(/—|s1|) sink(J—|s2|)dsydse. (10) 


The integrand has a singularity at the origin. How- 
ever, one path may be integrated straight through the 
origin, whereas the other path may be assumed to have 
a gap of 2¢ at the origin, and the limit taken as « tends to 
zero. Thus, 


GRZ 2, sin?kl/30 


0 —e€ eo 
-f f eral] — R conta] 
= ae 05;0S2 


Xsink(/+-s;) sink (/+ s2)ds,dsq 


0 I eo 
+f J e(ra)] — k* costa 
~1% ~¢ 05,08 


X sink (/+-s;) sink (l—s2)dsids» 


ff ‘era)| 8 cox2a 


X sink (l—s;) sink (/+ s2)ds\dso 


. of EY) 
+f f c(ra)| —k* cox2a| 
0%. 051952 


Xsink(J—s1) sink(l—se)ds;dsy. (11) 

















-ff cra) |— -— F coxta| 


X sink (/—s,) sink (l—s2)dsidso 


l l i 
- J f cir + k? costa] 
0 “0 05,083 


Xsink(/—s) sink(J—s;)dsyds3. (13) 





After differentiating and 
metrically, 


Z2; sin*kl/7k30 


l 
= sin’a exp(i2a) ff riz 
0 


Xexp[— jk(sitss+ris) |dsidsz 


al 
+sin’a exp(—j2al) f f ris 
0 € 


Xexp[jk(sits3— 113) ldsidss 


transforming _ trigono- 


. 
+costa f f ris! exp jk(si—S3—T13) \dsidss 
0 € 


i ail 
+cos’a f J ria 
0 € 


Xexp[— jk(si—sa+113) Jdsids; 


i al 
—cos’a exp(j2Al) f f rio! 
0%. 


Xexp[— jk (si+ Sot 112) \ds\dso 


tal 
—cos’a exp (— jaa f f rio! 
0 € 


Xexp[_ jk(sit-se—rie) |dsidse 


l l 
—sinta f f ris! exp[_jk(si— S2—Ti2) \dsidso 
0 € 


lL pl 
—sinta f fr ‘ 
a € 


Xexp(— jk(si— Sot rie) ldsidso. (14) 


Upon comparing the definite integrals of Eq. (14) 
with the three integrals evaluated in deriving the self- 
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+f 


Fic. 2. An open wire X-antenna. 


radiation impedance of a rhombic antenna,’ it is found 
that the first, second, seventh, and eighth may be 
written directly, while the third, fourth, fifth, and sixth 
require only the replacement of the angle a by its 
complement. It might be mentioned that the value of 
the integrals do not depend upon the exact form in 
which the infinitesimal lower limit is taken. 
Upon substituting into Eq. (14), 


Rx; sin®kl/30 
=2 In cota+2Ci(2kl sina) — 2Ci(2kl cosa) 
+sin2kl{ Sil 2kl(1+ cosa) | 
+ Si[2kl(1—cosa) ]|—Si[_2kl(1+sina) ] 
— Sil2kl(1—sina) }}+cos2ki{2 In cota 
+Cil(2kl(1+cosa) ]+Ci[2kl(1—cosa) ] 


— Cif 2kl(1+sina) ]—Ci[2kl(1—sina) }}, (15a) 
Xo sin?kl/30 
= 2Si(2kl cosa) — 2Si(2kl sina) 

~ cos2kl{ Sil 2kl(1+ cosa) 

— Sil 2kl(1—cosa) ]|—Si{2kl(1+sina) ] 

+ Si{_2kl(1—sina) ]}+sin2kl{ —4 In cota 

+Cil2kl(1+ cosa) |—Cil2kl(1—cosa) ] 
—Ci[2kl(1+sina)]+Ci[2kl(1—sina)]}. (15b) 


BICONICAL ANTENNA 


Equations (15a, b) also give the radiation impedance 
of a biconical antenna under the sinusoidal current 
hypothesis, provided a is replaced by 0/2, with 20 being 
the apex angle of a nappe of the cone. The logarithmic 
term in Eq. (15b) becomes Schelkunoff’s biconical 
characteristic impedance,°® 


Ko=120 In cot6/2. (16) 


By taking the apex angle sufficiently small for the 
current to be almost exactly sinusoidal, the driving 
point impedance of the biconical antenna may be 
evaluated from Eqs. (15a, b). Taking @ very near zero 
and evaluating in the customary manner by writing 


Sie~0, Cie~Inye=C+lIne, 0<eX1, (17) 


where C is Euler’s constant 0.5772: - - , the driving point 
impedance becomes, 


Z in= {60(C+ In2kl—Ci2hkl) 
+30 sin2kl(Si4kl—2Si2kl) 
+30 cos2kl(C+Inkl+ Ci4kl—2Ci2kl) 
+ j(60Si2kI+ 30 sin2kl(Ci4kl—C—Inkl 
—2 In cota) —30 cos2k/Si4kl]}} csc?kl. (18) 


After substituting Schelkunoff’s inverse terminal 
impedance Z, into Eq. (18), one obtains® 


LinmZe csc*kl— jKo cotki, (19) 


which is the value used by Schelkunoff in the evaluation of 
his inverse terminal impedance, but which was arrived at 
by a slightly different procedure.*® 


5S. A. Schelkunoff, Proc. Inst. Radio Engrs. 29, 9, 493 (1941). 
®S. A. Schelkunoff, Advanced Antenna Theory (John Wiley and 
Sons, Inc., New York, 1952). 
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Mutual Impedance of Rhombic Antennas Spaced in Tandem* 


JessE GERALD CHANEYT 
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Upon examining the formulas for self- and mutual] impedances of antennas, it is found that while the mutual 
impedance formula for separately driven collinear standing wave antennas may be used directly in de- 
termining the radiation impedance when such antennas are connected in cascade, certain modifications must 
be made in the case of traveling wave antennas under similar circumstances. Accordingly, formulas are 
derived for rhombic antennas spaced in tandem and are modified to permit the determining of the radiation 
impedance of two identical rhombic antennas connected in cascade. 


IN TANDEM VS IN CASCADE 


HE mesh equations for two coupled antennas 
are 


ZywWitZwle= Vi, 


Zalit+Zol2= V2, (1) 
Z2=Z21. 


The radiation impedance parameters are given by cer- 
tain double line integrals,' in which both paths are along 
the same wire for a self-impedance, whereas one path is 
along each wire for a mutual impedance. 

In the case of an open wire full wave antenna fed at a 
current antinode, a conventional method for deter- 
mining the driving point impedance is to set 


V2=0, I,=—T, (2) 
and add the two equations, giving 
Z in=2(Zu—Z). (3) 


The validity of the above procedure rests in the fact 
that not only are the integration paths for Eq. (3) 
exactly the same as they would be if the paths were 
directly set up for the self-impedance of the full wave 
antenna, but the assumed currents satisfy the restriction 


1,*T.= Re(1,*I2) = — [I 2. (4) 


On the other hand, if the reference currents were not in 
time phase and Eq. (4) were not satisfied, say 


I,=I, exp(jkh), (5) 


the division by | /,|?, as required in the formulation of a 
self-impedance from the expression for the complex 
power, instead of by /,*/. as required for the formula- 
tion of the mutual impedance, would require the current 
factor,! Re[_f:(P1)*f2(P2) J, to be replaced by the factor, 


Re[_f:(P1)* fo(P2) exp(jkh) }. 


In other words, a mutual impedance formula for two 
individually driven travelling wave antennas would 
require modification before it would be permissible to 





*U. S. Naval Postgraduate School Technical Report No. 7, 
December, 1952. 

t Professor of Electronics. 

'J. G. Chaney, J. Appl. Phys. 22, 1429 (1951). 
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write the radiation impedance of two such identical 
antennas driven in cascade by the formula 


Z,=2(ZiutZ1). (6) 


RHOMBIC ANTENNAS IN TANDEM 


It has been shown? that the mutual impedance of two 
terminated rhombic antennas is given by 


jtro= bf e(ri2) 
lJ 2 
e 


x| — k? cos6(s, s) feds, ks2)ds\dso, (7) 
Os) So 





in which 


g(ksi, kse) = Re[_fi(ks1)*fo(ks2) J, 
e(ri2)=riz' exp(— jkriz), 
fi(ks1)=current distribution function along antenna 


one, 
f2(ks2)=current distribution function along antenna 
two, 
6(s;,S2)=angle between directions along the two 
antennas, 
ri2= distance between points on the two antennas, 
k=2n/X. 


For two identical, coaxial, and coplanar rhombic 
antennas, the same corresponding sides are parallel as in 
the case of the paths which were used for finding the 
self-radiation impedance of a rhombic antenna.’ Since 
the current distribution functions are the same as those 
for the two paths along the same antenna, it follows that 
the integrations in Eq. (7) need only to be carried out 
over the nonparallel wires.* 

Let each leg of the rhombus be of length /, and let the 
vertex angles at the generator be 2a. Then, after 
postulating unattenuated traveling waves of current 


2 J. G. Chaney, “Simplification for mutual impedance of certain 
antennas,” U. S. Naval Postgrad. School Tech. Rpt. No. 6 
(November, 1952). 

3 J. G. Chaney, “Free space radiation impedance of a rhombic 
antenna,” U. S. Naval Postgrad. School Tech. Rpt. No. 4 (May, 
1952). 
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along each rhombic antenna, Eq. (7) becomes 


lL pl 
Z12= j120 sintal f f cosk (x, — x2)e(r12)dx,dx2 
0 Yo 


or changing to the exponential form, 
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l l 
[= i) f exp[_ jk(x%3—X1— 113) Iris 'dx3dxy, 
. =. 


lL al 
n= f f exp[_jk(x2—21—P12) Iris dared, 
o Yo 


l l 
oa f f cosk (x1- xe (ri3)dx\dx3 
0 0 


i al satroaget 
-f f cosk(xi+x4)e(ri4)dxydx4 and in which 
ais r= [x?+ Xe? + x9? — 2x9(41— x2) 


in which 2 is the distance between the driving points, 


l l 
X cosa— 2%1x2 cos2a }}, 
-ff cosk(er-sse(rsdddss| (8) cosa ¥1X2 COS a | 
0 0 


ris=(Lart+age+ axe t+ 2x0(x1- 4X3) 


Zy= — j60 sin?a{ [+ To+ I3+ I,—21,-— 277], (9) rig= (eet ag t xe+ 2x0? (41+ 24) 


in which 


t 
hee f f exp(—jk(xstartris)istdedx1, (10) 
0 0 
Dal 
n= f f expljk(xs+21—115) ris 'dxsdxi,, (11) 
0 0 
as 
n= f f expl — jk(xstartris) ji tdxdx;, (12) and 
0 0 


l l 
r= f f exp[ jk(%s+41—114) |rig dada, (13) 
0 0 


Xcosa+ 2x44 cos2a }}, 


ris= [x r+ xse+ Xe - 2xo(x it Xs) 


Let 

d,=[x¢?+ (21 sina) ]}, 
do=[xe?+P —2lx cosa |}, 
d3=[xe+P+ 2lxo cosa }}, 


Z12= Riot jX 12. 


following formulas are obtained: 





Rw ‘60= 


cosk (a9 seca) {4C ik (x9 seca+/+d;)+4Cik (x seca+/—d3)+4Cik(x%o seca—I+d2) 
+4Cik(x9 seca—1—d2) —4Cik[ (seca+ 1)x9 ]—4Cik[_xo(seca— 1) ]—2Cik(x seca+d)) 

— 2Cik(x9 seca—d) — Cik[xo(seca—1)+21(1—cosa) |—Cik[x9(seca— 1) —2/(1—cosa) ] 

— Cik[_xo(seca+ 1)+ 21/(1+ cosa) ]|—Cik[xo(seca+ 1) —2/(1+ cosa) }} 

+sink(x» seca) {4Sik (x9 seca+/+d3)+4Sik (x seca+ ]—d3)+4Sik(x%9 seca—/+d2) 

+4Sik (x9 seca—1—d2) —4Sik[x9(seca— 1) ]—4Sik[xo(seca+ 1) ]—2Sik (x secat+d)) 

— 2Sik(x9 seca—d) — Sik[_xo(seca+ 1)+ 2/(1+ cosa) ]—Sik[xo(seca+ 1)—2/1(1+ cosa) | 

— Sik[xo(seca—1)+21(1—cosa) ]|— Sik[x9(seca—1)—21(1—cosa) }} 

—cosk(x» cosa) { 2Cik(d3;+/+ x9 cosa)+ 2Cik(d3;—I1— x9 cosa)+ 2Cik(d2+1— x» cosa) 

+ 2Cik(d2—I+ 2x9 cosa) —4Cik[ x9(1++-cosa) ]—4Cik[ xo(1—cosa) }} 

+ sink (x9 cosa) {2Sik(d3;+1+ x9 cosa)+ 2Sik(d3—1— x9 cosa)+ 2Sik(d2+1— x» cosa) 
+2Sik(d,—I+ x9 cosa) — 4Sik[x%9(1+ cosa) ]|—4.Sik[x9(1—cosa) }} 

+ cosk(x» cosa+ 2/ sin’a){Cik(d\+ x9 cosa+ 21 sin’a)-+Cik(d,— x9 cosa—2/ sin?a) 

— 2Cik(d2+ x9 cosa—I cos2a) — 2Cik(d2— x9 cosa+l cos2a)+Cik[_(xo— 21 cosa) (1+ cosa) } 
+Cik[ (x9— 21 cosa) (1—cosa) }} 

+sink (x9 cosa+ 21 sin?a){Sik(di+ x9 cosa+ 21 sin?’a) — Sik(d;— x9 cosa— 21 sin?a) 

— 2Sik(d2+x9 cosa—I cos2a)+2Sik(d2—xo cosat+l cos2a)+Sik[ (x9 cosa—I1 cos2a) (1+ cosa) | 
— Sik{(xo— 21 cosa)(1— cosa) ]} 

+cosk(x» cosa— 2/ sin’a) {Cik(d,+ x9 cosa— 21 sin?’a)+Cik(di— x9 cosa+2I sin?) 

— 2Cik(d3+ x» cosa+l cos2a)—2Cik(d3— xo cosa—I cos2a)+Cik[ (xo+ 21 cosa) (1+ cosa) ] 
+ Cik[ (xo+ 21 cosa) (1—cosa) }} 

+sink (x9 cosa— 21 sin’a){ Sik(di+ x9 cosa— 21 sin?’a) — 2Sik(d3+ x9 cosa+/ cos2a) 

— Sik(d\— x9 cosa+2l sin*a)+2Sik(d3— x9 cosa—/ cos2a)+Sik[(xo+21 cosa) (1+ cosa) ] 
— Sik[ (xo+ 21 cosa) (1—cosa) J}, 


X cosa— 2x13 cos2a }}, 


X cosa+ 2x15 cos2a |}. 





(14) 


(15) 


(16) 


(17) 


(18) 


(19) 





After evaluating the definite integrals in Eq. (9), the 
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Ry. 


(20) 
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Xi2= cosk(% seca) {4Sik(x seca+1—d3)—4Sik(x seca+1+d3)—4Sik(x9 seca+1— de) 
+4Sik(x9 seca—1—d2)+4Sik[x9(seca+ 1) ]—4Sik[x9(seca—1)]+2Sik(x9 seca+d,) 
— 2Sik(x9 seca—d:)+ Sik[xo(seca+ 1) —21(1+ cosa) ]+ Sik[xo(seca+ 1)+21(1+ cosa) } 
15) — Sik{xo(seca—1)—21(1—cosa) ]— Sik[xo(seca—1)+21(1—cosa) }} 
—sink(xo seca) {4Cik (x9 seca+/—d3) —4Cik(% seca+/+d3) —4Cik(% seca—1+de) 


its, +4Cik(x9 seca—1—d2)+4Cik[x9(seca—1) ]—4Cik[xo(seca— 1) ]+2Cik(x» seca+d;) 
— 2Cik(xo seca—d;)+Cik[_x9(seca+ 1) — 2/(1+ cosa) ]+Cik[x9(seca+ 1)+ 21(1+ cosa) } 
— Cik[_xo(seca—1)—21(1—cosa) |—Cik[xo (seca—1)+21(1—cosa) }} 

16) + cosk(a9 cosa) {2Sik(d;—1— x9 cosa) + 2Sik(d3+/+ x9 cosa)+ 2Sik(d.—1+ x» cosa) 
+ 2Sik(ds+1— x9 cosa) — 4Sik[_xo(1+ cosa) |—4Sik[x9(1—cosa) ]} 

17) +sink(x9 cosa) {2Cik(d3—l—xo cosa) — 2Cik(d3+1+-x9 cosa) — 2Cik(d,;—I1+ x» cosa) 
+ 2Cik(d,\+1— x» cosa)+4Cik[x9(1+ cosa) ]—4Cik[_x9(1—cosa) }} 

18) —cosk(x9 cosa+ 21 sin?a) { Sik(di+ x9 cosa+ 2/1 sin’a)+ Sik(di— x9 cosa— 2/ sin*a) 
— 2Sik(do+x9 cosa—/ cos2a)—2Sik(d2—2x9 cosa+l cos2a)+ Sik[_(xo— 21 cosa) (1+ cosa) | 

19) + Sik[ (x 9— 21 cosa) (1— cosa) }} ’ 
+sink(x9 cosa+2l sin’a){Cik(di+ 2%» cosa+ 21 sin*a) —Cik(d\— x9 cosa—2/ sin*a) 
— 2Cik(d2+x9 cosa—I/ cos2a)+2Cik(d2—x9 cosa+l cos2a)+Cik[(a%9— 21 cosa) (1+ cosa) | ‘¢ 
—Cik[ (xo—21 cosa) (1—cosa) }} 5 
—cosk(x9 cosa— 21 sin?) {Sik(di+ 9 cosa—2/ sin?a)+Sik(di— x9 cosa+ 21 sin*a) 
—2Sik(d3+29 cosa+l cos2a)—2Sik(d3— x9 cosa—! cos2a)+ Sik[(xo+21 cosa) (1+ cosa) } 
+ Sik[(x9+2l cos) (1—cosa) }} 

the § +sink (x cosa—2I sin*a){Cik(d:+ x9 cosa— 21 sin*a) —Cik(di— x9 cosa+ 2I sin*a) 


—2Cik(d3+x9 cosat+l cos2a)+2Cik(ds3—x9 cosa—! cos2a)+Cik[ (xo+ 21 cosa) (1+ cosa) | 
— Cik[ (xo+21 cosa) (1—cosa) ]}. (21) 


For two closely spaced identical rhombic antennas, Eqs. (20) and (21) may be considerably simplified. At the 
frequency for which a rhombic antenna is given an optimum design, the leg length is almost always taken as an 
integral multiple of a half-wavelength with the parameter 2k/ becoming an even multiple of x. Under these condi- 
tions, the formulas may be further simplified. However, when operating at a frequency different from the design 
frequency, 2k/ is usually not an integral multiple of x, and the formulas must be more carefully examined in case 
it is desired to connect the antennas in cascade. Accordingly, select 





x9=2l cosa+b, bK2Il cosa, b<l, (22) ! 


let 
d4=1(1+8 cos’a)}, 
and simplify: 
Ry./60=cos2kl{C+In (ki sin?a) + 2Ci2kl—Cik4kl—4Cil2kl(1+ cosa) ]—4Cik[2kl(1—cosa) | 
— Cif 4kl(1+ cosa) ]—Cil4kl (1 —cosa) ]4+-4Cik(3I-+ds)+4Cik(31—d,)} 
+sin2kl{ 2Si2kl—Si4kl—4Si[2k1(1+ cosa) }—4Si[2kI1(1—cosa) ]— Sil 4kl(1+ cosa) } 
~ Sif 4kI(1 —cosa) }4+-4Sik(31-+-d,)+4Sik(3l—d,)} 
—2 cos(2kl cosa) {Ci(2kl sin’a)+Ci(2kI cosa) — 2Ci[2kl cosa(1+cosa) | 
— 2Ci[2kl cosa(1—cosa) ]+ Cik(d4+ 21 cos*a)+Cik(d4—2I cos*a)} 
+2 sin(2kl cos*a){Si(2kl sin?a)+Si(2kl cos’a) — 2Si[ (2kI cosa) (1+-cosa) ] 
—2Si[2kl cosa(1—cosa) ]+Sik(dy+2l cos*a)+ Sik (d4— 21 cos*a)} 
+cos(2kl cos2a){Ci(4kl cos*a)+Ci(4kl sin?a)+Cik[4kl cosa(1+ cosa) | 
+Cik[4kl cosa(1—cosa) ]—2Cik(d,+4l cos*a—l) —2Cik(d,—4l cos*a+l)} 
+sin(2kl cos2a){Si(4kl cos’a) — Si(4kl sin?a)+ Sik[4! cosa(1+ cosa) } 
— Sik[4l cosa(1—cosa) ]—2Sik(dy+4l cos*a—1)+2Sik(d,—4l cos*a+/)}, 
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X= cos2hkl{ —2Si2kl+ Sidkl-+4Si{ 2kl(1+ cosa) ]—4Si[2kI(1 — cosa) ]+Si[4kl(1+cosa) ] 
— Sif 4kl(1—cosa) ]—4Sik(3l+ dy) +4Sik(3l—d,)} 
—sin2kl{C+ In (kl tan?a) — 2Ci2kI+-Ci4ki+4Ci[2kl(1+ cosa) ]—4Cikl2k/(1—cosa) | 
+Ci[4kl(1+ cosa) ]—Cil4kl(1—cosa) ]—4Cik(3l+d4)+4Cik(3l—d,)} 
+2 cos(2kl cos*a){ Sik(2l sin?a)+Si(2kl cos*a) — 2Si[2kl cosa(1+ cosa) |—2Si{ 2k! cosa(1—cosa) | 


+ Sik(d,+2l cos*a)+ Sik(d,—2l cos*a)} 


+2 sin(2kl cos*a){Ci(2kl sin?a) —Ci(2kl cos*a)+ 2Ci[ 2k! cosa(1+ cosa) ]—2Ci[ 2k! cosa(1—cosa) | 


— Cik(d4+2l cos*a)+Cik(d,—2l cos*a) }} 


—cos(2kl cos2a) {Si (4k/ sin’a)+ Si (4kl cos*a)+ Sil 4kl cosa(1+cosa) ]+Si[4kl cosa(1—cosa) } 


— 2Sik(d4+-4l cos*a—1) —2Sik(d,—4l cos*a+/)} 


+sin(2kl cos2a){ —Ci(4kl sin?a)+Ci(4kl costa) +Cil 4k! cosa(1+cosa) |—CiL4ki cosa(1—cosa) | 


— 2Cik(d,+4l cos*a—1)+2Cik(d,—4l cos*a+l)}, 


in which C=0.5772--+ is Euler’s constant. 


(24) 


Upon selecting the leg length as an integral multiple of a half-wavelength, formulas (23) and (24) reduce to 
R,2/60=C-+ In(kl sin?a) — Ci4kl+ 2Ci2kl—4Cil_2kl(1+ cosa) ]—4Cil2kl(1—cosa) |—Cil4kl(1+ cosa) | 
—Ci[4kl(1—cosa) ]+4Cik(3l+d4)+4Ci(3l—d,)} 
—2 cos(2kl sin?a{Ci (2k sin?’a)+Ci(2kl cos?a) — 2Ci[ 2k! cosa(1+cosa) |—2Ci[ 2k! cosa(1—cosa) | 


+ Cik(d,+2I cos?a)+Cik(d«—2I cos’a) J} 


—2 sin(2kl sin?a){ Sik(2ki sin?a)+Si(2kl cos’a) — 2Si[2kl cosa(1+ cosa) } 
— 2Si[2kl cosa(1—cosa) }+ Sik(d4+ 21 cos*a)+ Sik (d4— 21 cos*a)} 
—cos(4ki sin?a){ —Ci(4kl sin?’a) —Ci(4kl cos?a) — Ci 4kl cosa(1+ cosa) ]|—Ci[4k/ cosa(1—cosa) } 


+ 2Cik(d4+-4l cos*a—1)+ 2Cik(d,—4l cos*a+/)} 


— sin (4kl sin?) { —Si(4kl sin?’a)+ Si(4kl cos?a)+Si{4kl cosa(1+ cosa) |— Sil 4kl cosa(1—cosa) | 


+2Sik(d,—4l cos’a+l) —2Si(d,+-4l cos?a—l)}, 


(25) 


X \2/60= Si4kl—2Si2kI+4Si[_2kl(1+ cosa) ]|—4SiL2k1(1—cosa) ]+ Si[4kl(1+ cosa) |—Si[4k/(1—cosa) ] 


+4Sik(3l—d4)—4Sik(3l+-d,) 


+2 cos(2kl sin?a){Si(2kl sin?a)+Si(2kl cos’a) — 2Si[ 2k! cosa(1+ cosa) ]|—2Si[2kl cosa(1—cosa) | 


+ Sik(d4+ 21 cos*a)+ Sik(d4—2I cos’a)} 


— 2 sin (2k/ sin*a){Ci(2ki sin*a) — Ci(2kl cos*a)+ 2Ci[ 2k! cosa(1+ cosa) ]—2Ci}[ 2k! cosa(1—cosa) ] 


— Cik(d4+2l cos*a)+Ci(d4—2l cos’a)} 


+cos(4kl sin?a) { —Si(4kl sin’a) — Si(4kl cos*a) — Si 4kl cosa(1+cosa) |— Sil 4ki cosa(1—cosa) ] 


+ 2Sik(dy+4l cos’a—I)+ 2Sik(d,—4l cos?a+/)} 


— sin (4k sin?a){ —Ci(4kl sin’a)+Ci(4kl cos*a)+Cil 4k! cosa(1+ cosa) ]—Cil_4ki cosa(1—cosa) } 


+2Cik(d,—4l cos*a+l) —2Cik(d,+-4l cos*a—!)}. 


Formulas (20) and (21) are for any two rhombic 
antennas that are terminated, have equal leg lengths, 
are coplanar, and are coaxially spaced x» between 
driving points. Formulas (23) and (24) are for any two 
identical rhombic antennas which are closely spaced in 
tandem. Formulas (25) and (26) are for two identical 
rhombic antennas whose leg lengths are an integral 
multiple of a half-wavelength and which are closely 
spaced in tandem. It will be shown that formulas (25) 
and (26) may also be used for rhombic antennas con- 
nected in cascade even though the leg lengths are 
arbitrary. 


RHOMBIC ANTENNAS IN CASCADE 


If instead of solving for the phase of J: as in the case 
of separately driven antennas, the phase of J. is to be 


(26) 





specified with respect to 7; in accordance with Eq. (5), 
an examination of the integrations of Eqs. (10) to (15), 
inclusive, reveals that formulas (20) and (21) require 
modification only in the sine and cosine coefficients of 
the sine integral and cosine integral functions within the 
braces. This modification consists merely of adding the 
term kh to the argument of the sine and cosine coeffi- 
cients. For example, cosk(xpseca) is replaced by 
cosk(h+- x» seca). The algebraic sign of / is always the 
same as that of x. 

If two identical rhombic antennas are to be connected 
in cascade, in order that a form of Z2 suitable for 
substitution into Eq. (6) may be written, select h= —21 
and modify formulas (23) and (24). This again gives the 
formulas (25) and (26). Thus the particular form given 
for the mutual impedance of two closely spaced rhombic 
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antennas in formulas (25) and (26) is also valid for 
antennas connected in cascade even though the leg 
lengths are not an even multiple of a half-wavelength. 

Hence, it follows that Z2, as given by the latter two 
equations, may be used with the previously derived 
formula for the self-radiation impedance of a single 
rhombic antenna’ for substitution into Eq. (6), giving 
the free space radiation impedance of two identical 
rhombic antennas in cascade. 

Perhaps it should be emphasized that although the 
radiation impedance of a system of rhombic antennas 
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determines the power radiated by the system, and is 
thereby useful in determining the gain of the system, it 
does not constitute the driving point impedance of the 
system. However, it does largely determine the attenua- 
tion of the current along the various legs of the system, 
and as a consequence does enter into the finding of the 
driving point impedance to a certain extent. 

The details of the integrations involved may be found 
in the technical report‘ from which this paper is taken. 


*U. S. Naval Postgrad. School Tech. Rpt. No. 7 (Dec., 1952). 
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Slot Coupling of Rectangular and Spherical Wave Guides*+ 
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A dominant-mode wave guide radiating through a slot into a half-space may be regarded from a network 
viewpoint, with the half-space represented by a number of spherical transmission lines, the wave-guide feed 
by a single uniform transmission line and the slot by a coupling network. This paper contains (a) an investi- 
gation of how many spherical transmission lines are necessary to represent adequately the far field (gain 
pattern) of the slot antenna, and (b) an approximate theoretical evaluation (by a variational calculation) and 
experimental check of the equivalent circuit parameters of a slot-coupled junction of a rectangular and 
spherical wave guide, when the far field can be well represented by the dominant spherical mode. The results 
are useful in connection with a method of measuring the electromagnetic scattering properties of obstacles 
located in a half-space illuminated by a wave-guide-fed slot antenna. 


I. INTRODUCTION 


HE problem to be discussed arises in connection 
with a method of measuring scattering of electro- 
magnetic waves by an obstacle located in a half-space. 
A wave-guide-fed slot antenna in an “infinite” ground 
plane is assumed to illuminate the obstacle. In order to 
determine the scattered electromagnetic fields within 
such a configuration, it is necessary that the differential 
scattering cross section of the obstacle be known. The 
theoretical evaluation of the scattering cross section for 
obstacles of arbitrary geometry poses extreme diffi- 
culties, especially in the range where the obstacle 
dimensions are comparable to the wavelength. Alter- 
nately, the usual experimental determination of the 
scattering cross section necessitates a tedious measure- 
ment of the electromagnetic fields at all points in the 
space surrounding the obstacle. A much more desirable 
procedure is to perform all measurements in the input 
guide. The subject matter of this paper arose in this 
connection. 


In a microwave network interpretation of the above . 


scattering problem the electromagnetic fields within the 
half-space are represented rigorously by an infinite 


* The contents of this paper were presented before the National 
Convention of the Institute of Radio Engineers in March 1951. 
+t This work was carried out under contract AF 19(122)-3 
sponsored by the Air Force Cambridge Research Laboratories. 


number of spherical transmission lines and within the 
feeding wave guide by an infinite number of uniform 
transmission lines. The characteristic impedance and 
propagation constant as well as the variation of mode 
voltage and current along each transmission line are 
well defined. The effect of the obstacle can be repre- 
sented as a lumped equivalent circuit that couples in 
general each transmission line. The virtue of this 
network reformulation of the electromagnetic scattering 
problem is that the equivalent circuit parameters, and 
hence the scattering cross section, of the obstacle in the 
half-space can be determined formally by standard 
microwave measurements in the uniform guide. The 
physical configuration and its rigorous network equiva- 
lent are shown in Fig. 1. In the network picture it has 
been assumed that, in complete generality, an infinity of 
modes propagate in the half-space; however, as in the 
uniform guide (assumed to propagate only the lowest 
mode), a small number of modes usually suffices to 
specify the far fields. The equivalent circuit for the slot 
is defined between “far’’ terminals 7, in the input line 
and “far” output terminals T,’---72"--- in each of the 
half space transmission lines. Terminals T,’---T2"- -- 
are joined to the input terminals 7;'---73"--- of the 


obstacle equivalent circuit by lengths of transmission 
of the 


line; across the output terminals 7,’---74"--- 
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Fic. 1(b). Network equivalent. 


obstacle equivalent circuit appear terminating impe- 
dances Zour’: + -Zout™***- 

If the equivalent circuit coupling the slot to the half- 
space is known theoretically or otherwise, the equivalent 
circuit for the obstacle can be found experimentally. 
Input impedances at 7; in the input guide are measured 
for a sufficient number of different terminations Zou, 
and the resultant input-output relations solved for the 
desired circuit parameters. The advantage of such a 
scheme is that measurements are taken only in the 
input guide where they can be easily performed. Once 
the obstacle equivalent circuit parameters are known, 
the “far” scattered fields may be obtained by modal 
synthesis. 

Although the above-described equivalent network 
procedure affords a formally rigorous approach to the 
solution of general scattering problems, its practical 
applicability becomes increasingly difficult when the 
number of propagating modes which contribute sub- 
stantially to the far-field configuration in the half-space 
is large. It is for this reason that one employs a spherical 
field representation in the half-space which minimizes 
the number of necessary modes. One notes that a small 
radiating slot in an obstacle-free half-space excites a far 
field that behaves approximately like a traveling trans- 
verse spherical wave, i.e., a wave which decays in 
amplitude inversely as the distance from the slot and 
which has spherical equiphase surfaces centered about 
the slot. Hence, a field representation in terms of 
spherical modes adequately describes the far-field be- 
havior in the half-space in terms of only a few spherical 
transmission lines. As will be discussed below, many 
suitably excited large slots radiate into the half-space 
fields that can be approximated for certain applications 
in terms of a small number of spherical modes, and often 
in terms of only a single spherical mode. 

When a single spherical transmission line description 
of the half-space is valid, it is of interest to know the 
equivalent circuit for the slot which couples the input 
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rectangular guide with the output spherical guide (half- 
space). This paper concerns itself with (1) the conditions 
under which a single spherical transmission line de- 
scription is valid, and (2) the theoretical evaluation and 
experimental verification of the equivalent circuit 
parameters of a symmetric rectangular slot coupling a 
rectangular wave guide with a half-space. It should be 
noted that if a small obstacle is placed in a half-space, 
the far-zone scattered fields may be represented either 
as a single spherical wave centered about the obstacle or 
as an infinity of spherical modes centered about the slot. 
If the field description in the half-space is carried out in 
terms of spherical waves centered on the slot, an infinite 
number of spherical transmission lines will be necessary 
in the network description even though only one spher- 
ical mode is incident on the obstacle. If a single-mode 
description of the far fields in the half-space is to apply, 
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Fic. 2. Orientation of coordinates. 


the obstacle must be such that it scatters predominantly 
the same type of mode as that which is incident upon it, 
i.e., a spherical wave relative to the slot region. Such 
obstacles are large structures with a concave spherical 
curvature relative to the origin. For small obstacles an 
alternate procedure in terms of spherical modes centered 
both about the slot and the obstacle is possible. 


II. DERIVATION OF THE COUPLING SLOT 
EQUIVALENT CIRCUIT PARAMETERS 


The equivalent circuit for the slot relates the electro- 
magnetic fields at a “far” termina] plane 7; in the input 
guide with those at a (hemispheric) “far” terminal 
plane 7, in the half-space considered as a spherical 
wave guide (Fig. 2). The input guide is the familiar 
(uniform) rectangular wave guide; the output spherical 
guide is a nonuniform wave guide whose transverse 
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cross sections are hemispheres centered about the slot 
center and in which propagation takes place along the 
radial direction. Since the rectangular guide is assumed 
to propagate only the dominant Ho mode, the trans- 
verse vector fields at the terminal plane 7, far removed 
from the slot may be represented as 


E.(x, y; 20) =V i (z0)er (x, ¥), 
Hi(x, y, 20) 1 (zo) hi (x, y). 


V, and J; are the dominant-mode voltage and current, 
respectively, at terminal plane 7;(s=29), and e:(x, y) 
and h,(x, y) are the transverse vector mode functions 
appropriate to the Hio mode in rectangular wave guide. 
In the half-space region an infinity{ of spherical modes 
can be propagated ; but the transverse vector fields may 
be approximated at a far terminal plane 72 by! 


(2.1a) 


N 
roEt2(ro, 8, 6)=Vo2(roe2(, d+ VUi(ro)e:(6, $), 

: (2.1b) 
roHr2(ro, 8, 6)=T2(ro)h2(6, d) +L $:(r0):(6, $), 


where U,(ro) and 9;(ro) are the ith spherical-mode 
voltage and current, respectively, at termina! plane 
T2(r=ro), ¢:(0,¢) and §,(@,¢) are the transverse 
vector mode functions appropriate to the ith mode in 
the spherical guide [Eqs. (2.13) ], and r, 6, @ are spheri- 
cal coordinates with the x axis taken as the polar axis. In 
view of the linear nature of Eqs. (2.1) and of the 
Maxwell field equations we may write the relationship 
between the mode voltages and currents at 7; and T2 as 
follows: 


N 
W=2nhtZeletD ZiiSi, 


N 
Ve= Zalit+-Zele+D 2:4 i, 
(2.2) 


N 
Vu=ZyitZyolot » a Zid: 


The coefficients Z ;; are called the impedance coefficients 
for the multiterminal equivalent circuit representative 
of the coupling slot. 

WIt is now assumed (see Sec. III) that out of the 
“infinity” of spherical modes only one (identified by 
subscript 2) is strongly excited and is reflected ap- 
preciably by obstacles§ placed at terminal plane 7» or 


t Actually the number of significant modes radiated by a finite 
source is finite (see Appendix). 

'N. Marcuvitz, Waveguide Handbook (McGraw-Hill Book 
Company, Inc., New York, 1951), Sec. 1.8. 

§ As stated above only large concave obstacles are treated com- 
pletely in this manner. Small obstacles require a further treatment. 








beyond. Thus, all the other spherical transmission lines 
may be considered to be terminated in a match at 7>. 
The mode voltages and currents on the latter need not 
be explicitly exhibited since they are related as follows: 


VU;= 50:9; (2.3) 


where 3; is the characteristic impedance for the ith 
mode transmission line. Thus, Eqs. (2.2) reduce to 


Vi=ZilitZils, 


(2.4) 
Vo=ZalitZool>, 


where Z,;, Zo2, and Zi2=Z2: are now the impedance 
parameters of the four-terminal equivalent circuit for 
the coupling slot. The definition of voltage and current 
is such that power flows into the network from both 
sides. 

To derive explicitly the equivalent circuit parameters 
for the slot it is necessary to obtain on each side of the 
slot complete field representations that satisfy the 
Maxwell equations and possess continuous tangential 
field components in the slot itself. The desired field 
representations are determined by replacing the slot 
discontinuity by an equivalent magnetic current dis- 
tribution M flowing on a perfectly conducting surface.” 
Thus, the problem of finding the fields in both region 1 
(rectangular wave guide) and region 2 (spherical wave 
guide) in the presence of the aperture discontinuity may 
be re-expressed as a simple Kirchhoff-type problem of 
determining the fields resulting from source distribu- 
tions in two separate and discontinuity-free geometries. 
The equivalent source distribution replacing the effect 
of the slot is related to the slot electric field E by 
M=ExXn where n is a unit vector normal to the slot 
surface and pointing into the region in question. The 
slot tangential electric field EXn is not known explicitly 
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2S. A. Schelkunoff, Electromagnetic Waves (D. Van Nostrand 
Company, Inc., New York, 1943), Secs. 4.5 and 6.13. 
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but is given implicitly in terms of an integral equation, 
as will be shown below. 

The two separate geometries equivalent to the original 
configuration in Fig. 2 are shown in Fig. 3(a). The 
problem in region 1 is that of finding the fields every- 
where in a rectangular wave guide terminated in a short 
circuit at s=0 and excited both by a wave incident from 
s=—o and by a magnetic current distribution M; at 
z=0. In region 2 the problem is that of determining the 
fields everywhere in a spherical wave guide (whose 
transverse cross sections are bounded by the infinite 
plane) excited by a dominant spherical-mode incident 
from r= and by a magnetic current distribution 
M.(=—M,) on the guide boundary. Since M:= — M2 
insures continuity of electric field in the slot, only the 
requirement of continuity of the tangential magnetic 
field in the aperture plane remains to be imposed. 

Since the aperture plane is transverse relative to 
region 1, consideration of the transverse fields in region 1 
suffices. In terms of a complete orthonormal set of 
transverse vector mode functions the transverse fields 
may be represented as 


E(x, y, 2) = Vi(z)ei(x, y) +>’ Vi(z)ex(x, y), 
i (2.5) 
Ha(x, y, 2)=h@hi(s, y)+X’ 1:(@)hi(a, »). 


The subscript 1 identifies the dominant Hj» mode|| in 
rectangular guide ; the summation is to be taken over all 
(E and H) modes except the dominant, i.e., over all 
higher modes. Whenever necessary, the E modes are 
denoted by single primes and the H modes by double 
primes. In view of the orthonormality of the vector 
mode set the mode amplitudes V; and /; are given by 


V>;= f [Eccass, [;= f fue h,dS,, (2.6) 


where the integration extends over the complete trans- 
verse guide cross section S;. The transverse vector 
mode functions e; and h; are derivable for E modes 
from scalar functions as follows :* 





e;/= _ Vai, 
0 0 
h,’= ZX e,'; Vi=Xo—+ Yo, 
Ox oy 
2 1 MEX, MNT; 
@, = — ——___—_ sin sin ; 
x b av} a b (2.7a) 
( m#-+0%-) 
a b 
m,n=1,2,3---, 
a b 


m=t+-, nN=yt-; 
See ore 


|| Throughout this paper the notations E and 7M modes, and 
H and TE modes, respectively, are employed interchangeably. 
3 See reference 1, Sec. 1.2, Eqs. (3), (4), Sec. 2.2, Eqs. (1), (7). 
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for H modes, 


h,;’= —Vai; e;’=h," XZ, 








(€m€n)? 1 Max, = NT; 
= — ———————- cos cos——, 
T b a\} a b 
( m+ i) (2.7b) 
a b 
m,n=0,1,2,3---, mode m=n=Oexcluded, 


ém=1, M=0; Emp=2, m+0, 


where 7 stands for the double index (m, m), xo and yo are 
unit vectors in the x and y directions, a and b are the 
rectangular guide dimensions parallel to the x and y axes 
in Fig. 2, respectively. The origin of the coordinate 
system xyz is located at the guide center. 

The mode voltages and currents V ; and J; satisfy the 
transmission line equations‘ 





Saal 
= = ]KiLZi cht, 
dz 
(2.8) 
dl, 
——= jx: ¥ Vit $5, 


where for E modes, 
xi = (P—R,;”)', V'=1/Z,'=we/x;’, k=w(ue)', (2.8a) 
and for H modes, 


” e tI 4 7 a sor 7... ” 
Ki = (R—Ri”)*, LZ =1/V " =op/ni’, 


mr\? snr? (2.8b) 
k.?@=k,/"= (=) + (~) : 
a b 


The source terms 2; and 7; in Eqs. (2.8) arise from the 
presence of the sources in the region. Since, in the 
present instance, the magnetic source currents M, are 
transverse [ Fig. 3(a)] the source current terms i; are 
not excited and the source voltages »; are given by 


(0) = f f M,(x, y,0)-hi(x,y)dS1; i,(0)=0, (2.9) 


where the integration extends over the aperture surface. 

The transmission line Eqs. (2.8) for region 1 permit 
the dominant mode network representation shown in 
Fig. 3(b). The source term 1 acts as a voltage generator 
in the transmission line, and the incident wave from 
z= — © is represented by a voltage generator of strength 
2V ine; and internal impedance Z;. Vince; is the amplitude 
of the dominant mode incident wave at 7;, where 7; is 
taken to be an integral number of guide wavelengths 
away from the plane z=0. The network applies to the 


4 N. Marcuvitz and J. Schwinger, J. Appl. Phys, 22 (1951), pp. 
812-813, Eqs. (3.10) and (3,12), 
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higher modes as well except that Vinc;=0, since only a 
dominant mode is assumed incident. Thus, for the 
higher modes, the voltage generator v; sees a matched 
load so that the higher mode currents J; at z=0~ are 
immediately given by 


I(0-)= - Y ,(0). (2.10) 


After substituting for v; from Eq. (2.9) one writes the 
transverse magnetic field in Eq. (2.5) at the aperture 
plane as 


Hi (x, ¥; 0-)= Thy (x, y) 


—f fe. y, O-; x’, y’, O)-Mi(x’, y’, O)dS’, (2.11) 


where 


B, (x, y» oO; x’, y’; 0) as p Oty Y jh,(x, yh, (2’, y) (2.11a) 
is the dyadic susceptance of guide 1. The integration 
variables in the aperture have been primed. B, is an 
imaginary quantity since for the higher modes the 
propagation constant «;, and therefore Y ;, is imaginary. 
I,(0-) is identical with J,, the dominant mode current 
at T,, since 7; is an integral number of guide wave- 
lengths away from z=0. 

The determination of the fields in region 2 is some- 
what more complicated since, relative to the spherical 
guide, the aperture is located on the guide boundary so 
that it constitutes a longitudinal discontinuity. The 
tangential magnetic field at the slot is thus not trans- 
verse relative to the spherical guide so that an expression 
for the total magnetic field must be developed. The 
total electromagnetic fields in the spherical wave guide 
may be represented in terms of a complete orthonormal 
set of transverse spherical vector mode functions as 
follows :! 


rE(r, 0, 6) = Vo(r)e2(6, 6) +Za2l2(r)er2(0, >) 
+QULVi(r)e:@, o)+ 5:9: (r)e,:(6, ¢) |, 
rH(r, 6, >) _ T2(r)h2(8, ¢)+ Y 2Vo(r)h2(8, >) 
(2.12) 
+D'L9:(r)b:0, o)+ Y.iV:(r)b,:, ¢) |, 


— jn(n+1) 


— jn(n+1) 


TWE  s rw 


, t=(m,n). 


The subscript 2 identifies the “dominant” H», mode 
(Section III) in the spherical guide (i.e., that mode 
which is so strongly excited that it alone need be con- 
sidered at the far terminal plane T.). The summation 
extends over all E and H modes except the dominant 
mode. The script lettering designates higher mode 
quantities in the spherical guide. (Wherever it is neces- 
sary, the E modes will be distinguished by single primes 


and the H modes by double primes.) The spherical 
vector mode functions are derivable from scalar func- 
tions as follows:! 


e/ =—7,V®;,; i =roXe,’; 








Vi-e;” 
¢,/=r } bh,’ =0, 
n(n+1) 
1 (2.13a) 
wo n™(cos@) sinm® ; 
m=(), 1, 2-- ‘nm; n=1,2--- 
for E modes, and 
6 =—riVpis; 0’ =i X10; 
Vi-b;” 
= r e,;’=0 
n(n+1) 
1 (2.13b) 
oats n™(cos@) cosm®@ ; 
m=0,1,2---n; n=1,2--- 


for H modes. The transverse gradient is defined as 
either 


10 1 @ 
1V=6.- —+ ¢o— —, 
r 00 r sin@ dd 


re) 
V.= (— — ~ sin ) + (— ~t) (2.13c) 
r sin@ 06 r sind dd 


and the nenmaliention constant NV; is given by 





or 








2x n(n+1) (n+m)! 1, m=0 
N?=— > en= , (2.13d) 
ém (2n+1) (n—m)! 2,m+0 





ro=r/r, 9, do are unit vectors in the 7, 0, ¢ directions, 
respectively, and P,,”(cos@) is the associated Legendre 
function of order m and degree m. The scalar mode 
functions ®;, and y;, are appropriate to the coordinates 
shown in Fig. 2, with the polar (x) axis in the infinite 
plane. They differ from the free-space mode functions in 
the Waveguide Handbook (Sec. 2.8, Eq. (89)] in view 
of the different boundary conditions imposed by the 
half-space. The half-space could also have been charac- 
terized by a spherical coordinate system whose polar 
axis is perpendicular to the infinite plane, thus treating 
the region as a conical wave guide of aperture 09= 2/2. 
However, the former choice of coordinates leads to a 
simplified description of the mode picture in the half- 
space (see Sec. III). 


The spherical mode voltages U; and currents 9; 


satisfy transmission line equations analogous to those in 
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Eqs. (2.8): 
— _ Kis 5:9: +0y, 
dr 
(2.14) 
dg; , 
—— = xis YVs+h, 
dr 
where, for E modes, 
n(n+1)}3 
amen OMT, 
r? 
(2.14a) 
Kis ~k, kr>>n; k=w(ue)}, 
Y= Y,' (r) =1/ 3, =we/kis’, 
and for H modes, 
Kis =Kie, 35 =1/Y "=p /is”. — (2.14) 


Equations (2.14) apply also to the dominant mode. The 
dependence of the propagation constant x;, and charac- 
teristic impedance 4; on the longitudinal variable r 
indicates that a spherical transmission line is non- 
uniform. The source terms 0; and i; may be related to 
the magnetic source current distribution Mz as in the 
uniform guide case (see Appendix). As in the latter case 
the transmission line Eqs. (2.14) permit a schematic 
representation which is shown in Fig. 3(b) for the 
dominant, mode. The calculation of the spherical mode 
voltages and currents in the aperture in region 2 is 
more complicated than the corresponding calculation in 
region 1 since for the latter, the aperture is not confined 
to a transverse surface. It is shown in the Appendix 
[Eq. (A23)] that the total magnetic field at any point 
in the half-space is given by 


H,(1) = — Ish; (r)— f f CY a(r, r’) 


— nh.“ (r) ho (r’) ] ° M,(r’)dS’, (2.15) 
where 


VV) ett e-#'1 


BJ |r—1’| 





jue 
Y,(r, r=Y,(r', = (14 (2.15a) 
T 


is the dyadic admittance of the half-space, and 
rhs (1) = jy’ (br)ha 0, 6) — iY ain(kr) ha, 4), 
n=1/5= (€/u)}, 
ji(kr) = (wkr/2)*J,(kr) = (sinkr/kr)—coskr, 
ji’ (kr) =[d/d (kr) Jj (hr). 


The amplitude J,= —J2(ro) of the dominant mode cur- 
rent refers to the terminal plane 7; located at a radius 
ro= (4q+1)d/4, where q is a large integer. (r) stands for 
(r, 0, @). J is a unit dyadic such that 7-A=A-I=A. 


(2.15b) 


FELSEN AND N. 


MARCUVITZ 


The dyadic kernel in the integral in Eq. (2.15) con- 
sists of the half space dyadic admittance minus another 
term. The half-space admittance takes into account the 
entire field scattered by the slot, including that of the 
dominant spherical mode. The subtracted term repre- 
sents the real (conductive) part of the dominant mode so 
that the dominant mode part in the kernel is purely 
reactive. It is shown in Sec. III that for the slots under 
consideration the real power carried by the higher modes 
is very small compared to that carried by the dominant 
mode. Thus, the real parts of the higher mode terms in 
the kernel make small contributions to the integral, so 
that the kernel is approximately reactive (imaginary). 

The solutions (2.11) and (2.15) for the magnetic fields 
in regions 1 and 2 can now be connected by invoking the 
continuity of the tangential magnetic field in the 
aperture. Equating the tangential components of H (or, 
equivalently, z»<H), we obtain the integral equation 
for the tangential electric field E in the slot 


T\toX hy(r) + TotoX he (r) 


=ux f [K¢, r’)-zoX E(r’)dS’, (2.16) 


r in aperture, where 
K(r, r’) = K(r', r) = Y,(r, r’) 
+B,(r, r’)—nh2 (r)he(r’)  (2.16a) 


and where it has been recognized that in view of the 
continuity of the tangential electric field in the aperture, 
M,= —EXz=— M2. The integral Eq. (2.16) for the 
total tangential electric aperture field can be reduced to 
two simpler integral equations for the partial electric 
fields E® and E® which are related to the total tan- 
gential field by 


E(r)=1,E (r) + 12E® (1). (2.17) 


Equation (2.17) is justified because of the linear nature 
of Eq. (2.16). It is apparent that E=E® when J,=1, 
I,=0, and E=E® when J;=1, J,;=0. Thus, E™ is the 
aperture field when an unit amplitude current is applied 
at terminal plane 7; and an open-circuit at terminal 
plane 72; the converse is true for E®. Upon substituting 
Eq. (2.17) into Eq. (2.16) and equating like coefficients 
of I, and Iz (which are independent of one another), one 
obtains the following two integral equations: 


toXhy(r) = 0X f f K(r, r'):20XE(r’)dS’, (2.18a) 


ap 
r in aperture, 


zoX hi(r)= 0x ff KG, r’) -%X E® (r’)dS’. (2.18b) 


ap 


If Eqs. (2.18) are multiplied in dot product fashion by E 
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and the result is integrated over the aperture, one 
obtains the desired network Eqs. (2.4), in view of 
relation (A17) in the Appendix 


Vo= f f mXE(r)-hy(r)dS’ (2.19) 


and Eqs. (2.17) and (2.6). The impedance parameters 
are given by 


tf fron -hydS 
“spp -K-mX E®, 
las f f 1X E® -hy dS 
ap 
= f fas f [asaxB-K-nxB®, (2.20) 
ap ap 
tux f {nx E® -hidS 
ap 
=f fasf [as'ox E®. K-29 E® 
ap ap 
=f fasrh-20x E® =Zo. 


ap 


Zi, Z12, Z22 are the desired impedance parameters for 
the slot coupling the rectangular wave guide with the 
spherical wave guide. The equivalent circuit is valid 
between reference plane 7, in the rectangular guide and 
T; in the spherical guide (see Fig. 4). Reference plane 7; 
is located a large integral number of guide wavelengths 
away from the slot; reference plane T: is located at a 
radius ro= (4g+1)A/4, where q is a large integer. 

In order to evaluate the equivalent circuit parameters 
from Eqs. (2.20) the partial fields E® and E® must be 
known, i.e., the integral Eqs. (2.18) must be solved. An 
exact solution of these integral equations is extremely 
difficult. Thus, it is desirable to employ a variational 
formulation for the equivalent circuit parameters which 
is not sensitive to the exact nature of the fields and 
hence forms the basis for an approximation procedure. 
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Fic. 4. Equivalent circuit for slot. 


Such a formulation is obtained by rewriting Eqs. (2.20) 
as follows: 


[fas f fesnx E® -K- ZoxX E® 
ap ap 


Zn 2 
J f dS 1X Bh] 
-. f ds f J dS't9X E® -K-19X E® 


py 
| f f dS 2X Eo 0] (2.21) 
ap 
f fas Jossse> neem 
1 


ie j J mens ] J f dSuxE® 0] 


The variational expressions (2.21) for the impedance 
parameters are not only independent of the magnitude 
of both E® and E® but are independent of first-order 
variations of the fields about their correct form as well. 
This latter property is a consequence of the integral 
equations (2.18) and (2.20). 











III. SPHERICAL MODES EXCITED BY THE 
RECTANGULAR SLOT 


In Sec. II the equivalent circuit parameters have been 
derived for a slot coupling a rectangular wave guide 
with a half-space, the latter being considered as a 
spherical wave guide. The derivation is based on the 
assumption that the half-space can be regarded as a 
single spherical transmission line; it is implied hereby 
that a dominant mode is excited so strongly in compari- 
son with all the other modes that it alone is needed to 
approximately specify the fields at the far terminal 
plane 7». In this section it will be shown that this one 
mode assumption is justified for centered, narrow, 
rectangular slots, especially if the slots are short. It is 
also shown that two spherical modes specify the far 
fields almost completely for longer slots. 

In order to determine how many spherical modes are 
needed to specify the far fields radiated into the half- 
space by a centered narrow rectangular slot, the 
spherical mode and closed form representations of the 
far fields will be compared. The radiated field is given in 
closed form in Eqs. (2.15) and (2.15a), with a dominant 
spherical mode incident from infinity. For the present 
considerations, no incident field need be contemplated ; 
the spherical guide is matched at terminal plane 7», 
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Fic. 5. Slot geometry. 


i.e., —Ig=nV>2. In view of Eqs. (2.15) and (2.19), the 
field everywhere radiated by the slot is, therefore, given 
by 


H,(r)= f f Y,(r, r’)-20X E(r’)dS’. (3.1) 


_ In the far region r>r’, |r—r’ | ~r—r’ cosy, where ¥ is 

the angle between the vector r’ in the aperture plane and 
the vector r defining the far observation point. Thus, to 
order 1/r, the far magnetic field may be written in 
closed form as 


jwe ei 
H, (r) Pe panee 


T r 





(I— roto) 


sf fuxkoen” cosy’, (3.2) 
ap 


The far field is transverse with respect to the r direction 
since (J — roto) = (890+ ¢o¢o) is a transverse unit dyadic. 
Since the primary purpose of the present section is the 
comparison of closed form and spherical mode repre- 
sentations of the far field, it is sufficient to specify an 
appropriate aperture field z»XE. In view of the sym- 
metry of the configuration (see Fig. 5) and the nature of 
the incident dominant mode field in the rectangular 
guide, a reasonable assumption is that 


E(r’) ~yoE» cos(rx’/a’), (3.3) 


where a’ and 0b’ are the slot dimensions. The aperture 
plane is defined in spherical coordinates by ¢’=0 for 
y'>0 and ¢’=z for y’ <0. In view of the relations 


y=r sind cosp,z=rsin# sing, x=r cosé, (3.4a) 

one finds that 
r’ cosy=(r-r’)/r=y’ sind cosp+-’ cos#, for ¢’=0, 7. 
(3.4b) 
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The result of evaluating the simple integrals obtained 
upon substituting Eqs. (3.3) and (3.4b) into (3.2) is as 
follows :5 


H;(r)~6of (r) 
sin[ (kb’/2) sin@ cos¢ | cos[ (ka’/2) cosd] 











, (3.5) 
(kb’/2) cosd[1— (ka’/2)? cos?) 
where 
jwea’b’ e~i*r 2x 
f()= Eo, k=—=w(ue)' (3.5a) 
r  *F nN 


and where it has been recognized that 09-x9=—siné, 
¢o°Xo=0. The angular function in (3.5) has been 
normalized so that its maximum magnitude (for 0=¢ 
= 1/2) is equal to unity. For narrow slots, (kb’) is small, 
so that (3.5) can be written as 


cos[ (ka’/2) cosé ] 
H.(r) = 0of(r) sind— 
1— (ka’ /2)* cos?0 





, (kb’) small; (3.6a) 


if a’ is small as well, 


H.(r)~@of(r) sind; (ka’), (kb’) small. (3.6b) 


The angular dependence and direction of the far field in 
(3.6b) is the same as that due to a magnetic dipole 
located at the origin of coordinates on the infinite plane 
and directed along the x axis. For longer slots, Eq. (3.6a) 
indicates that the far field behaves like a dipole field, but 
modified by a factor whose importance depends on the 
magnitude of (a’/X). 

Since the far fields are transverse to 0(1/r), the 
spherical mode expansion for the far magnetic field is 
given by Eq. (2.12) as 


rHla(1)~Te()h2@, +E $.(6.0, 6), large. (3.7) 


The mode currents computed from the network in 
Fig. 3(b) are listed in Eqs. (A9) of the Appendix; their 
far values are readily deduced from these expressions. 
The magnitudes of the currents relative to one another 
distinguish the strongly excited modes from the weakly 
or nonexcited ones. In view of the simple symmetry of 
the source, it is also possible to select the predominant 
modes by inspecting the far field structure. One notes 
the fact that the far field described by Eqs. (3.6) is 
approximately independent of ¢ and that the modes 
excited are mainly H modes, since the source is charac- 
teristic of a magnetic dipole directed along the « axis at 
the origin of coordinates (such a dipole excites a 
transverse electric field). The mode functions for the 
significant modes are those [see Eq. (2.13b) ] for which 
m=( (symmetry in ¢) and which are even functions of 


5 See W. R. Smythe, Revs. Modern Phys. 20, 175 (1948), Eq. 
(25); result for polar axis perpendicular to the infinite plane. 
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cos? (symmetry about the plane @=7/2). Since 
P2141(cosé), / integer, is an odd function of cos@, its 
derivative is an even function; therefore, the mode 
number ” must be odd so that the strongly excited 
modes are Hon, n odd. The lowest mode Ho, the 
magnetic dipole mode, has been designated by the 
subscript 2 in the text. For the first two lowest H modes 
the mode functions are, from (2.13b), 


3\} 
Hor” (0, ¢) = h. (8, ¢) _ 0,(—) sind, (3.8a) 


T 
1/7\3 
hos’ (0, o>) = w-(—) sind [15 cos’*@—3]. (3.8b) 
4\6r 


The far values of the H mode currents as obtained 
from Eqs. (A9) in the Appendix are 


42" ()~jnhn® (kr) f f M,(r’)-§/’ (x’)as’, 
M2= EX 2%, (3.9) 


74.” (t) = jn! Br). 0,4) —58V sin EDO” 0,4), 


h,® (kr)~j™He-ikr,  (3.9a) 


The integrals obtained upon substituting the field (3.3) 
and the appropriate mode functions into Eqs. (3.9) are 
readily evaluated if the power series expansions for the 
spherical Bessel functions j,, are employed. The resulting 
series converges quite rapidly over the range of slots 
b’<a’. One obtains 


10)= $6!" jb (- ei 
GIG) 
(COT 0 
won nda (Zen) 
«()-) 1G) ] 
(PACD 000 


Thus, the Ho, mode contribution to the far field is given 











by 


Ts r h. 6, 
Hay" 


2/a\7/r wb’? 
NEE} 
5\A 4 6 \a’ 
where f(r) is given in Eq. (3.5a). For small slots Eq. 
(3.11) is identical with (3.6b). Therefore, the dominant 
(dipole) mode characterizes almost completely the far 
field radiated by a small rectangular slot excited by an 
electric field in the y direction. 


The combined contribution to the far field of the Ho. 
and Ho; modes is 


= Oof (r) sind 


1 
Hoi’ + Hos” ~—[Teltet+ 903""bo3"” | 
r 
oseoro|-(=)[E(S) 
= 0p sini —{—)Ii-—(— 
ia N 12\a’ 
a 5’ 
+3 cos( rt—8———) | tee , (3.12) 
6 a”? 


In order to determine how closely Eqs. (3.11) and (3.12) 
approximate Eq. (3.5), the gain patterns derived from 
each of these equations have been plotted for a series of 
narrow slots (Fig. 6). The slot widths are constant and 
equal to 6’/A=0.095; the slot lengths are a’=)/4, 
a’=}/2, and a’/A=0.714. The plots represent the 
angular variation of the squared field magnitudes in 
two principal planes: 0=2/2 (E plane), and ¢=2/2 
(H plane). It is seen that the quarter-wavelength slot in 
Fig. 6(a) excites to good approximation only the domi- 
nant Ho; mode. For the half-wavelength and larger slots 
in Figs. 6(b) and 6(c), the dominant mode approxima- 
tion becomes progressively poorer. However, even for 
a’/\=0.714 (corresponding to a wide open slot a’=a in 
a rectangular guide 0.40.9") the discrepancy be- 
tween the dominant mode and closed form results for 
the field amplitude in the forward direction is at most 10 
percent. Thus, for narrow slots the replacement of the 
half-space by a single dominant mode transmission line 
is justified as a first approximation. It is also seen that 
for all the slot lengths considered, the combined Ho; and 
Ho; modes represent the radiated field very closely. 
Comparisons were also made for wider slots. For 
b'/A=0.19 the worst discrepancy (for a’/A=0.714) be- 
tween the closed form and dominant mode values for H 
in the forward direction is 12 percent; the two-mode 
approximation agrees to within 3 percent. A marked 
effect of the greater slot width is a sharpening of the E 
plane pattern which cannot be accounted for by the 
azimuthally symmetric Ho; and Ho; modes. 

An important feature of the two-mode approximation 
(3.12) is that although the Hos mode noticeably in- 
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Fic. 6(c-1). E plane; a’/A =0.714, b’/A =0.095. 






































Fic. 6(b-2). H plane; a’/A =0.500, b’/A =0.095. 
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Fic. 6(c-2). H plane; a’/\ =0.714, b’/A =0.095. 


Fic. 6. Gain patterns for various slots. 


fluences the gain pattern (for long slots) it carries a 
negligible fraction of the radiated power. The radiated 
power is given by 


P=Ref { E(e)xH*(1)-rais 
s 


=r f [ml rag, dQ=sinédédd, (3.13a) 
8 


where the integration is carried out over a hemisphere 
with large radius, and the far field relation E= E,=¢H, 
X ro has been employed. If the spherical mode expansion 
(3.7) is substituted into (3.13a) one obtains, in view of 
the orthonormality of the mode set §; over the angular 
domain 2 (or, more readily, from the transmission line 
picture), 


P=sC|fol*-+E1 4412) 


=| Z2|*1+ (| $os’"|?/|Z2]2)+---]. (3.13b) 
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For the slots considered in Figs. 6a, 6b, 6c, the values of 
the Ho3/Ho1 power ratio | Sos | 2/ | I,|? are 0.0012, 
0.0026, and 0.0124, respectively. The, at first glance, 
surprising sensitivity of the gain pattern to slight traces 
of higher mode power is analogous to the corresponding 
sensitivity of standing wave ratio to slight traces of 
reflected power. In the former case an “angular”’ inter- 
ference between spherical waves obtains, whereas in the 
latter the interference is between incident and reflected 
waves. 


IV. EVALUATION OF THE EQUIVALENT CIRCUIT 
PARAMETERS 


A. Theoretical Evaluation 


The rigorous expressions for the equivalent circuit 
parameters of the slot coupling the rectangular wave 
guide to the single-mode spherical wave guide are given 
in Eqs. (2.21). Their evaluation requires the knowledge 
of the partial fields E® and E®. It was pointed out in 
Sec. II, that E™ is the actual slot field set up by an unit 
dominant mode current at 7; in the rectangular guide 
when an open circuit is placed at terminal plane 72 in 
the spherical guide. The converse considerations apply 
to E®. In view of the symmetry about the x and y axes 
of the dominant mode fields in both wave guides, the 
fields E® and E® are similar in form. Thus, on use of 
the approximation that both E® and E® are pro- 
portional to E, Eqs. (2.21) become 


J fas f fastaxb- K-20 
1 ap ap 


Oe 


— 2 
| ff ox mas] 
ap 
(4.1) 
f fas f fasaxB-K-20xE 
ap ap 





oe 





1 
Zn 
| f fexe-nas]| f faxE-heas 
ap ap 
Z11Z22—Z 12" = 0. (4.1a) 


The validity of the above-mentioned approximation 
may be tested by examining the inhomogeneous terms 
of the integral Eqs. (2.18). The vector mode function 
for the dominant H 1 mode in rectangular guide is given 
by [see Eq. (2.7b) ] 


A 


2\' «wx 
hi (x, y) = hor” (x, s)=xo(—) cor, (4.2) 


a a 


while that for the dominant spherical mode is given in 
Eq. (2.15b). Evaluated in a small slot, these mode 
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functions are 


2.3 
hi~xo(—) ’ 
ab 


3\3 3\3 
hy ~ #(—) (Oo sind— To cos@) << (—) Xo, 
An 4 


T 


(4.3) 


ie., hyx ho, approximately. Thus, the field approxi- 
mation is justified to first order for small slots. 
Equations (4.1) are employed most advantageously 
in connection not with the circuit shown in Fig. 4, but 
rather with the alternative circuit in Fig. 7(a) which 
reduces to that in Fig. 7(b) in view of the approximate 
relation (4.1a). The parameters of the approximate 
network in Fig. 7(b) are given by [see (2.16a) ] 





1 
—=Vy=Y1-1/n’, (4.4a) 
ll 
f fas f fasrax E ° [Y.+B, ] * ZoxX E 
ap ap 
Y,= , (4.4b) 


2 
Lf fas oXxE-hi] 
f fes zX E-hy 
ap ; 


n= -, (4.4c) 


f fas ZoX E-h,” 


ap 
The admittance Y;, is the (two-terminal) input admit- 
tance of the slot radiating into an unterminated half- 
space (matched spherical transmission line), and its 
variational evaluation from (4.4b) is known.® The term 
n/n® represents the radiation conductance for the domi- 
nant spherical mode as seen from the rectangular guide. 
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Fic. 7(a). Alternative re- vil zy tve 
presentation for slot. —_ o 
T Te 


2 
4=2Z)\Z22 -Zj2 , N=Zy/Z2 


6 A. A. Oliner ef al., “Equivalent Circuit for Slots in Rectangular 
Waveguide,” Microwave Research Institute, Polytechnic Institute 
of Brooklyn, August, 1951, Chap. III, Sec. D-4. 


Fic. 7(b). Approximate 
network. 
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Fic. 8(a). Hemispheric termination. 
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Fic. 8(b). Slot structure. 


As pointed out in Sec. III the dominant spherical mode 
carries by far the major portion of the radiated power, 
i.e.; it makes up the major part of the radiation con- 
ductance. Therefore, the shunt admittance Y,; should 
be practically lossless and equal to the radiation sus- 
ceptance of the slot. This,is confirmed by the calcu- 
lations. 

For the approximate evaluation of the turns ratio n, 
the trial field in Eq. (3.3) will be employed. The 
numerator integral in Eq. (4.4c) is found to be 


J fasax E-h, 
ap 
2 \) pv a’ /2 os! ox 
= -x(—) f ay f dx’ cos— cos— 
ab/ J-w 2 a’ /2 a’ a 


2\'2a’b’ 1 Ta a’ 
a -2(—) — cos—, a=—. (4.5) 
xr i-a 2 a 





The integral in the denominator of Eq. (4.4c) has 
already been evaluated in connection with Eq. (3.10a). 


-Thus, the turns ratio m is given by 


4s 6\3 
“abs) 
cos(ra/2)/(1—a 


Ole) Or 


n is negative, i.e., V; and V2 are 180° out of phase. It is 
readily checked that this represents the physical picture 
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correctly. Namely, if V; is positive the dominant mode 
electric field in the rectangular guide E,= Ve, is di- 
rected along the (— y) axis. The corresponding dominant 
mode electric field in the spherical guide rE.= Ve, 
= —|V2|e2 points in the + ¢o direction as it should. 


B. Experimental Verification 


To check the accuracy of the equivalent circuit 
representation shown in Fig. 7(b) and the corresponding 
parameter values given by Eqs. (4.4), the four-terminal 
network between the input plane 7) and output plane 
T2 in Fig. 2 was determined experimentally. Measure- 
ments were performed on a series of slots in a rec- 
tangular wave guide of inside dimensions a=0.900 in., 
b=0.400 in. at a free-space wavelength \= 1.26 in. = 3.2 
cm. Four input measurements corresponding to four 
different output terminations were taken for each slot. 
The known output terminations were a match (un- 
terminated half-space), and three different lengths of 
short-circuited spherical wave guide, the latter being 
realized by three metallic hemispheres of different 
radius. The four-terminal network as obtained from an 
analysis of the input-output relations corresponding to 
the three hemispheric terminations was expressed in the 
form shown in Fig. 7(a). The network parameters then 
were checked against a fourth measurement corre- 
sponding to the freely radiating slot. 

The three hemispheric terminations, shown in Fig. 
8(a), were made by boring a hemispheric cavity into 
solid brass stock on a lathe. The rims of the cups were 
insulated with thin mica in order to eliminate the 
possibility of nonuniform contact between the rim and 
the aperture plane. The aperture structure itself was 
made especially rigid by first milling the slot into a 
thick brass plate, soldering the wave guide to it, and 
then turning the face of the plate down on the lathe 
until the aperture thickness was about 10 mils. [A dia- 
gram of the slot structure is given in Fig. 8(b) ]. In this 
manner, possibility for uneven contact between the 
insulated cup rims and the slot plane was minimized. 
The cups were centered with respect to the slot by the 
use of guide pins and were held to the plane with C- 
clamps. For the measurement of the freely radiating 
slot the slot structure was fitted into a hole of the same 
dimensions in a 4 ft 6 ft} in. copper plane. 

The relationship between the dominant mode voltage 
reflection coefficient at the origin (r=0) and any other 
point r=7p in the spherical guide is given by' 


1, (0) = —T'y(ro)e—2F 0) (4.7) 
where 


ny (ro) 
| - ; 
ji (kro 





| au (kr) ~ kr— mw, kr>>1. (4.7a) 


(The subscript 1 refers to the »=1 mode.) If ro is taken 
to be the radius of one of the hemispheric cups, then 
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l':(ro) = —1 so that 


T',(0) = ¢~7201( kro), (4.8) 


I, (0) is particularly simple if 7; is chosen to be — 7/4, 0, 
m/4. The corresponding values for the reflection coeffi- 
cient at the origin are 


(a) 7(0)= +7; (b) T10)=+1; (c)T1(0)= — §, (4.9) 


For the wavelength \=2r/k=1.26 in., the radii ro 
yielding the values in (4.9) are found to be 


(a) ro= 1.067 in.;  (b) ro=1.228 in.; 
(c) ro=1.390 in. (4.10) 


The values in Eq. (4.10) are, of course, not unique; they 
were chosen for experimental convenience. It is readily 
seen from Eqs. (4.7) that the dominant mode voltage 
reflection coefficient at r=0 is identical with that at Ts, 
i.e., at r= (4g+1)A/4, g=large integer. For large radii a 
spherical transmission line behaves like a uniform line; 
therefore, the input impedance and input reflection 
coefficient at terminal plane 7; are related as follows: 


Zr, 1+T,(0) 
¢ 1-110) 





(4.11) 


Thus, one obtains for the output impedances corre- 
sponding to the three hemispheric terminations in 
Eq. (4.10) 


Z7; ; Z7, Z7; 
(a) —=+j; (b) —=e; (c) —=-j. (4.12) 
f f f 
The corresponding input impedances in the rectangular 
guide at terminal plane 7; are 
2xd 


=—jtangss<- g=—, 
Zi Ag 


Zina, b,c 





(4.13) 


where A, is the guide wavelength, Z; is the guide 
characteristic impedance, and d is the measured distance 
of the voltage minimum from terminal plane 7;. The 
network parameters Z11, Zi2, Z22 are obtained from the 
solution of the three equations: 


Zi? 


alumina, (4.14) 
Zoot Zr, be 


Zina, bc— Zu- 
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The equivalent circuit so obtained is checked against a 
fourth measurement which yields the input impedance 
for the slot radiating into the unterminated half-space. 
These results, together with the theoretical parameter 
values, are listed in Table I (see Fig. 7 for notation 
employed.) Although expressions for the radiation ad- 
mittance Y,; in Eq. (4.4b) are available,* the values 
listed in Table I are experimental. This was done be- 
cause the purpose of the spherical cup measurement was 
not to check the agreement of Eq. (4.4b) with measured 
results but rather to test the validity of the theoretically 
deduced approximate equivalent circuit in Fig. 7(b) 
whose parameters are given by Eqs. (4.4a) and (4.4c). 

The theoretical value of Z.’ in Table I vanishes under 
the assumptions in Sec. IV for a zero thickness slot. The 
theoretical value of VY,’ is listed as purely reactive. 
Actually slight real parts of the order of 0.02 were 
obtained but discarded, since that order of magnitude 
corresponds to the tolerances put on the measured 
values of Y;. The finite measured value for Z,’ as well as 
the discrepancy between theoretical and experimental 
Y,,’ is at least partly due to the physical thickness of the 
slot. There also exist differences between the directly 
measured input admittances for the unterminated half- 
space and those obtained by terminating the equivalent 
circuit in a spherical line match. (Where the directly 
measured input admittances in Table I do not have real 
parts, the V.S.W.R. was too high to be measured ac- 
curately and was arbitrarily taken to be infinite.) The 
differences between the two results can be attributed to 
a great extent to the tolerances on the equivalent circuit 
parameters. The tolerances resulting from error in the 
input data alone were obtained by computing the 
sensitivity of each parameter to small deviations in 
location of the voltage minimum in the rectangular 
guide and multiplying by the expected possible error. 
These tolerances were found to be of the order of +0.01 
on Vj’, of the order of +0.02 on n, and of the order of 
+(0.25Z2') on Z:’. In addition to errors in the input 
data, there is the possibility of error in the output 
quantities such as to make the output impedances 
different from those listed in Eq. (4.12). Such deviations 
can be brought about by a slightly different radius or 
nonspherical shape for the spherical cups or by noting 
the effect of the thin insulating mica strip on the cup 
rims. Computations to take into account the former 
sources of output error could be made, but it was felt 


TABLE I. Comparison between measured and theoretical values. ¥uy’= ¥ui/¥1, Ze’ =Z2/Z1, ¥i=1/Z1=md/rg. 








Input admittance 





Slot size 3-cup measurement Theoretical (unterminated half-space) 

Computed 
: from equiv. 

b /b a’/a Yi)’ n Z,' Y,)’ n Measured circuit 
0.4 —j641 1.35 + 0.012 — 75.75 1.44 ?— 76.58 0.75—j6.43 
0.4 0.5 ~72.59 1.35 +30.047 —32.30 1.42 ?—J2.80 0.76—72.64 
0.6 —}j0.68 1.36 +30.047 —30.61 1.40 0.77 — 40.67 0.75—30.72 
0.7 +70.196 1.34 +50.037 +70.18 1.35 0.81+90.18 0.77+-50.16 











768 . 8. 


FELSEN 


that the nonprecision nature (three-point method) of 
the measurements did not warrant it. At any rate, the 
agreement between the quantities compared in Table I 
is considered reasonable. 


APPENDIX 


Fields Produced by Arbitrary Sources in a Spherical 
Wave Guide 


The formalism developed for the fields produced by 
arbitrary sources in a uniform wave guide (see reference 
4) may be applied as well to the fields produced by 
arbitrary sources in a nonuniform spherical wave 
guide.’’* In the latter case the Maxwell field equations 
are separated with respect to the longitudinal variable r 
to yield a pair of equations involving only the transverse 
(to r) components of the electromagnetic fields and 
their sources. If the transverse part of the modal 
representation in Eqs. (2.12), with the orthonormal set 
of modes defined in Eqs. (2.13), is substituted into the 
transverse field equations, one finds, after some manipu- 
lation, that the spherical mode voltages and currents 
satisfy the inhomogeneous transmission line Eqs. (2.14), 
where the source terms »; and i; are given by’* 


ei()= f JMo,0, 6)-h@, o)d0 
Q 


—Zuif [r30,0,0)-€ns(0, 640, 
a (A1) 
i= f frre, o)-e;(0, d)dQ 
2 


_ vif frme, 6, b) -h,; (0, 6)dQ, 
a 


dQ=sinédéd is an element of area in the transverse 
domain Q. Since confusion with uniform guide quantities 
does not arise in this Appendix, ordinary symbols are 
employed throughout for the spherical transmission line 
quantities. 

For the case of a magnetic source located at r=r’ on 
the infinite plane defined by ¢=0, m one has 


5(r—1')5(@—¢') 
M(r)=M,(r’, 6, ¢) ‘=0 


x ? » 7, 
r sin@ 





(A2) 
J(r)=0. 


Thus, the strength of the equivalent voltage and current 
generators v; and 7; resulting from a magnetic source at 


7N. Marcuvitz, “Field representations in spherically stratified 
regions,” Comm. on Pure and Applied Mathematics, Vol. IV, 
August, 1951, Sec. 2b, pp. 277-284. 

8L. Felsen, “Spherical Transmission Line Theory,’ Report 
R-253-31, PIB-194, Microwave Research Institute, Polytechnic 
Institute of Brooklyn, January, 1952, pp. 43-48. 
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r=r' on the infinite plane is given by 


v;(r’) - M,(r’) hi’, ¢’) dé’, 


6’ 


¢'=0,7, (A3) 


i(r’)=— raf M,2(r’)-h,;(6’, 9’)dé’, 
‘ 


where r’=(r’, 6’, ¢’) and the integration is extended 
over all source points at radius 7’. 

The equivalent network répresenting the transmission 
line equations and containing the generators 2; and 7; is 
shown in Fig. 3(b). In order to determine the trans- 
mission line voltage V ; and current J ; at every point r in 
the region resulting from a magnetic source at r’, the 
behavior of voltage and current along an homogeneous 
spherical transmission line must be known. The standing 
and traveling wave solution. of the homogeneous 
spherical transmission line equations (with 1;=0= 7;,) is 
given in terms of the spherical Bessel functions by 


Ti(r) 
|= 4 jab) + Bs) 
V i’ (r) 
=C;h, (kr) + Dh, (kr), (Ada) 
—) Vi’ r) 
a |= 155") + Bema! 
— jg" (r) 
=C;h,’ (kr)+ Dh,’ (kr), (A4b) 


Zn(kr) = (wkr/2)*Z n44(kr), 


where Z stands for any of the solutions of Bessel’s 
equation. In contrast to a uniform line, the variation of 
the voltage along a spherical transmission -line differs 
from that of the current for the same mode. It is of 
interest to point out the analogous role of the propaga- 
tion constant in uniform and spherical transmission 
lines. We consider the function h, (kr) (or its deriva- 
tive) which characterizes a spherical traveling wave 
excited by sources at r’ <r. For kr>>n, h,® behaves like 
a traveling wave of unit amplitude; for kr&n, h,” 
«n,«exp[ —m log(2kr/2n—1) ] decreases as r increases 
until the transition region kr ~n is reached. Thus, for 
n<kr, the waves “propagate”? undamped (except for 
the 1/r variation which is implicit throughout); for 
n>>kr, the waves are attenuated. The “propagating” 
and “nonpropagating” ranges correspond to real and 
imaginary values, respectively, of the propagation con- 
stant «x; in direct analogy to the situation in uniform 
guides. 

The relative input admittance (Y ;,/n) [impedance 
(Z:,/¢) |, as seen from a point r, of a transmission line 
unterminated (matched) in the +r direction is given 
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by 
T(r) _ Y 4'(r)) 
nV i’ (r) ” h,® (er) 
=a—j— (AS) 
Vir) Zi" (r) hy’ (kr) 
oi" (r) ¢ 





Since a spherical transmission line ends at r=0, the 
resulting reflection at r=0 demands that the input 
admittance Y jo (impedance Z 9) looking in the —r direc- 
tion from a point r be expressed in terms of standing 
waves (assuming noninfinite values of V and J at r=0) 


as 
Vio'(r) Zio" (r) Jn (hr) 
” Gn! (er) 
Y io (0) = Zio’ (0) =0. (A6a) 





(A6) 


Thus, the origin behaves like an open circuit for E 
modes and like a short circuit for H modes. 

In view of Eqs. (A4)-(A6), the E-mode currents at 
any point in the spherical transmission line represented 
in Fig. 3(b) resulting from the generators v; and 7; at 
r=r' are found to be® 


Ti(r, 1’) =jn(kr)Cjid (r'an’® (hr’) 
vi’ (r’)hn® (Rr’)], <r’, 

Ii (7, 1’) =n (kr) [jad (r'Vjn' (er’) 
—vi' (r’)jn(kr')], >’. 


Since V; and J; satisfy homogeneous transmission line 
equations for r+r’, the voltages are given by 


(A7a) 


, jg d T , 
Vi(r,r)=——I/(r, 1’). (A7b) 
k dr 


For the H modes the pertinent equations are derivable 
from Eqs. (A7) if the following duality replacements 
are made 


>) - =- = P 
V/- a [{-V i"; vi", 


i,'—;", tn, 7-6. (A8) 
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Fic. 9. Domains of integration. 
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* See reference 8, Eqs. (119). 


The total scattered mode voltages and currents V ; and 
I, are obtained by integrating V ; and J; over the source 
region 7’. If the expressions (A3) for the source terms 
are employed, the result is found to be 


V(t) = —jha'® (kr) f f dS'Mo(r’) hf (r’) 
— jjn'(kr) ( ['as'Ma(r')-h’ (”), 
iJ 
I/(r)=—nh, (or) [ fas Ma(e)-bv(e) 


se f f dS’Ma(r’)-h(r’), 


(A9) 
Vi") = jha® (kr) f f dS'Mo(r’)-h/’(e’ 
A 
+ jin(kr) f f dS’Ma(r'’)-hy’ (), 
B 
1/"(*)= —hy’® (kr) f f dS'M,(1’)-hy’® (r’) 
A 
—nin' (ir) ff asMa(e)-h."0 (#), 
B 
where 
rh’ (1) =h,® (kr)hi @, 4), 
(A9a) 


(~) (1) 
rh,” (r)=hy’ (kr) hi’, ¢) 


()) 
~ jt¥ 4c’ ha® (kr)hy (6, ¢), 
and 


hO='hO+h]; h,= Fhe —h,]. 
2j 


dS’ =r'dr'd@’ is the element of integration in the aper- 
ture. The domains of integration A and B are shown in 
Fig. 9. The magnetic field at any point r in the half- 
space, resulting from the magnetic sources in the 
aperture region, is obtained by substituting Eqs. (A9) 
into Eqs. (2.12), whence 


H)=— f fas'Mace)-Z mh ()hM(), (A10) 
ap : 

where r, denotes the greater and r< the lesser of the two 

coordinates r and r’. The sum in (A10) represents the 


spherical mode expansion of the half-space dyadic 
Green’s function. This is readily recognized if one puts 


M,(r)=15(r—r’), (A11) 
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appropriate to a dipole source of unit strength directed 

along the unit vector I in the infinite plane and employs 

the definition of the half-space Green’s function Y ,: 
H(r)=—Y,(r, r’)-L. (A12) 

It may be recognized from the spherical mode ex- 
pansion of the half-space dyadic admittance that the 
number of modes which contribute materially to the far 
field excited by a given source depends on the dimen- 
sions of the source. For r>r’, the h,; functions charac- 
terize the physical extent of the source region through 
their dependence on jn(kr’) Lor j,’(kr’) |. Investigation 
of the behavior of j,,(kr’) shows that modes for which 
n<kr’ may contribute substantially to the far field, 
while for n>>kr’ the contributions are insignificant. 

So far, only the field scattered by the sources in the 
slot has been treated. If a dominant mode field of 
amplitude Vine is incident from infinity as well, it 
contributes a standing wave whose voltage and current 
may be written as [see Eqs. (A4) or the equivalent 
network in Fig. 3(b) ] 


Vu(r)=2C2 ji (kr), (Al3a) 
where, in view of Eqs. (A4), 
C2= Co’ = V ine= (A2—jBz2)/2. 
Also 
T(r) = j(n/k) (d/dr)V u(r). (A13b) 


The subscript « denotes the unperturbed solution (no 
aperture sources). These unperturbed components must 
be added to the scattered components in (A9) for the 
dominant mode to yield the total dominant mode 
voltage and current. The contribution of the incident 
wave to the magnetic field in the half-space is given by 
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[note Eqs. (2.12) and (A9a) ] 


H, (r) = jn2C eh, (r) = jnA oho +nBeoho™. (A14) 


Upon rewriting Eqs. (A4) in asymptotic (large kr) form 
for the dominant mode, one readily links the coefficients 
A, and By, with the total dominant mode voltage and 
current at the far terminal plane 72, namely, 


Vi(r)~— Age coskr— Bz sinkr, 


— j{I2(r)~Az2 sinkr— By coskr. (A15) 
Thus, for kr=kro= (4q+1)/2, q large integer, 
V > i = V 
Se (A16) 


—I2=jnA2= I2(r0). 


Since ji(kr)~—coskr=0 at terminal plane 7», the 
unperturbed dominant mode voltage in (A13a) does not 
contribute to V2. Thus, V2 is given completely by the 
scattered component of the dominant mode in (A9): 


— f f dS'M,(r’)-h(r’). (A217) 


In view of Eqs. (A17), (A16), (A14), and (A10), the 
total magnetic field in the half-space may be represented 
as follows: 


H.(r)= H(t) +H (9) = — 72h. (1) 


-f festyse, r’) 


ap 


— nh. (r) ho (r’) }-M2(r’). (A18) 


Reference to Eqs. (A9a) and the spherical mode ex- 
pansion for Y, in (A10) shows that the term subtracted 
from Y, in (A18) is the real part of the dominant mode 
contribution to the kernel. 
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Determination of the Drag on a Cylinder at Low Reynolds Numbers 


R. K. Finn 
University of Illinois, Urbana, Illinois 
(Received January 13, 1953) 


Drag coefficients for a cylinder were measured at Reynolds numbers from 0.06 to 6.0 by observing the 
deflections of thin wires suspended in an air stream. The results confirm a theoretical equation proposed by 
Lamb and are consistent with experimental data of other investigators. 





I. INTRODUCTION 


T is of theoretical and practical interest to evaluate 
the drag forces on a circular cylinder placed in a 
stream of fluid with its axis normal to the flow. For 
the region of viscous flow, a theoretical equation 
derived by Lamb’ is generally used to predict the drag 
on a cylinder. It states that 





8a 
= | (1) 
3—y—In(Ve-/8) 
where y is Euler’s constant, 0.577---, Nar. is the 


Reynolds number based on the diameter of the cylinder, 
and Cp is the drag coefficient defined as 


Cp=2Fg./pV*D-L, (2) 


in which F is the drag force expressed in weight units, 
ge a Newton’s law conversion factor, D, the diameter 
of the cylinder, L the length of the cylinder, p and V 
the density and velocity of the fluid, respectively. 
Because of simplifying assumptions made in its deriva- 
tion, the Lamb equation can be applied only when the 
Reynolds number is small compared to unity, i.e., at 
Nre below about 0.1. 

In contrast to the corresponding Stokes equation for 
spheres, the Lamb equation has not been verified by 
experiment. White? measured the terminal velocity 
of wires falling through liquids, but the drag coefficients 
which he calculated did not agree with predictions of 
the Lamb equation because wall effects became con- 
trolling in his experiments. At relatively high Reynolds 
numbers, the drag coefficients have been measured 
directly by a number of workers.*~®> The data of 
Weiselsberger* extend to a Reynolds number as low as 
4.1, but between 4.1 and 0.1, the upper limit of Lamb’s 
equation, values of Cp are uncertain. Consequently, 
when presenting graphs of Cp versus Nr. for cylinders*® 
the usual practice has been to draw a smooth curve con- 
necting the data of Wieselsberger with the line repre- 
senting the Lamb equation. Tomotika and Aoi® have 

1H. Lamb, Hydrodynamics (Dover Publications, New York, 
1945), sixth edition, p. 617. 

2. M. White, Proc. Roy. Soc. (London) A186, 472-479 (1946). 

FE. F. Relf, Brit. ARC Repts. and Memoranda, No. 102 (1914). 

‘C. Wieselsberger, Physik. Z. 22, 321 (1921). 

5L. Schiller, Handbuch der Experimentalphysik (Akademische 
Verlagsgesellschaft, Leipzig, 1932), Vol. 4, Part 2, p. 337. 


*S. Tomotika and T. Aoi, Quart. J. Mech. and Appl. Math. 3, 
140-161 (1950). 
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recently refined the derivation of Lamb so as to allow 
the prediction of drag coefficients up to Vp.=4, but no 
data are available to confirm their calculations. 

In the present investigation drag coefficients for a 
cylinder were measured at Reynolds numbers from 
0.06 to 6.0. These measurements provide a direct test 
of Lamb’s equation and also supply information about 
a flow region where neither theory nor experiment has 
been adequate. 


II. EXPERIMENTAL 


The experimental technique was similar in principle 
to that used earlier by Wieselsberger.‘ A fine wire with 
a weight attached to its lower end was suspended as a 
pendulum in a uniform stream of air flowing at a known 
rate. The drag force was calculated from the measured 
deflection of the pendulum. Since the weight itself hung 
outside the air stream, the deflection was due entirely 
to the drag on the cylindrical wire. 

The flow chamber consisted of a short Lucite tube 
having an inside diameter of 1.90 cm. At the upstream 
end the flow chamber was connected to a standard 
flow nozzle and at the downstream end it was open to 
the atmosphere. In order to assure a uniform velocity 
profile past the test wire, it was suspended at a point 
only 2 mm downstream from a 200-mesh screen placed 
across the throat of the nozzle. Ranz’ has shown that 
such an arrangement gives uniform velocity for a variety 
of flow conditions. 

The top of the test wire was soldered onto a steel 
needle which served as a support and which passed 
through a small hole in the roof of the Lucite tube. The 
wire itself extended down through a hole in the floor of 
the tube and its lower end, weighted with a drop of 
solder, was protected from stray air currents by a small 
Lucite box. The essential parts of the apparatus are 
are shown in Fig. 1. 

Deflections of the wire were observed with the aid of 
a microscope equipped with a 32 mm objective and a 
calibrated micrometer eyepiece. The point of observa- 
tion was either at the floor of the Lucite tube or just 
outside the tube where the wire entered the Lucite box. 
From the deflection of the wire 6, the length exposed to 
the air stream L, and the weight of the solder ball W, it 
was possible to calculate the drag force from the 


™W. E. Ranz, Ph. D. thesis in chemical engineering, Uni- 
versity of Wisconsin (1950). - 
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Fic. 1. Apparatus for measuring the drag of a 
fine wire in an air stream. 


formula, 
F=2W5/L. (3) 


Equation (3) is based on the fact that the wires were 


FINN 


flexible and therefore exerted no residual moment of 
force at the point of suspension. 

Three sizes of wire were used consisting of tungsten, 
4.14 and 6.5u in diameter, and of chromel, 12.6 in 
diameter. The wires were examined under an electron 
microscope in order to determine their size and uni- 
formity. The operations of cleaning, copper plating, 
and soldering the test wires were facilitated by the use 
of a jig which had been built to make probes for a hot 
wire anemometer.*® 

The range of air flows was from 20 to 730 centimeters 
per second, and the observed deflections varied from 
364 to a maximum of 1mm. The weight of solder 
attached to the wire was in every case so much greater 
than the weight of the wire that the latter could be 
neglected. 


III. RESULTS 


The experimental data are shown in Fig. 2 along with 
the earlier data of Wieselsberger; also shown are the 
theoretical lines proposed by Lamb! and by Tomotika 
and Aoi.® The Lamb equation is confirmed for the region 
of strictly viscous flow. At higher Reynolds numbers 
the present data lie slightly below the predictions of 
Tomotika and Aoi, but there is a smooth fit with the 
experimental results of Wieselsberger. 

The scatter of the data is not considered excessive 
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Fic. 2. Variation in drag coefficient with Reynolds number for circular cylinder. The line drawn through the 
points below Nr.=0.5 represents the theoretical Lamb equation, Eq. (1). 


*R. W. Kunstman, Ph.D. thesis in chemical engineering. University of Illinois (1952). 
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in the light of experimental difficulties. Some of the 
abnormally high values for Cp may be accounted for by 
a slight kinking of the wire or by surface rough- 
ness, although efforts were made to avoid such 
interferences. The possible importance of kinking was 
illustrated in one series of tests in which the weight 
of the solder ball was insufficient to pull the wire taut. 
With the wire hanging as a loose coil, values of Cp were 
about 50 percent above the corresponding taut-wire 
values. 

Since the diameter of the flow chamber was 1500 
times the diameter of the largest wire used, any in- 
fluence of the wall can be considered negligible. White? 
has shown that the magnitude of the wall effect depends 
upon the Reynolds number, and presumably an inter- 
ference would have been noted if the present measure- 
ments had been extended to values of Vr. below 0.01. 
Inherent limitations in the technique prevented in- 
vestigation of the drag at such low Reynolds numbers, 
however. 
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NOMENCLATURE 


Cp= drag coefficient, dimensionless = (2F g,)/(pV?D.L). 
D,= diameter of cylinder, cm. 

F= drag force, g force. 

g-=conversion factor=980.6 (g mass/g force) (cm/ 

sec’). 
L= length of cylinder, cm. 
Nre=(D-Vp)/u= Reynolds number, dimensionless. 

V =average velocity of fluid, cm/sec. 

W = weight attached to cylinder, g force. 

y= Euler’s constant = 0.5772: - -, dimensionless. 

5= deflection, cm. 

u= fluid viscosity, poise= g mass/cm, sec. 

p=fluid density, g mass/cm’*. 
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Charged Disk in Cylindrical Box 
W. R. SMYTHE 
Norman Bridge Laboratory, California Institute of Technology, Pasadena, California 
(Received February 25, 1953) 
The mixed boundary value problem of the potential inside a cylindrical conducting box of radius a and 
height 2c in which is mounted coaxially and concentrically a thin flat charged conducting disk of radius b 
is solved approximately. A formula for the coefficients in the Bessel function potential series is derived which 
is valid for c>}a and b< a. The boundary conditions are met rigorously except that the disk is not quite 
flat. Figures show its deviation for twelve parameter values. A formula for narrow gaps is derived. Upper 
and lower limits for the capacitance for twelve parameter values are tabulated. 
N a previous paper’ the mixed boundary value of the box is 
problem of a nearly flat disk electrode applied x 
coaxially to the end of a right circular cylinder of re- V=> Ansinh(knc— |z|)Jo(Rnp), (1) 
n=) 


sisting material was solved. A very similar problem 
whose solution is often needed is that of finding the 
potential inside a circular conducting cylindrical box of 
radius a and height 2c in which is mounted coaxially 
and concentrically a thin flat circular charged conduct- 
ing disk of radius 6. The upper half of this box is shown 
in Fig. 1. As in the first case the solution found satisfies 
all conditions rigorously except that the disk is not 
quite flat. 

A solution of Laplace’s equation in the cylindrical 
coordinate system p, ¢, z which gives V=0 on the walls 


1W. R. Smythe, J. Appl. Phys. 24, 70 (1953); MKS units are 
used throughout. 


provided that k,, is chosen from the tables? so that 
Jo(k,a)=0. (2) 


As in the first problem,’ a uniform charge distribution 
over the disk area is combined with that on a freely 
charged disk in such a ratio that the resultant potential 
over the disk area is nearly constant. Thus when 
0<p<b we have 


AV OL (—p)-4+-D] 
o=—e—= (3) 
02 2rb(2+bD) 


2H. T. Davis and W. J. Kirkham, Bull. Am. Math. Soc. 33, 760 
(1927). These tables give both k,na and Ji (kna). 
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Fic. 1. Upper half of cylindrical box. 
Electric line of force is dotted. 


where o is the density on one face of the disk, Q is the 
total charge including both faces, and D is an adjustable 
constant. We now differentiate Eq. (1) with respect to 
z, set z=0, equate it to Eq. (3) when p< and to zero 
when b<p<a, and determine 4, in the standard way.’ 
The integrals are the same as before,' so the result is 


QLsin(knb)+bDJi(knd) ] 4 
"  rbe(2+bD)k,2a? cosh (kac)J:2(kna) . 





As before! D is evaluated by putting s=0 and c= in 
Eqs. (1) and (4) and summing the sin(k,,6) terms and 
the J,(k,b) terms of the series separately for the p- 
values 0, 3b, $b, 3b, and b. The difference in these five 
values of Vo is then minimized by adjusting D. This is 
not difficult for sometimes two sets of values for which 
D differs by 20 percent are almost equally good. Two 
curves are then drawn, one showing maximum per- 
missible values of D as a function of b/a and the other 
minimum values: The analytical curve |D=—0.58 
(b/a)** lies well between them. When c¥ ~, it is clear 
that 6D must be modified to compensate for the 
variation of potential over the disk area produced by 
its images in the top and bottom walls of the box. The 
difference in the image potentials at p=0 and p=6 is 
proportional, from Eq. (1), to 1—Jo(k,b) or to k,,7b*. 
The strength of the image itself is proportional, from 
Eq. (4), to sin(k,b) or J;(k,b). Thus the 6 dependence 
of 6D will probably involve a third-order combination 
of kyb and sin(k,b) or J,(k1b). Since, roughly, kya is 2.4 
and ka is 5.5, the first two terms of the potential of the 
first image at z= -+2c are proportional to exp(—4.8c/a) 
and exp(—11ic/a), and the first term of the second 
image to exp(—9.6c/a). The last two terms average 
roughly exp(—10c/a). By testing forms suggested by 
such reasoning the following formula was arrived at 


bD= —0.58(b/a)*-5+ (b/a)J2(2.46/a) 
X [19.5e4-8/44+ 60e-/2]. (5) 


The 19.5 and 60 factors were chosen to minimize the 
potential variation over the disk at five values, 0, }a, 3a, 
2a, and a of b and three values a, $a, and ja of c. The 
same sums can be used in evaluating these potentials 


*W. R. Smythe, Static and Dynamic Electricity (McGraw-Hill 
Book Company, Inc., New York, 1950), p. 177. 


SMYTHE 


as for c= © except that the first few terms are modified 
by the tanh(&,c) factor. 

Seven places were carried in the above calculations. 
This is the limit imposed by linear interpolation in the 
tables.* Terms up to about n= 12 could be checked only 
by repeating the calculation independently. The smaller 
large n terms could be checked rapidly by taking the 
ratio on a slide rule of successive terms having the same 
phase. Errors in the sixth or seventh place were easily 
located by abrupt changes in this smoothly varying 
ratio. This checks all previous operations including the 
use of the tables. The sums were found as already 
indicated' and their accuracy can be estimated by 
comparing sums with different term groupings. They 
appeared accurate to six places. 


If V(p) is the potential given by Eq. (1) atz=Oand . 


if Vo is the potential at some chosen point on z=0, then 
the displacement of the Vo equipotential from the 
z=0 plane at p is, from Eqs. (1) and (3), 


ae (6) 


Az= Premera Ol ’ 
aV/az [(1i—p%b-)-14+ oD’ 
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Fic. 2. Radial sections of the equipotential surface that passes 
through p= jd. The vertical scale is greatly expanded as indicated 
to show the deviation from a flat disk. ‘ 





*The Staff of the Computation Laboratory, Tables of Bessel 
Functions (Harvard University Press, Cambridge, 1947). 
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CHARGED DISK IN 





where V’ is a unit potential. This deviation at the 
twelve check points is shown in Fig. 2. It will be noted 
that the disk is flattest when 6 is small and c is large. 
The maximum deviation of the equipotential passing 
through 30 and the edge given by the above formulas is 
shown as a function of 6 and c in Fig. 3. These deviations 
could probably be reduced to 0.1 or 0.01 of their present 
value by inserting a p” correction term in Eq. (3) as was 
done in the previous work.' 


NARROW GAP FORMULA 


It is clear from Fig. 3 that when the disk almost 
touches the wall, so that b—a, the A, given by Eq. (4) is 
very inaccurate. This case can be handled by making 
the potential rigorously V» on the disk and estimating 
its value in the gap. The latter must be Vo at p=), 0 at 
p=a and must give E proportional to (b?—»?)—*, when 
b<p<a and p—b. Furthermore, it should give the 
known rigorous result when b= a. Such a potential is 


V= vi 


With z=0, Eq (1) is equated to Vo when p<b and to (7) 
when b<p<a, and the coefficient A, is found’ after 
repeated integration by parts to be 


2b(a?— b?)* csch (Rac) Vo 
k,a*J ?(Rkna) cos! (b/a) 


« [k,a(1—Ba-*) 
Se ; F ysl) (8) 
0 = (2s+-1)!! 


cos~'(b/p) 
— | P<e<e (7) 
cos~'(b/a) 








When b=a, only the first term survives, and this 


becomes 
2 csch (Rac) 


erred. (9) 
knaJ1(knd) 


which is the rigorous value for an infinitely narrow gap. 
Large values of are needed when z is small, and for 
such values Eq. (8) is a poor formula for numerical 
calculation unless the gap is very narrow. It is interest- 
ing because, if 5 is the distance from the disk edge, it 
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Fic. 3. The maximum deviation from a plane disk of the 
equipotential surface that passes through p= }) as given by Eqs. 
(1) and (4) over a wide range of values of 6 and c. Check points 
are shown by circles. 





CYLINDRICAL BOX 


TABLE I. Limits of capacitance (MKS units). 











b ¢c Minimum Maximum Difference Mean 
0.25a © 2.3253 ea 2.3256 ea* 0.0003 ea@ 2.3255 ea 
0.50a © 5.6145 ea* 5.6358 ea 0.0213 ea 5.6252 ea 
0.75a 11.140 ea* 11.295 ea 0.1548 e@ 11.217 ea 
0.25a a 2.3444 ea 2.3449 ea* 0.0004 ea 2.3446 ca 
0.50a a 5.6964 ea* 5.7100 ea 0.0136 ea 5.7032 ea 
0.75a a 11.325 ea* 11.409 ea 0.0836 ea 11.367 ea 
0.25a 0.5a 2.5419 ea 2.5494 ea* 0.0075 ea 2.5456 ea 
0.50a 0.5a 6.4790 ea 6.6188 ea* 0.1398 ea 6.5489 ea 
0.75a O5a 12.663 ea 13.493 ea* 0.8306 ea 13.078 ea 
0.25a 0.25a 3.1986 ea 3.2433 ea* 0.0447 ea 3.2209 ca 
0.50a 0.25¢@ 8.9586e«c 10.152 ea* 1.1933 ea 9.5552 ea 
0.75a 0.25a 17.720 ea 22.123 ea* 4.403 ea 19.922 ea 








covers the transition from the 6 infinity in E that 
occurs when 6=a to the 6~? infinity that appears in E 
for gap widths not zero. The range of c covered by Eq. 
(8) should be from about a-b to «. 


CAPACITANCE 


Upper and lower limits for the capacitance between 
disk and box can now be found. Consider the top half 
of the box as shown in Fig. 1. Almost invariably the 
potential given by Eqs. (1) and (4) when pZ d will bea 
maximum or minimum at p=). If it is a maximum then 
the equipotential Vy passing through the edge lies 
below the z=0 plane when p<), so the capacitance 
between this equipotential and the walls is less than 
that of a flat disk. On the other hand, the minimum 
potential V,, given by Eqs. (1) and (4) at some p»<b 
lies elsewhere above the z=0 plane, except where it 
hooks over the edge and meets this plane normally at 
p>b. Thus it entirely encloses the flat disk, and the 
capacitance between it and the walls exceeds that of the 
disk. A similar argument can be applied when V,, passes 
through the edge. Thus 


(Q/Vu)<C<(Q/Vm), (10) 


where V,, and Vy are the minimum and maximum 
values of V at z=0, p< 6 given by Eqs. (1) and (2). The 
limits of capacitance obtained in this way at the twelve 
check points appear in Table I. 

In most cases the potential is nearly constant out to 
p= 4b or p= 4b and then increases or decreases rapidly 
to its value at the edge. The edge value limit is starred 
in the table. Because of the greater area and charge 
density for values of p near the edge, the potential 
there carries more weight which should counterbalance 
somewhat the smaller range of p to which it apples. It is 
believed, therefore, that the mean value given in the 
last column of the table is close to the true value and 
probably never differs from it by as much as one-fourth 
of the difference given in the third column. For narrow 
gaps Eq. (8) gives A,, and limits for the capacitance 
are given by Q/V, where for one limit Q is the charge 
on the disk and for the other the charge on the box. 
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The Darlington Problem* 
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(Received February 2, 1953) 


Any RLC transfer function with an even or odd numerator is realized as the transfer voltage ratio of a 
Darlington network, where such a network is defined as one containing lossless elements plus only one 
resistance. The single resistance appears within the network, and the termination is thus lossless. An un- 
balanced network that contains no mutual inductance is achieved by the procedure. The method makes 
use of Norton’s theorem, zero shifting, and the paralleling of ladder networks. The number of ladders and 
elements required in the realization is kept small by a technique demonstrated in the paper. 





INTRODUCTION 


ARLINGTON made the important contribution!” 

of demonstrating that any positive real function 

is realizable as the input impedance of a lossless two 
terminal-pair network terminated in resistance. This 
proof forms the basis of a synthesis procedure for 
transfer functions of such networks. The Darlington 
procedure, however, requires ideal transformers in 
general, and the synthesis of the transfer characteristic 
is for magnitude alone, not for magnitude and phase. 
Another way of specifying this restriction is by stating 
that the transfer function can be realized for both 
magnitude and phase provided that the numerator is 
either an even or odd function of the complex variable. 
In this paper a procedure is presented for realizing 
such transfer functions, i.e., functions whose numerator 
is either even or odd with positive coefficients, as the 
transfer voltage ratio of an unbalanced Darlington 
network. As generally used, the term Darlington net- 
work means a lossless coupling network terminated in 
resistance; in the present paper the term is used in a 
more general sense to mean a network of lossless ele- 
ments plus one resistance: the resistance is necessary to 
make the transfer function have poles off the j axis, but 
it may exist within the network or as a termination. The 





N 
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Fic. 1. Desired form of network in which N contains only one 
resistance and Z is a pure reactance. 


* This paper is based on a chapter of Technical Report No. 201, 
Research Laboartory of Electronics, Massachusetts Institute of 
Technology, September, 1951. The research was conducted under 
the supervision of Dr. E. A. Guillemin and was supported in part 
by the Air Materiel Command, The Army Signal Corps, and the 
U. S. Office of Naval Research. 

1E. A. Guillemin, A Summary of Modern Methods of Network 
Synthesis, Advances in Electronics, Vol. III (Academic Press, Inc., 
New York, 1951). 

2S. Darlington, J. Math. and Phys. 18, 257-353 (1939). 


network achieved here requires no mutual inductance 
and has a reactance termination. In a subsequent paper 
the same problem will be treated by another procedure 
which works through the intermediate step of realizing 
a lattice in order to achieve the final unbalanced 
network. 

The problem of this paper, namely, the realization 
of a transfer voltage ratio by means of a Darlington 
network, can already be solved by means of a procedure 
analogous to the Guillemin one for RC synthesis ;* but 
in this paper we accomplish for RLC synthesis what was 
previously done for RC synthesis,‘ that is, we demon- 
strate a method that makes use of Norton’s theorem 
and reduces the number of elements and ladders re- 
quired in the final network. It will be assumed that the 
reader is familiar with the last-cited reference; in that 
paper are given the general formulas and techniques 
upon which the present discussion will be based. For 
purposes of clarity and definition of symbols, we shall 
restate the general formulas in this paper. 


STATEMENT OF THE PROBLEM 


The given transfer function 


K=p(s)/q(s), (1) 


where p is an even or odd polynomial with positive 
coefficients and q is a Hurwitz polynomial, is to be 
realized within a multiplicative constant H as the 
transfer voltage ratio of an unbalanced Darlington 
network containing no mutual inductance. The form of 
the desired network is shown in Fig. 1. 

The network to be synthesized may be divided into 
two parts, as shown in Fig. 2. It has been shown‘ that 
this network is characterized by 


E, Vi2aK» 
K=—=——_., (2) 
Ey Yo2at Y, 
Vi2a>= I,./Ey 


K,=E:/E }’ 


where 


(3) 


I,- is the current obtained in a short-circuit across 


3 E. A. Guillemin, J. Math. and Phys. 28, 22-42 (1949). 
*L. Weinberg, J. Appl. Phys. 24, 207 (1953). 
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terminals a—b, Y, is the admittance seen looking to the 
right at a—6, and yea is the short-circuit driving-point 
impedance of network N.q. 

Each of the partitioned networks may be realized 
separately. To realize Va, we may parallel ladder struc- 
tures, each ladder being obtained by LC zero-shifting 
techniques! which start from the right and work toward 
the left. For N, (i.e., for V;’ and Z), on the contrary, we 
work from left to right and must use only one ladder. 
Just as only one RC ladder is necessary to realize a 
transfer voltage ratio with all negative real zeros, so 
only one ladder is needed for the LC network NV; when 
all its zeros are on the j axis. However, when the transfer 
function contains one or more quadruplets of zeros, i.e., 
a pair of complex conjugate zeros in the left half-plane 
plus a pair in the right half-plane symmetrically placed 
with respect to the origin, then more than one ladder is 
needed. It is therefore necessary that only zeros on the 
j axis be associated with the transfer function of N;. The 
distribution of poles to the transfer functions of V, and 
N, determines the distribution of the partial fractions 
of the positive real denominator. It is necessary (and 
always possible) to make each ladder structure of NV, end 
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Fic. 2. Network after division into two parts. 


on the left with a series branch, while the ladder for V, 
must end on the right with a shunt branch. 

It is thus clear that the synthesis will be accomplished 
if we first show how to modify the polynomials in Eq. 
(1) so that they can be identified with the driving- 
point and transfer characteristics of the two partitioned 
networks given by Eq. (2). Then, after the identifica- 
tions have been made, the networks V, and N; may be 
developed. Since the former is a group of paralleled 
ladders, a method is shown for making the required 
number of ladders small. Each of the component ladders 
may be associated with only a part of y22q in order to use 
fewer elements. This technique can be used when, in 
decomposing the transfer function of V4, we bring about 
zero-poleé cancellations; the details of the technique are 
the same as for RC synthesis.‘ 


THE SYNTHESIS PROCEDURE PRESENTED 
Let the g of Eq. (1) be defined by 
q=mM2+No, (4) 


where mz is the even and nz the odd part of q. If p is even 
we divide the numerator and denominator of K by m2; 
if it is odd, we divide by mz. Suppose without loss of 
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Fic. 3. Final form of Darlington network where the 
termination Z is composed of lossless elements. 


generality that p is an even polynomial m. Therefore, 


my, m,/N2 
K= = ' (5) 
Me+n2 1+ (m2/n2) 


We now make identifications with the terms of Eq. (2) 
so that a small number of ladders will be required in 
Na, each ladder being characterized by a transfer 
function with a low degree denominator. The required 
identifications are given by 





V12a— M1q/Nea 
| 6) 
Yooa= 1+ (Mea/N20) 
and 
—s (7) 
YV,=/mMop 
where by definition 
M,=MyqMy | 
N2>=NqMop 
3 (8) 


Me Moa Now 





Ne Ne Mp2/ 





It is important to note that m,, must be chosen as a 
constant or as an even polynomial with zeros only on 
the j axis (since V, must bea single ladder). In addition, 
the odd part of mz (i.e., its zero at the origin) must be 
associated not with K, but with yiec, because yiea, a 
transfer admittance, must be an even polynomial over an 
odd (or an odd over even), while Ky, a dimensionless 
voltage ratio, must be an even over an even polynomial. 
Finally,. since g is a Hurwitz polynomial, m2/n2 is a 
positive real reactance function® whose partial fractions 
are also positive real and hence separately realizable. 
Thus the functions m2q/neq and m2/m2, are positive 
real sums of the partial fraction components of me2/mn2. 

In the realization of NV, the constant term is im- 
mediately removed from y22_ as a shunt branch, so that 
the remaining synthesis embodying paralleling of 
ladders and zero shifting need be done with a two- 
element kind network,' and is analogous to the proce- 
dure used for RC synthesis.‘ The final network has the 
form shown in Fig. 3. 

It was shown in the RC synthesis paper‘ that it is 
possible to reduce the number of ladders from that 


SE. A. Guillemin, The Mathematics of Circuit Analysis (John 
Wiley and Sons, Inc., New York, 1949). 
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Fic. 4. Network realization for Na. 


obtained by using two successive terms of p as tht 
numerator of one ladder’s transfer function. A similar 
procedure applies here with the differences pointed out 
below. 

If the numerator is originally odd, we factor out an s 
to obtain an even polynomial f(s?) ; if the numerator is 
even, we consider the total numerator as f(s*). The 
substitution y=s* gives f(y), a polynomial with no 
missing terms and of degree m. We then apply the 
Sturm test® to determine the number of negative real 
roots of f(y); designate this number by r. Finally, with 
these new definitions, the formula for the required num- 
ber of ladders is the same as that given by Eq. III.5 of 
reference 4, namely, the smallest integer ¢ satisfying the 
relationship 


t2 (n—r+1)/2. (9) 





As an illustration, consider 
Pa= s*+ 17s®+ 121s*+-455s?+-750, (10) 
which yields 
f(y) = y+ 17y*+ 121y’+455y4+-750. (11) 


The Sturm test shows this to have two negative real 
roots, and we then find f(y) in factored form to be 


f(y) = (9? + 6y+ 25) (v+5) (y+ 6), (12) 


which roots are needed for the subsequent synthesis. . 


Since n=4 and r=2, the required number of ladders in 
N, is 2. Using the straightforward procedure of taking 
two successive terms at a time would have required 
three ladders for the network realization. 

The roots of the total denominator, it is finally 
pointed out, need not be found, thus saving the designer 
from one of the tedious calculations of many synthesis 
procedures. 

ILLUSTRATIVE EXAMPLE 


An example is chosen in which the zeros lie on the j 
axis. Thus no paralleling of ladders will be required for 
the realization of N,. The technique of paralleling 
ladders, which is necessary for a quadruplet of zeros, is 
adequately illustrated in the analogous RC example 
given in the reference. 

The given transfer function is 


(s?+-0.25) (s?+-1) 





K= : 
26s°+ 9458+ 151s7+ 334s°+ 2645+ 29854+ 1415°+ 80s?+ 185+ 6 


The even and odd parts of the denominator are given 

by inspection as 
m= 26s°+ 151s7+ 264s°+ 1415*+ 18s, 
n2= 94s°-+-334s®+ 298s*-+ 80s*+ 6. 

After division of numerator and denominator by 2, 
it is necessary to decompose m2/n2 into two parts, each 
of which is the sum of appropriately chosen partial 
fraction components. This breakdown is computed as 

ah = dp A 
Ne Noe My 26s°+215°+3s s#+5s°+6 
We can now make identifications of the terms in Eq. 


M2, Me, MN» 16s'+9s?+1 38°+7s 
(2) as follows: 








(s?+-0.25) (s?+- 1) 
2655+ 21s*-+3s 
16s+9s?+ 1 

265° 21s°-+3s 

1 

~ SAE 52-+6 

3s°+-7s 


Y,=——_. 
st+5s°+6 


*L. E. Dickson, New First Course in the Theory of Equations 
(John Wiley and Sons, Inc., New York, 1939). 





Vi2za= 





V22a>= i+ 
and 


Ky 





We first realize the ladder V4. The conductance of one 
mho is removed as an initial shunt branch. It is now 
necessary to develop the remainder of ova, i.e., Vora’ 
= ¥22a— 1,simultaneously zero shifting to insert the zeros 
of Yieq at s=+j0.5 and s=+/j1. This is accomplished 
as in Sec. XXII of the first reference. (We merely let 
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Fic. 5. Network realization for NV». 








21 of that paper be yoo,’ and 212 be yi2a. The network 
obtained is the dual of the one shown there in Fig. 15 
with the terminal-pairs interchanged.) The network NV, 
is shown in Fig. 4. 

Ladder N; must have an input admittance given by 
N;, and a transfer function with all its zeros at infinity. 
This is achieved simply by a continued fraction expan- 
sion of Y; that yields series inductance arms and shunt 
capacitance arms. We therefore first invert Y, and then 
perform the divisions to obtain a continued fraction. 
Thus, 
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In Fig. 5 is shown the network N;, corresponding to 
this continued fraction. 

The constant multiplier achieved for yi2 is 4, whereas 
that for K; is 6. 
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Fic. 6. Final network that realizes the given transfer function 
with a multiplicative constant of 24. 


Thus the complete network shown in Fig. 6 realizes 
the given transfer function with a multiplicative con- 
stant of 24. 


CONCLUSION 


A method has been demonstrated for realizing an 
RLC transfer voltage ratio by means of a network 
containing lossless elements plus only one resistance. 
The achieved network is unbalanced and contains no 
mutual inductance. 
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Activation Energy for Viscous Flow and Short-Range Order* 


G. J. DrENEs 
Brookhaven National Laboratory, Upton, New York 


(Received January 23, 1953) 


Viscosity-temperature properties of many systems are characterized by highly temperature dependent 
activation energies for viscous flow. It is generally recognized that structural changes taking place in the 
material as a function of temperature are responsible for this phenomenon. In this paper a formulation of 
viscosity-temperature relations is presented in which the structural changes are explicitly taken into accouut 
by means of the formalism of short-range order as a function of temperature. The resulting equation is shown 
to be a generalization of several semi-empirical equations in current use. The equation has been applied to 
several glasses, high polymers, and water and has been found to describe the experimental viscosity data with 


high accuracy over a wide temperature range. 


I. INTRODUCTION 


N recent years the melt viscosities of a few polymers 
and glasses have been determined over a wide temp- 
erature range.’ The results show quite conclusively 
that the viscosity-temperature behavior of many of 
these materials is characterized by a large energy of 


* Under contract with the U. S. Atomic Energy Commission. 

1 R. S. Spencer and R. E. Dillon, J. Colloid Sci. 3, 163 (1948) ; 
4, 241 (1949). 
waa Fox, Jr., and P. J. Flory, J. Am. Chem. Soc. 70, 2384 
(1s ~ A. Robinson and C. A. Peterson, J. Am. Ceram. Soc. 27, 129 

944). 

*T. T. Jones, J. Appl. Chem. 2, 3. 134 (1952). 


activation. Furthermore, the energy of activation is not 
constant but depends on the temperature. It has been 
difficult to assign a clear physical meaning to these large 
and variable energies of activation. The purpose of this 
note is to present a simple picture, based on the varia- 
tion of short-range order with temperature, which seems 
to correlate the available experimental facts and 
suggests several profitable directions for future experi- 
mentation. The ideas to be described are found to be 
applicable also to associated liquids of low viscosity, 
such as water. 

The viscosities under discussion have been evaluated 
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from the purely viscous component of the deformation 
and viscoelastic effects are absent. They can be con- 
sidered to be Newtonian since they were either deter- 
mined at low rates of shear or extrapolated to zero 
shear stress. The experimental facts concerning vis- 
cosity-temperature characteristics are as follows. The 
activation energy, E, is high at low temperatures, varies 
quite rapidly over a certain temperature range, and 
approaches a considerably lower value at high tempera- 
tures. It is to be noted that this type of behavior is not 
explainable by a simple superposition of two rate proc- 
esses as in that case the process of low E would pre- 
dominate at low temperatures. Thus, if the rates of shear 
attributable to two different mechanisms are added, 
one obtains 

1 1 

= eB RT 4g Ea RT 

” 7 Ne 


where 7 is the viscosity. It is easily shown from this 
relation that the process of lower E dominates at low 
temperatures. 

An equation of the form 


n 
—=Ae®/™[14 ce?!7], 
T 


was proposed by Douglas® to describe the viscosity- 
temperature characteristics of glasses. The term in 
brackets was interpreted as arising from the change 
of atomic configuration with temperature. At about the 
same time the writer proposed independently® the rela- 
tion 

n=noe®*!/RT[ 1+ keZal RT], (1) 


to describe the viscosity-temperature characteristics of 


TABLE I. Constants of Eq. (10) fitted to viscosity-temperature 
data on various materials. 











E U Avg. devia- 
logiono, To in K cal/ K cal/ tion in 
Material poises °K mole mole logion 
Glasses* 
No. 2 —2.135 560 =18.28 11.77 0.073 
No. 10 — 1.446 560 4.57 17.11 0.029 
No. 330 —2.249 562 18.28 10.47 0.002 
Polyisobutylene> 
80000 MW  —0.611 170 6.03 1.86 0.038 


660000 MWe +-2.730 190 5.03 1.66 0.036 
Phenol-formaldehyde novolak resin® 


Resin 

MW =471 — 2.705 305 0.914 1.737 0.006 
Resin C 

MW=587 —3.014 320 2.742 1.508 0.011 
Water@ —0.5907* 200 1.782 0.237 0.022! 








* Data from reference 3. 

> Data from reference 2. 

* Data from reference 4. 

4 Data from reference 13. 
* Viscosities in millipoises. 
f Deviation in ». 


5R. W. Douglas, J. Soc. Glass Technol. 33, 138 (1949). 
* G. J. Dienes, Paper presented at 1950 Meeting of the Society 
of Rheology. See Rheol. Bull. 19, No. 2, 2 (1950). 


DIENES 


high polymers. Again the quantity in brackets was 
interpreted as due to changes in the configurations of 
the molecules with temperature. Careful examination of 
recent data’ for glasses indicated, however, that these 
equations are not quite satisfactory in the transition 
region since they generally predict a faster change of E 
with temperature than is experimentally observed. 
An empirical equation of the form 


logn= A+[B/(T+C)], (2) 


has been used quite successfully for a long time in the 
glass industry.? Gutmann and Simmons*® have recently 
derived this equation in a rather formal way. If the 
variation of E with temperature is written as 


E=Eot+f(T), (3) 


and f(T) is expressed as a convergent power series in 7, 
then Eq. (2) results from the relation n=const. exp 
(E/RT), when a certain number of terms are retained 
in the series. This procedure is formally quite satis- 
factory but the adjustable parameters are difficult to 
interpret physically.T 

In this note, an attempt is made to determine the 
form of f(T) on the basis of a physical argument using 
the concept of short-range order and its variation with 
temperature. The final relation turns out to be a gener- 
alization of the above equations. 


Il. THEORETICAL CONSIDERATIONS 


As the temperature is varied different types of struc- 
tural changes may take place in a liquid (for example 
association in water and glasses, configurational 
changes in high polymers, etc.). In general, one certainly 
expects the degree of order, i.e., the regularity of 
atomic positions, to decrease as the temperature is 
raised. Further, it is generally accepted that viscous 
flow involves configurational changes in the liquid. 
Consequently, the less ordered a liquid is the easier it 
is to bring about the configurational changes required 
for flow. Thus, one expects viscosity to decrease as the 
degree of order is reduced. Mack" has developed this 
dea in some detail. His results suggest that one may 
assume the fluidity to be proportional to the degree of 
disorder. On this basis one may write 


¢=¢'(1—«), (4) 
where ¢= fluidity and o=degree of short-range order. 


7G. S. Fulcher, J. Am. Ceram. Soc. 8, 339 (1925). 

8 F. Gutmann and L. J. N. Simmons, J. Appl. Phys. 23, 977 
(1952). 

¢ It may be remarked that the introduction of a distribution of 
activation energies would be formally quite similar to Gutmann 
and Simmons’ treatment with similar difficulties of physical 
interpretation. Whenever time-dependent phenomena are involved 
however, the use of a distribution of activation energies appears 
appropriate. See, for example, the recent paper by W. J. Lyons, J. 
Appl. Phys. 24, 217 (1953). 

® For a recent review see B. S. Harrap and E. Heymann, Chem. 
Revs. 48, 45 (1951). 

” C, Mack, J. Appl. Phys. 19, 1082 (1948). 
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In terms of viscosity Eq. (4) becomes 


1 
r=n| | (5) 
1—o 


where »=viscosity, »’=viscosity of completely dis- 
ordered material, i.e., at c=. 7’ is expected to have the 
normal exponential dependence on temperature, i.e., 


n= noe BT (6) 


where E£ is the activation energy for viscous flow in the 
disordered liquid (¢ = 0). However, since o is a function of 
temperature another temperature dependent term arises 
from the quantity in the brackets in Eq. (5). Frenkel" 
gives a simple relation for short-range order as a 
function of temperature which should be quite satis- 
factory at elevated temperatures. The relation is 


o=tanh(U/2RT), 





where U is the energy of ordering. In the present 
application, following Eyring," U may be called the 
“structure activation energy.” As written, this equation 
would give c=1 at T=O. In order to obtain o=1 ata 
finite temperature 7) an obvious modification of the 
above equation is 


o=tanh[ U/2R(T—T») ]. (7) 


Combination of (6) and (7) gives, on the basis of this 
picture, the complete temperature dependence of vis- 
cosity as 


U 
n= meter] /1—tank—— | (8) 
2R(T—To) 


By expressing tanh as the exponential and carrying out 
some algebraic reductions Eq. (8) may be reduced to 


p= eX / RTL eUIR(T—T0) 4.1), (9) 
2 


When U is zero or T is very large Eq. (9) reduces to the 
simple exponential form, Eq. (6). When T> is small 
relative to T the two-exponential relation, Eq. (1), is 
obtained. When U is large compared to E and the ex- 
ponential in the brackets is large compared to unity the 
simple logarithmic relation of Eq. (2) is obtained. 
Equation (9), therefore, appears to be a generalization 
of the earlier viscosity-temperature relations and the 
constants of this equation have well-defined physical 
meaning. 


III. COMPARISON WITH EXPERIMENT 


It is much easier to fit Eq. (9) to experimental data if 
unity in the brackets may be neglected relative to the 
exponential. This has been found to be justified in the 

J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, 1946), pp. 62-66. 


12 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., 1941), pp. 477-516. 
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Fic. 1. Comparison of experimental data and Eq. (10) for glass 
No. 10 studied by Robinson and Peterson (reference 3). 


cases to be discussed but may not be generally permis- 
sible, particularly at high temperatures. With this 
approximation, Eq. (9) becomes, in logarithmic form, 
No E U 1 
logion= logio—-+ ——__+——_- ——-. (10) 
2 2.3RT 2.3RT—T,y 


Curve fitting was accomplished by means of the follow- 
ing steps: 

(a) Differentiate Eq. (10) with respect to 1/7. The 
slope m is then given by 


d(logn) E U T? 


sais ———- (11) 
d(1/T) 2.3R\ 2.3R(T—T)? 








Then m vs (T/T—T>)? was plotted. This plot will be 
linear for proper choice of 7». From the intercept and 
the slope E and U were determined. m was obtained 
from the experimental data by a point by point calcula- 
tion of the slope. 

(b) With the above values of E, U, and Jo, no was 
calculated from the experimental »—7 data and 
averaged. 

(c) Assuming that E and mp are correct, more precise 
values for U and T» were obtained by plotting 


no 
ait eal vs 1/(T—T>)). 


This plot is linear for the correct choice of 7»; the line 
goes through zero, and its slope is U/2.3R. 
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Fic. 2. Comparison of experimental data and Eq. (10) for 
polyisobutylene of two different molecular weights [data from 
Fox and Flory (reference 2) ]. 


(d) Finally, closeness of fit was judged by a graphical 
comparison of theoretical vs experimental points as well 
as by the simple average deviation in logy of the experi- 
mental points from the fitted curve without going 
through a least square procedure. 

The constants of Eq. (10) and the average deviations 
are listed in Table I. 

Figure 1 is a typical example for glass No. 10 studied 
by Robinson and Peterson.’ The equation evidently fits 
the melt viscosity data extremely well. 

Figure 2 shows the applicability of Eq. (10) to the 
melt viscosity of a high polymer, polyisobutylene. The 
data were taken from the work of Fox and Flory.‘ 

Equation (10) is also applicable to phenol-formalde- 
hyde novolak resins. Two of Jones‘ curves were fitted 
with good accuracy. Unfortunately, all the data do not 
cover a wide enough temperature range or are not 
sufficiently precise to obtain an unambiguous deter- 
mination of the constants of Eq. (10). Thus, correlation 
of viscosity characteristics with molecular weight can- 
not be carried out without further experimental data. 

The data of Spencer and Dillon' on polystyrene were 
not found to be extensive enough to yield an unam- 
biguous determination of the parameters of Eq. (10). 

Viscosity data on water, taken from the paper by 
Kampmeyer," are fitted so closely by Eq. (10) that no 


‘3 P.M. Kampmeyer, J. Appl. Phys. 23, 99 (1952). 


DIENES 


deviation is observable on a graph. In this case the 
deviations were calculated on a viscosity rather than 
logn basis. The agreement is excellent. It is of interest to 
note that the value for E is only slightly lower than the 
value of the over-all activation energy measured at 
150°C. Above this temperature, therefore, there is very 
little contribution to the over-all activation energy 
resulting from structural changes." 


IV. DISCUSSION 


It has been shown in the previous sections thata 
relation, which takes into account structural changes 
via the formalism of short range order, can be used to 
describe the viscosity-temperature properties of mater- 
ials which are characterized by highly variable overall 
activation energies for viscous flow. An unambiguous 
determination of the constants of this equation is only 
possible when rather accurate viscosity data are 
available over a wide range of temperature. More 
experimental data are certainly needed before the 
general applicability of these ideas can be determined. 

It would be extremely interesting to correlate vis- 
cosity results with structural studies by means of x-ray 
and neutron diffraction. It should be possible, by means 
of diffraction studies, to determine whether short range 
order as a function of temperature is describable by 
means of the simple Eq. (7) used here. Further, it 
should be possible to evaluate U’ and 7» directly from 
such structural studies. 

At a more empirical level, it would appear worth 
while to correlate the constants of Eq. (10), as deter- 
mined from viscosity measurements, with the composi- 
tion of mixtures, substitution of other components, 
molecular weights and molecular weight distributions, 
etc. For example, phenol-formaldehyde novolak resins 
could be investigated in some detail with respect to the 
effect of altering the molecular weight, phenol and 
water content. Phenol‘ and water are known to be 
very efficient plasticizers for these resins. With a 
combination of different techniques of measurement* 
an extremely wide range of temperature can be investi- 
gated. Similarly, it is well known that the addition of a 
platicizer has a tremendous influence on the viscosity- 
temperature characteristics of many high polymers!® 
and consequently interesting structural information 
may be derivable from detailed viscosity-temperature 
studies. Sufficiently precise data over a wide enough 
temperature range do not seem to be available at the 


present time and considerably more experimental work 
is needed in this field. 


“4G. J. Dienes, J. Colloid Sci. 4, 257 (1949). 

16 See, for example, W. M. Gearhart and W. D. Kennedy, Ind. 
Eng. Chem. 41, 695 (1949); G. J. Dienes and F. D. Dexter, Ind. 
Eng. Chem. 40, 2319 (1948). 
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An nth law device is fed by a sinusoidal signal and narrow band random noise whose spectrum lies close to 
the signal frequency. Its output spectrum is different from zero only in the vicinity of harmonics of this 
frequency. The ratio R’ of output signal power to output noise power in the vicinity of the mth harmonic is 
computed in terms of the input signal-to-noise power ratio R. In general, R’(R) involves a couple of hyper- 
geometric functions, but for small R we have R’=T*((m+n)/2+1]R™/(m!)0(n+1) for m0, R’S 
T?(4n+1)/(0'(n+1)—T*(4n+1)] for m=0. For large R we have R’=2R/(m?+n?). 





SING a Fourier representation for random noise, 
Rice has found! the output spectrum of a square- 
law device fed by a sinusoidally modulated carrier and 
narrow band random noise. By the use of correlation 
function methods, he has determined! the output spec- 
trum of a linear rectifier, and he' and Middleton? have 
shown how the output spectrum may be calculated for 
the general nonlinear device fed by a sinusoidally mod- 
ulated carrier and narrow band random noise. Middleton 
has applied*® this work to the determination of the low 
frequency output spectra of power-law devices. Recently 
Davenport, using Rice’s characteristic function tech- 
nique! and integrating over the part of the output spec- 
trum lying near the input signal frequency, has obtained‘ 
the signal frequency output signal-to-noise ratio for a 
power-law device fed by an unmodulated carrier and 
narrow band random noise. 

By the use of first-order statistics alone, on the other 
hand, Rice has found! the de and /ofal low frequency 
output power of some nonlinear devices fed by random 
noise and one, two, or three sinusoids. It is the aim of 
the present paper to extend such direct methods to the 
consideration of the power-law device fed by a sinu- 
soidal signal and narrow band random noise, determin- 
ing the signal-to-noise ratio for the output components 
lying in the vicinity of any harmonic of the input 
signal. It suffices to use first-order statistics because the 
precise shape of the input noise spectrum cannot affect 
the result ; it influences only the rapidity with which the 
input amplitude and phase change.'? Such an approach 
has been used advantageously in the calculation of the 
(low frequency) output signal-to-noise ratio of a limiter 
and discriminator fed by a frequency modulated carrier 
and narrow band random noise.® 

We shall consider the effect of passing a sinusoidal 
signal and narrow band random noise lying close to the 


1S. O. Rice, Bell System Tech. J. 24, 46 (1945). 

2D. Middleton, Quart. Appl. Math. 5, 445 (1948). 

’D. Middleton, Proc. Inst. Radio Engrs. 36, 1467 (1948). 

*W. B. Davenport, J. Appl. Phys. 24, 720 (1953). 

5N. M. Blachman, J. Appl. Phys. 20, 38 (1949). In another 
paper, N. M. Blachman, J. Appl. Phys. 20, 976 (1949), Rice’s 
characteristic function technique is applied to the determination 
of the spectrum of the discriminator output in the absence of 
limiting. For the complete solution of the fm problem through the 
use of correlation methods, see D. Middleton, Quart. Appl. Math. 
7, 129 (1949); 8, 59 (1950). 


signal in frequency through a power-law device. The 
latter will be assumed to have an output voltage au” 
when its input voltage u is positive and to have zero 
output for negative input. Odd symmetry of the charac- 
teristic would merely double the odd harmonic output 
and annihilate the even; even symmetry would double 
the even harmonic output and annihilate the odd. The 
exponent ” may have any value exceeding —1. We 
shall be interested in output components whose fre- 
quencies lie in the vicinity of the mth harmonic of the 
signal frequency. 

The assumed input is quasi-sinusoidal ; its amplitude 
and phase will change only slightly during any single 
cycle. During a cycle when the input amplitude is V 
and its phase is ¢, the output has an mth harmonic 
component of amplitude 


x/2 
V’(V)= (V cos)" cosmédé 
Te —x/2 (1) 
= (say)ab»,(n)V" 


and phase m@. (For m=0, replace r by 27.) It will not 
be necessary to evaluate the integral },,(m), as it will 
cancel out. If 7 is an integer, however, 5 vanishes for m 
equal to n+2, n+4, n+6, etc. The output signal-to- 
noise ratio found in this paper is in these cases the limit 
as n approaches the integral value. 

If the amplitude of the input signal is A and its phase 
angle is zero, and the rms input noise voltage is o, the 
probability that the total input amplitude is V and its 
phase is ¢ is! 


p(V,)dodV =exp— 





A?+ V?—2AV cosd VdodV 
20? 2ro? ; 


The total mth harmonic output power of the device is 
half the mean square value of V’: 


} f ; f "ya(V)p(V,6)dedV 


a’b,?(n) ¢* A?+V?_ AV 
-—~| Vet! exp— 1n(— )av 
2c” wo 20° o 


= 2"-19,,2(n)T (n+ 1)0?"\F 1 (—n; 1; —A?/20”). (3) 
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(This expression should be doubled for m=0, since no 


4 is then needed.) 
The component of the output in phase with the mth 





= ae ab,,(n) f” / 
f f V’(V) cosmop(V,o)dodV = - f V"+! exp— 
0 0 a 0 


ab,,(n) 
-—— yl 


m! 





The mth harmonic signal-power content of the output 
is given by half (except for m=0) the square of (4); 
the remainder of the mth harmonic output power, the 








BLACHMAN 
harmonic of the input signal has, at any instant, 


amplitude V’ cosm@. Its average value is the amplitude 
of the mth harmonic output signal component: 


124+V? AV 
alt Ee 
20 o 


m+n m—n A? 
( ——+1 )Am(vdeyr-nsy(* init 1;-—). (4) 
2 ? 


2 20° 





difference between (3) and (half) the square of (4), 
represents the mth harmonic noise output power. Themth 
harmonic output signal-to-noise power ratio is therefore 





m+n m—n 
m( 2 +1)R° Fe fe m+1:; -R) 
2 





R’(R)=— _~ 


a (5) 


m+n m—n 
(m!)*0' (n+ 1) i (—n; 1; —R)— r(’ —+ 1) e( m+1; -R) 
2 9 


where R= A?*/2o" is the input signal-to-noise power 
ratio. 
For large R, (5) is approximately 


R’(R)=2R/(m?+n?) (R>1). (6) 


For small R, (5) is approximately 


; m+n . 
R(R)=I"( +1) / | 


= 


(m!)?0'(n+-1) (RK1, m>0), +. (B 
>T?(4n+1)/[T (n+1) (1—}2?R?) 
—I?(3n+1)] (RK1, m=0) 


With a large input signal-to-noise ratio, the output 
signal-to-noise ratio is seen to be larger the smaller are 
m and |n|. Indeed, when m=n=0, R’ is infinite, since 
the output of an ideal limiter (the power-law device 
becomes an ideal limiter when x is zero) fed by a high 
frequency input can contain no low frequency fluctua- 
tions. 

When R is small, R’ is again larger the smaller is m. 
However, for a given m, R’ is now largest when n equals 
m. The high output signal-to-noise ratio at low fre- 
quencies (m=0) is perhaps deceptive. It is due to the 
fact that a “signal” output (rectified noise) is obtained 
even in the absence of an input signal; this dc output 
component is regarded as part of the output signal for 
the sake of consistency in terminology. 

For integral values of n, ,/,:(—n;1; —R) is a poly- 
nomial of degree in R, while ,:F\((m—n)/2;m+1; —R) 
is a polynomial in R, 1/R, and e~® when m—n is even 
and is expressible in terms of the modified Bessel 
functions J) and J; when m—v is odd. For example, the 
signal frequency (m=1) output signal-to-noise ratio 





of an ideal limiter (7=0) is 
mR{To(3R) —11(2R) P 


R'(R)= ~. 
4e® —eR[To(3R)—1,(3R) FP 





(8) 


Using (6) and (7), we find that for small R, (8) is 
approximately R’(R)=jrR, while for large R it is 
approximately R’(R)=2R. For a linear device (n= 1), 
we find from (5) that in the region of the signal fre- 
quency (m=1) R’ is identically equal to R, as it clearly 
must be. Putting m equal to 0 and m equal to 1 or 2 in 
(5), we obtain low frequency signal-to-noise ratios for 
the linear and quadratic rectifier which accord with 
Rice’s values.' Setting m equal to 1, we obtain values for 
the signal frequency signal-to-noise ratio which agree 
with Davenport’s somewhat more complicated expres- 
sion‘ at least for extreme values of R with n equal to 0, 
$, or 1. 

The total power output of the device—signal and 
noise—is the summation of (3) from m=0 to m=. 
It is more easily determined, however, by noting that 
the total power output is the mean value of 


a/2 
of (V cos6)?"d0/2m = aby (2n) V2". (9) 
—n/2 


Thus, the total power output is obtained by substituting 
2bo(2n) = xT (n+4)/T (n+1) for b,.2(n) in (3). Notice 
that as R varies, the fraction of the total power appear- 
ing in each harmonic region remains constant. While the 
power in any harmonic region is finite and equal to (3) 
for n>—1, the total power is finite and equal to (9) 
only if n>—4. The total signal output is finite for 
s>—l1. 

Likewise, the total signal output wave is best ex- 
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pressed not as a Fourier summation of (4) but as the 
average instantaneous output corresponding to the 
instantaneous signal input. Thus, if the latter is A cosw1, 
the total signal output wave is 


(u—A coswt)* 


a i) 
u”" exp——————_——_du, (10) 
(27) oJ. 20? 


since the input contains a Gaussian noise of rms value o. 
While (10) is in general difficult to put into more con- 
venient form, it can be expressed in terms of the error 
function when x is an integer. For example, when n=0, 





RATIO OF A POWER-LAW DEVICE 785 


the signal output is a erf((2R)! cosw#) ; for n=1 it is ae 
[ (2ar)-* exp(— R cos*wt)+ (2R)* coswt erf((2R)* coswt) ]; 
and for n=2 it is ao*(R/)! coswt exp(—R cos*wt) 
+ (1+2R cos*wt) erf((2R)! coswt)]. However, it does 
not appear possible to express the total signal power in 
convenient form even for integral n. We can neverthe- 
less observe that when the signal-to-noise ratio is large, 
the signal comes through as if the noise were not present, 
while when the signal-to-noise ratio is small, as we see 
from (7), the principal component of the output signal 
is the dc term, the amplitudes of the higher harmonics 
being of successively smaller orders of magnitude. 
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This paper investigates the behavior of the two-dimensional lattice medium in the presence of electromag- 
netic energy. The conditions for transmission of energy by the medium are derived and studied. In particular, 
the effects of the various parameters of the problem (e.g., obstacle size, obstacle shape, obstacle spacing, 
polarization of the electromagnetic energy) on the average propagation constant and impedance function of 
the medium are considered. The Wigner-Seitz cellular method is applied to the solution of the boundary value 
problem involving a lattice of elliptic cylindrical obstacles. Various approximate solutions are studied and 
appropriate functions formulated. Calculations are shown using some of these functions. Practical applica- 
tions of the theoretical results are indicated, and suggestions for further research are enumerated. 


SECTION I 
Introduction 
1. Purpose 


HE purpose of this dissertation is to investigate 

the behavior of the two-dimensional lattice me- 

dium or geometry in the presence of electromagnetic 

energy. In particular, its behavior will be studied when 

this energy is allowed to flow in some desired direction. 

In other words, those characteristics of the lattice 

geometry which are of particular importance to the 

transmission of energy through the structure will be 

critically examined and correlated with the field imped- 
ance concept. 

Starting from basic principles, the effects of the 
various parameters entering into the problem will be 
studied in order to determine how each—individually 
and in combination—affects the transmission charac- 
teristics. The results obtained from this approach should 
yield firmer design criteria for the various applications 
of lattice structures. The unification and synthesization 
of over-all effects will permit a more accurate theoretical 
prediction of behavior and thus reduce the amount of 

* This paper is based on research performed at the Polytechnic 


Institute of Brooklyn, New York, in partial fulfillment of the 
requirements for the degree of Doctor of Electrical Engineering. 


trial and error experimentation required to achieve 
practical designs. 


2. Definitions 


While a complete glossary of terms is contained in 
Appendix A, it would be desirable at this point to 
elaborate on some of the terms used in the preceding 
paragraphs. The term “lattice geometry or medium” is 
used to signify a regular or coherent arrangement of 
physical obstacles. This regularity causes a repetition of 
structure to occur as one proceeds outward along a 
straight line from an arbitrary origin in multiples of a 
certain base period or line length appropriate for the 
origin and direction in question. 

We shall choose a rectangular lattice, where, in the 
plane perpendicular to the z axis, the two primary 
directions are perpendicular. The periodicity in each of 
these two directions is such as to yield a rectangular unit 
cell which contains all the required geometric variations. 
These cells may be placed down side by side to cover the 
entire plane and form a lattice medium with the 
periodicities specified by the two perpendicular sides of 
the rectangular lattice. The rectangular unit cell is 
illustrated in Fig. 1 using an obstacle of elliptic cross 
section. 

The term “two-dimensional” is not intended to imply 
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that the obstacles are two-dimensional but rather that 
the lattice periodicity is limited to two dimensions. In 
the third dimension the structure is homogeneous. Thus 
as one proceeds along the z axis at any given x and y 
value there is no change in properties of the medium. 
The cross-sectional picture obtained by passing a plane 
perpendicular to the z axis of the infinite lattice medium 
or geometry at an arbitrary value of z is identical with 
that obtained for every other value of z from + to 
—«, (In practical applications this uniformity need 
only extend sufficiently in the z direction to make it 
large compared to the cross-sectional dimensions of the 
unit cell and also large compared to X, the free-space 
wavelength of the electromagnetic radiation.) 

The term “geometry or medium” as distinguished 
from “structure” is intended to imply periodicity from 
x=—® tox=+ and from y=—® to y=+ and 
extension from z=—* to z=+. The term “struc- 
ture” is intended to imply a lattice of finite extent in at 
least the y dimension (the direction of propagation). 
Thus the lattice structure might extend from y= —,, 
to y= © but with double infinities in both the x and z 
directions. 

Finally, the term “transmission characteristics” is in- 
tended to signify the key quantities which measure the 
average progression of electromagnetic energy through a 
lattice structure. We shall see later that these are the 
propagation constant (or index of refraction) and the 
impedance property representing the discontinuity en- 
countered by electromagnetic energy passing from a 
uniform homogeneous medium into the lattice medium. 
The very name “transmission characteristic”’ is intended 
to imply that the cases of principal interest are those 
where the particular frequency or frequencies in ques- 
tion are not prohibited from propagating through the 
lattice medium. (Of course, by studying all the trans- 
mission ranges one automatically studies and delineates 
the boundaries of the nonpropagating regions in the 
frequency domain.) 


3. Elliptic System 


For quantitative analysis, the shape of the obstacle 
within the unit cell is limited by the number of two- 
dimensional orthogonal coordinate systems in which at 
least the scalar wave equation is separable and soluble. 
There are only eleven distinct coordinate systems in 
which the three-dimensional wave equation is sepa- 
rable. 

In our so-called two-dimensional problem it was ap- 
parent that the elliptic cylindrical coordinate system 
offered the greatest flexibility in so far as obstacle shape 
in the x, y plane was concerned. The elliptic cylinder has 
as its limiting cases, the infinitely thin strip and the 
circular cylinder. Intermediate between these limits the 
variety of relations available between the major and 


¢ The superscript number will hereafter refer to a specific 
numbered reference in the Bibliography, Appendix B. 
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minor axes allow almost any two-dimensional obstacle 
to be represented with fair approximation by an elliptic 
cross section. 


4. Scope of Investigation 


In order to accomplish the purpose of the investiga- 
tion, our two-dimensional lattice medium problem will 
be approached from both the classical “cavity” method 
and the, by now no less classical, network or engineering 
approach employing the impedance concept. 

In the former approach“ the complete solution of 
Maxwell’s equations for a given electromagnetic field 
problem is intimately connected with the particular 
geometry of the system. After setting up the differential 
equations of the field in the appropriate coordinate 
system, each problem is treated as a peculiar and indi- 
vidual entity. The solution of the equations, with ap- 
propriate boundary conditions, for the region under 
consideration is the end objective. 

In the latter approach, on the other hand, the 
emphasis is on setting up general classes of solutions. 
These solutions are tied in with electrical circuit theory 
in general and iterative circuit theory (e.g., filter 
networks and transmission lines) in particular. The 
“cavity” solution is recast into such a form that it repre- 
sents an equivalent network. Associated with this net- 
work is a certain propagation function and a certain 
characteristic impedance function. This approach im- 
plies that a certain direction of primary energy trans- 
mission is of particular interest. We shall find that in our 
case this is so. The microwave network approach masks 
the “microscopic” solution of the E and H fields for the 
lattice structure and emphasizes the “macroscopic” 
behavior of the structure as a transmitter of electro- 
magnetic energy. In fact it presents these characteristics 
of the lattice structure in such a form as to facilitate the 
calculation of the performance of a larger over-all 
transmission system of which the lattice structure is 
merely one component. This latter facility is perhaps 
the most important single contribution of the “engi- 
neering” approach to the practical application of 
microwave structures in complicated electromagnetic 
systems. 

We will study a medium which is periodic in the 
direction of propagation as well as in the transverse 
direction.®-"” This is the case of the infinite lattice geome- 
try or medium. A physical explanation of wave propaga- 
tion in both lattice geometries and lattice structures 
will be furnished. Unifying impedance concepts will be 
established tying together the various contributions 
already made in this field. 

In Sec. III a mathematical solution of the two- 
dimensional lattice medium composed of elliptic cylin- 
ders will be carried out applying the Bloch wave solu- 
tions of the Wigner-Seitz cellular theory of solids* to a 
much more general situation than has heretofore been 
accomplished. This will include the derivation of the 
basic functions to allow the calculation of both the 
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propagation and characteristic impedance functions of 
the medium. Calculated results will be shown. 

Section IV will contain some general conclusions as 
well as discussion of the practical applications of the 
foregoing analyses and some problems considered 
worthy of further research. 


5. State of the Art 


To conclude this introductory section we will give a 
brief qualitative bird’s-eye view of work already ac- 
complished in this field. 

In the work done to date on the lattice medium the 
tendency has been to compartmentalize rather than 
unify the results. Thus we find that the delay type of 
lattice medium (the so-called artificial dielectrics) has 
been considered separately from the “speed-up” type 
(the metal plate lenses). Also, almost universally the 
quasi-static case (A very much larger than any of the 
dimensions of the unit cell) has been the only one con- 
sidered. While it is true that this case has some very 
important practical applications, it should not be over- 
looked (see Sec. IV) that a vast unexplored field of 
application exists for lattice media operated at other 
than the simplest conditions. It was because of the lack 
of generalized analyses of the lattice media unifying the 
consideration of the effects of the various significant 
parameters that the investigation upon which this paper 
is based was undertaken. 

To date, the analysis of the lattice medium has been 
confined principally to two major approaches: (a) 
analogy with the molecular theory of matter, (b) trans- 
mission line filter analogy. 

In considering the lattice medium as a large scale 
model of a homogeneous dielectric (‘“‘a” above) two 
approaches have been used. 

(1) Kock** considered that \ was so large that the 
geometry of the particle was of secondary importance. 
The particle obstacle acquires a dipole moment under 
the influence of an impressed electric field. Each particle 
is completely independent of the others and thus the 
polarization of the gross lattice medium is obtained by a 
simple summation. Not only are the particles required 
to be very small with respect to wavelength, but their 
spacing must be very large compared to the particle 
size. This is essentially an analogy to the molecular 
theory of gases. 

Corrections of the above to take into account particles 
of larger size compared to spacing have been worked 
out. The Clausius-Mossotti formula is one such attempt. 
Corkum” and Estrin also have presented a correction 
for the “bulking” effect of closely packed spheres. None 
of these corrections, however, remove the restrictions 
that both particle size and spacing must be small 
compared to the free-space wavelength of the incident 
electromagnetic energy. 

(2) Lewin,® Pasternack,“ and Slepian®' have ex- 
tended the above approach by analogy with the mo- 
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Fic. 1. Illustration of rectangular unit cell with an obstacle of 
elliptic cross section. 


lecular theory of liquids and solids. Here interaction 
between particles is taken into account. This allows a 
start on an analysis which does not require \ very large 
compared to spacing and obstacle size. However, only 
Slepian removed this restriction to any significant ex- 
tent in a quantitative way. But Slepian only considers 
the circular cylindrical type of obstacle, and the unit 
cell boundary conditions are matched at the absolute 
minimum of points. 

The method “6d” above—which uses the Wigner- 
Seitz cellular concept coupled with Bloch wave solu- 
tions*—requires that the wave equation be satisfied 
throughout the lattice medium but so “forces” the mode 
solution appropriate for scattering by the obstacle in the 
cell as to make the solution of propagation through the 
lattice medium be represented by Bloch waves. Thus 
the requirement for satisfying the wave equation over all 
of space is reduced to satisfying it within and on the 
boundaries of the unit cell of Fig. 1. 

The transmission line-filter analogy set forth by 
Cohn,” Brown,” and Jones'® considers that the lattice 
medium is made up of a stack of parallel plate wave 
guides; each wave guide being loaded at periodic 
intervals along its length by the lattice obstacle. This 
method in so far as it has been carried to date does not 
take into account the interaction between obstacles in 
the direction of propagation. Neither does it take into 
account, in a quantitative way, the case when A is 
smaller than the spacing of the obstacles in the direction 
of propagation. By making use of work on the imped- 
ance properties of infinite plane gratings by MacFarlane 
(quasi-stationery, \ greater than transverse spacing) 
and by Marcuvitz (application of Schwinger’s integral 
equation techniques—no restriction on ) in relation to 
transverse spacing in the most general application), 
accurate representations of the network parameters of 
transversely infinite plane gratings may be obtained. 
However, to date the addition of an infinite number of 
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Fic. 2. Cross section of a lattice medium which is periodic in two 
directions (axis of cylinders are perpendicular to the plane of the 


drawing). 


these gratings to form a lattice medium has been ac- 
complished only for \ greater than spacing in direction 
of propagation and for interaction in the direction of 
propagation between nearest neighbors only. Brillouin” 
indicates a formal solution for interaction between 
more than nearest neighbors, but it has not been applied 
to quantitative solutions of lattice mediums to date; 
neither has the Schelkunoff field impedance concept 
been applied to the lattice structure previous to this 
dissertation. 


SECTION II 


Lattice Structures—General Theoretical 
Considerations 


1. Cell Concept 


In this paper we limit ourselves to media with 
periodicity in only two directions (see Fig. 2). The loss 
in generality is not great since all the basic elements of 
the problem show up in two dimensions just as well as in 
three but with a simplification of notation and computa- 
tion. Furthermore, there is evidence that the inherently 
mechanically self-supporting cylindrical type of obstacle 
is finding a constantly increasing application in practical 
engineering designs. 

The lattice medium has a periodicity in the direction 
of propagation from + to — in addition to the 
transverse infinite periodicity. In Fig. 2 if we take d, and 
d, as the two perpendicular basis vectors of the rec- 
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tangular unit cell, the vector coordinate of any point in 
the lattice from the particle or point chosen as the 
origin is 
Fiylo=1ydyt+ lode, (2.1) 
where /,; and |, are integers varying between + and — . 
Whereas in the case of a planar grating or in the case 
of a single obstacle case, we adjusted the form and 
constants of our mode solutions to give results which did 
not go to infinity as we proceeded large distances from 
the obstacles, the second periodicity in the two- 
dimensional lattice medium “forces” the repetition of 
the boundary conditions at each cell boundary. For the 
moment let us deal with radiation propagating along the 
y axis in Fig. 2. Again by symmetry considerations we 
find that the wave must continue to propagate in the y 
direction. This forms the basis for the Wigner-Zeitz*”)*8 
method of treating the theory of solids. The general 
solution for a wave proceeding through the lattice 
geometry can be given in the form 


r= V(r, Rente-Kry, (2.2) 


where y is the amplitude factor, e~*“**~*™ is the phase 
factor, k is the free-space propagation constant, and Kr 
is the average or over-all lattice propagation constant 
corresponding to a particular value of k. 

Equation (2.2) arbitrarily defines a set of so-called 
Bloch waves. These waves must meet all the electro- 
magnetic boundary conditions imposed by the boundary 
of the perfectly conducting obstacle and in addition 
must meet the requirements that corresponding points 
on the cell boundary side faces (across which no energy 
flows) have equal values of rz, whereas corresponding 
points on end faces retain equality in y(r, k) but have a 
phase shift of e‘*' in w,. Because of these conditions K 
may be considered as the equivalent propagation con- 
stant (though as we shall see later in Sec. III, K may be 
a very complicated function of k) through the lattice 
medium. 

Thus we have reduced the problem of the lattice 
medium (infinite and periodic in 2 directions, infinite 
and constant in the third direction) to the solution of a 
two-dimensional wave equation within and on the 


' boundaries of the unit cell. 


Vert kr. =0. (2.3) 


Equation (2.3) must hold all over the cell except inside 
the perfectly conducting obstacles and must meet the 
normal boundary conditions on a perfect conductor. 

On the cell boundaries (end faces), where “‘a;” serves 
to translate an end-face point to a corresponding point 
one cell away, we have 


¥(n, k)=e*((r+a;], k), 
n- (Vo (rn, k) J=e*%-(VY((rit+-ar], &)]; 


’ is normal to the cell face in question. For side faces the 
condition is the same except the e‘*! factor is not 
present. 


(2.4) 
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For H plane polarization (i.e., the case where only the 
E, component of the total vector E field differs from 
zero and H,=0 in general throughout the cell) we have 
at the obstacle boundary 


r,=0, 


(2.5) 


and for E plane polarization (i.e., 7,40, H.=H,=E, 
=0, E,~0, E,+0) 


drz*/dn'=0. (2.6) 


(The asterisk denotes the E plane case.) n’ is normal to 
the obstacle surface at any point. 


2. Propagation Through Infinite Lattice Media 


Let us discuss now the two primary factors required 
to describe the electromagnetic transmission behavior of 
lattice structures or media, namely, index of refraction 
(or the propagation constant) and the lattice junction or 
impedance to power transmission characteristics. 

According to our terminology the term “‘structure’”’ 
implies that the lattice medium does not extend out to 
— in the direction of propagation. (It also might not 
extend out to + © in the direction of propagation). The 
significance of mentioning both the terms “media” and 
“structures’’ in this section is tied in with the manner of 
calculating the two primary factors mentioned above. 

It should be emphasized again at this point that our 
principal efforts are oriented toward analyzing lattice 
structures under conditions conductive to power trans- 
fer by Bloch waves. Information gained concerning the 
ranges of nontransmission will be only a by-product of 
the basic effort. 

Now let us consider the determination of the propaga- 
tion constant for the transmission of electromagnetic 
energy through an infinite lattice medium. The basic 
philosophy behind the solution of the transmission of 
electromagnetic energy through a lattice medium con- 
cerns the symmetries caused by the coherent repetition 
of the obstacles in any plane section perpendicular to the 
infinite longitudinal axis of the obstacle. We shall so 
arrange our Cartesian coordinate axes as to have the z 
axis coincide wlth the infinite longitudinal axis of any 
one of the cylindrical obstacles (an arbitrary cross 
section is assumed for the cylindrical obstacle). The 
plane section is taken at z=0 and the x—y axes so 
oriented that the smallest cell in the x—y plane whose 
infinite repetition from «= — © tox=+o and y=— 
to y=+o will form the lattice medium is a rectangle 
(see Fig. 3). The symmetries are such that if a plane 
wave exists in the medium with its direction of propaga- 
tion along the positive y axis, at each successive cell 
entrance face the planarity is maintained. In fact, 
whatever the amplitude distribution along the entrance 
face is, it is repeated at the next cell entrance face. The 
only difference in the character of the electromagnetic 
energy which we observe, if we restrict ourselves to 
sampling at cell entrance faces only, is that the phase of 
the constant-phase front is changed by a certain amount 
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+6 from what it was at the preceding cell face. It is this 
coherent phase change at successive entrance faces, 
while maintaining the direction of propagation and 
transverse amplitude distribution at each cell entrance 
face, which allows the complicated infinite boundary 
value problem to be solved by Bloch waves satisfying 
boundary conditions on the unit cell boundaries and on 
the surface of the perfectly conducting obstacle within 
the cell. 

It should be noted that the above outlined repetition 
of conditions at successive entrance faces is very basic to 
the assumption of our particular cell boundary condi- 
tions. To what may we attribute this repetition? There 
are two possible explanations: 

(1) The obstacle at the center of the cell is so small 
that the cell entrance and exit faces are so many wave- 
lengths from the obstacle that only the principal or 
exciting mode is propagating all the transmitted energy 
and there are no interactions between cells in the y 
direction. This is the case considered by S. B. Cohn.” In 
this case it is possible to superimpose the effects of suc- 
cessive planar gratings to form an iterative structure of 
uniform transmission line sections shunted by identical 
four-poles. This approach takes into account the de- 
tailed geometric shape of a single obstacle and also 
(except in its simplest form) takes into account large 
cross-sectional obstacle size compared to transverse («x 
direction) obstacle spacing. 

(2) A second, more general explanation of the reason 
for the preservation of transverse amplitude distribution 
at cell entrance faces takes into account the infinite 
interactions between any single obstacle and all others 
in the y=+ © and y= — © directions. By taking these 
interactions into account we remove the restriction that 
the obstacle size must be small compared to the cell size 
in the y direction. In this general case we may visualize 
the behavior of the total E and H fields as the energy 
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Fic. 3. Rectangular cell representation for a lattice medium 
composed of cylindrical obstacles of arbitrary cross section 
disposed in a rectangular array. 
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proceeds through the unit cell. Let us assume that at 
the entrance face there exists a plane constant phase 
front and a certain arbitrary amplitude distribution 
along x for both the total E and total H fields. 

As the energy penetrates the cell the plane phase 
front is distorted, since the total fields are the vector 
sum of the incident and diffracted fields and the 
diffracted fields from cylindrical obstacles are not plane 
except at great distances from the obstacle. Thus, as we 
go from the entrance face to the mid-point of the cell, the 
distortion of the total E and H fields steadily increases 
and this has the effect of changing the energy trans- 
mission from a plane phase front to some more compli- 
cated shape. There are components of energy trans- 
mission in other than the y direction. These are not 
really energy transmitting modes since they damp out 
before reaching the cell side faces. Therefore, the effect 
of the infinite interactions is to force the cell boundaries 
to be the “far-field” region of the cell. 

As the energy field proceeds from the midpoint of the 
cell to the cell exit face, a restoration effect starts which 
results in a plane-phase front (perpendicular to the y 
axis) again and restores the original amplitude distribu- 
tion of the total E and H fields along X. If we sampled 
the total E and H fields only at the entrance and exit 
faces we would find that the energy propagation phe- 
nomenon could be specified by a wave with a plane 
constant-phase front perpendicular to the Y axis and an 
amplitude which is a certain function of X. These are 
known as Bloch waves. The average lattice propagation 
constant in the Y direction is either greater or less than 
the free-space propagation constant kr depending on the 
relationship of obstacle geometry to electromagnetic 
field polarization. (We are assuming, of course, that our 
perfectly conducting lattice obstacles are in free space. 
This is the practical situation; but any other perfect 
dielectric medium would not introduce any procedural 
changes in the analysis which follows.) 

We will now formulate the problem analytically. We 
choose the Cartesian coordinate system for the portion 
of the analysis which does not consider the fields in the 
interior of the cell in detail, because the rectangular 
shape of the unit cell of the lattice medium lends itself 
naturally to such a system. The total vector fields must 
satisfy Maxwell’s equations throughout the free-space 
matrix of the lattice medium and, in addition, satisfy 
the required boundary conditions on the perfectly con- 
diicting obstacle surface and on the cell boundaries. 
(See Eqs. 2.4 through 2.6.) We also take advantage of 
the fact that for waves whose phase fronts remain 
parallel to the z axis, we can define any arbitrary field as 
the linear sum of an E plane and an H plane partial 
field as defined in subsection 1 above. (We shall also see 
in the next section that this division into partial fields is 
especially appropriate for analysis of our lattice medium 
since the medium reacts differently to the E and H 
plane polarizations.) The linear nature of the electro- 
magnetic fields in our lattice medium allows us to de- 
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compose an arbitrarily polarized field into its component 
E plane and H plane parts, solve each part separately, 
and add the solutions to secure the total solution that is 
due to the total field. 

The Hertz vector concept coupled with the preceding 
affords us a very convenient analytical tool for solving 
our problem. Both the £ plane and H plane fields are 
completely specified by their respective Hertz com- 
ponents along the z axis, , and .*. 

Remember that 


E=Vx(Va#)=V(V-#)—Vx, 


C) (2.7) 
H= €o— (Vx), 
of 
and similarly that 
. is 7) 
H*=Vx(Vx#*) and E*= ian (2.8) 
t 


The relationships between the Hertz vectors and the 
E and H vectors in rectangular coordinates are for the 
E plane case, assuming the following sinusoidal time 
variation : 





























E,*= om. ae = iene 
0t\ dy 
4 Onr,* 
~()% 
dy (2.9) 
) 4 On,* 
E,* ~~ “s, *)--i8 (— = 
at 
H,*=kx, 
Similarly for the H plane case, 
Ez = krr., 
On. On. 1 Or, 
=o ~)- — weg = -in(= ) 
ay wos ay’ (2.10) 
Or, Or, 1 On, 
H, = om ~)- 1w€y = in(- *) 
Ox Lo ax 


Remembering that k= free-space wave number= 27/)o, 
we see that the scalar wave equation is appropriate for 
E, in the H plane case and for H,* in the E plane case. 
Therefore, since & is a constant in so far as the x, y, 2 
coordinates are concerned, and remembering that 


E,=kr, and H,*=k’r,* we have 
Vr t+kr,= 
and (2.11) 
V2, *+ k’r,*=0. 


Equations (2.11) must be satisfied at all points in the 
free space in the lattice medium and also on the surface 
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of the perfectly conducting obstacles. As we have seen, 
because of the infinite repetition of unit cells, the above 
requirements for Eq. (2.11) are retranslated into bound- 
ary conditions Eq. (2.4) through (2.6) for the unit cell. 

Now we must relate the solution in terms of the set of 
Bloch waves Eq. (2.2) with the boundary requirements 
of Eq. (2.11). 

The first step is to assure that y of Eq. (2.2) satisfies 
the electromagnetic boundary conditions on the surface 
of the obstacle. The mode solutions are very convenient 
to use, provided the shape of the object is amenable to 
treatment in one of the separable coordinate systems. 
Thus, 


Y= E Ankle, B)Fa(n, (2.12) 


where ¢ and » are the orthogonal coordinates of the 
coordinate system which for e= a= constant specifies the 
surface of the obstacle. Both ¢ and 7 are functions of x 
and y. Thus, from Eqs. (2.5) and (2.6) we so arrange F 


that 
[Fi (€) a= 0, 
and (2.13) 
LOF,*/dn' }.-a=0. 


The constants A,, are evaluated from Eq. (2.4). The 
number » of these that may be evaluated depends on the 
number of pairs of points at which Eq. (2.4) is evalu- 
ated. Theoretically m should be infinite. In practice the 
points have been restricted to a pair at y=0, x=+1/2 
and x=0, y= --m/2. This is probably far from adequate 
when the obstacle occupies an appreciable proportion of 
the volume of the unit cell. In Sec. III we will discuss 
this point further. 

In evaluating the constants A,, with Eq. (2.4), one 
gets a set of algebraic equations where each equation 
individually is equal to zero and there are as many 
equations as there are unknown constants. In order for 
this set of equations to yield nontrivial solutions the 
determinant must equal zero. This has the effect of 
determining all the constants in terms of one of the set— 
say Ao, so that 


Y=Ao > Fi(e, kr) Fo(n, kr). (2.14) 


1 


Because of the form of Eq. (2.4) the average lattice 
propagation constant K enters the above-mentioned 
determinant only in the form cot?(K//2), if boundary 
conditions are matched only at the 2 pairs of points 
y=0, x=+1/2 and x=0, y= +m/2. 
Thus we get a transcendental equation relating K 
and k 
cot? Kr (1/2) ]= —F3(kr). (2.15) 


The “7” denotes those ranges of kr for which F; is 
negative in order that Kr be real and in order that 
propagating Bloch waves exist. The functional form of 
F; depends on the form of the cross section of the 
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Fic. 4. Pictorial representation of transmission band structure 
of an infinite lattice medium where k, vs K, has been separated 
into single-valued cycles. 


obstacle, e.g., for circular cylinders F; is made up of 
Bessel functions containing kr in their argument while 
for elliptic cylinders F; is made up of Mathieu functions. 

It can be seen that in solutions of Eq. (2.15) for any 
given k there are a doubly infinite number of positive or 
negative Bloch waves given by 


n2r 
(xt 
and 
2x n2r 
+([7-«}7), 
l l 
where 
K\l/2< 2/2, 


and where m is any integer from zero to infinity. 
Similarly, for any given value K, there are cycles of kr 
for which F; is negative. Also at the points — F;(kr)=0 
(corresponding to K= (2n+-1)z/I) a region in k starts 
for which F; is not negative. This portion of the cycle 
results in specifying the stop or forbidden bands of 
frequency where energy will not be propagated through 
a given infinite lattice medium. Depending on whether a 
pole or a zero occurs first in the K vs k characteristic we 
have a pass or stop band in the low frequency region. 
For analysis of energy propagation in infinite lattice 
media it is very useful to so separate the cycles of K and 
k so that for the first cycle of K (i.e., K1) only one single 
valued band of frequencies k,; exist. Therefore K7 and 
kr specify the first, second, third, etc., pass bands where 
kr is a single valued function of Kr. This is illustrated 
in Fig. 4. This separation corresponds to the physical 
situation in an infinite lattice. Electromagnetic energy 
propagating in the infinite lattice in the y direction 
with a fixed frequency or free-space wave number kr 
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will have an average lattice propagation constant Kr 
provided the transverse cell spacing m is less than X. 
When m is greater than A, more than one Bloch wave 
transmission mode propagates the energy through the 
lattice. This will be more fully discussed below. (It 
should be noted that energy propagating in a direction 
other than along the y axis may be divided into two 
components—one propagating along the y axis and the 
other along the x axis. Thus in Sec. III the lattice 
propagation constants are derived for both the x and y 
directions. ) 

The physical situation in a finite lattice structure is 
not quite as simple. Energy kr incident from free space 
on the first face of the lattice structure will tend to 
excite an infinity of Kr’s and depending on the inter- 
relation of many parameters (especially the relationship 
of the cell dimension “‘m” to \), a given number of the 
Kr’s corresponding to several successive cycles [where 
K ,=K y»-1+(2x/l)] will actually propagate the energy 
through the lattice. This situation and others concerning 
the finite lattice structure will be taken up below where 
the impedance concept will be discussed. 

Before proceeding to the discussion of the impedance 
concept it would be well to summarize the parameters 
involved in the propagation of electromagnetic energy 
in an infinite lattice medium. 

(a) Plane-phase front electromagnetic energy of arbi- 
trary polarization propagating at any angle in the x—y 
plane in an infinite lattice medium may be decomposed 
into E plane polarized energy propogating one com- 
ponent in the x direction (with a plane-phase front) and 
one component in the y direction. Similarly, the H plane 
portion of the energy can be decomposed into energy 
propagating with plane-phase fronts in the x and y 
directions. 

(b) One of the above components is called a Bloch 
wave. We shall speak of that Bloch wave which propa- 
gates in the positive y direction with an average lattice 
propagation constant Kr and an amplitude distribution 
in the x direction across the cell entrance face given by 
the function 


x,=WeKrv-o0 


(2.16) 


where 7, is related to the field vectors by Eqs. (2.9) and 
(2.10). 

(c) At successive entrance faces of cells the form of 
y.is maintained as a result of the infinite mutual 
interactions on either side of the cell under considera- 
tion. Therefore, if in an infinite medium there exists K, 
and K,+(2x/l) (2 Bloch waves) at successive cell 
entrance faces, both will be maintained and propagated 
in the infinite lattice medium even when the cell dimen- 
sion m is less than the free space X. 

(d)- In progressing through the first half of the cell 
the E and H fields are distorted to fit the mode solutions 
of the obstacle. The larger the obstacle the greater the 
distortion and the greater Kr differs from kr. In pro- 
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gressing through the second half of the cell the E and H 
fields are restored. 

(e) In general, the lattice medium is dispersive, i.e., 
the index of refraction, V = K7/kr, is a function of the 
frequency, 

3X 10° 2x 


f=—; kr=—. 


r 


Only in special cases, when the obstacle is very small 
(y substantially constant throughout the cell) compared 
to cell size and ) is very much larger than cell size, will V 
be almost constant with respect to f. This is the case 
where the lattice medium may be replaced by an 
equivalent homogeneous medium of relative dielectric 
constant= NV?/yrel. (NV is very close to 1 in this case). 
(f) The difference in the geometrical shape of the 
mode solutions for the obstacle from that of the cell 
boundary introduces the pass and stop bands illustrated 
in Fig. 4. More basically, it may be said that the 
spacing, arrangement, and shape of the obstacles making 
up the lattice medium cause it to have a wave band pass 
filter type of propagation characteristic.” It is inter- 
esting to note that when \ approaches infinity, the 
“fine-grain” structure of the lattice becomes unim- 
portant and it appears to be a homogeneous dielectric" 
in the E plane case and a homogeneous, perfectly con- 


‘ducting parallel plate wave guide in the H plane case.”! 


Also as \ approaches infinity, for finite obstacle size, the 
interactions become less and less important and “‘far- 
field” conditions are reached at each cell boundary 
independently. The “fine-grain” structure predomi- 
nates, and the average lattice propagation constant Kr 
is very nearly equal to kr and has very little meaning 
since the energy is propagated at the free-space velocity 
and the phase velocity in the far field is also that of the 
speed of light. 

(g) The forbidden or stop bands of k are associated 
with point values of K=(2n+1)z/l, where 1=cell 
length in the direction of propagation. This means that 
there are a series of discrete values of the average lattice 
propagation constant K associated with Bloch waves at 
which stable transmission in the infinite lattice medium 
cannot occur. In the finite lattice structure these values 
correspond to the Bragg reflections in crystals. 


3. Impedance Concepts—Lattice Structures 


In the preceding section we have discussed the propa- 
gation constant of the infinite lattice medium. We have 
found that the Wigner-Seitz cellular method of ap- 
proach is a very powerful and basic one when dealing 
with infinite lattices. When dealing with lattice struc- 
tures which have a gross and face perpendicular to the 
Y axis starting somewhere along the y axis other than at 
minus infinity (but are effectively infinite in extent in 
the +x and +2 directions), we find that in addition to 
knowing the propagation constant of the medium one 
must also know something about the gross and effect of 
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the medium. This is analogous to the one-dimensional 
transmission line. When it is doubly infinite, one need 
only know its propagation constant. When it has a pair 
of entrance terminals at other than y=— © one must 
know, in addition, its characteristic impedance (i.e., the 
input impedance of a semi-infinite length of line) in 
order to completely specify the energy transmission 
across the input terminal and thence down the semi- 
infinite line. Even if the line is not semi-infinite, if its 
effective characteristic impedance is connected across 
the output, the energy transmission at the input 
terminals is specified. 

Thus we will attempt to specify a characteristic imped- 
ance Z, for our over-all finite lattice structure which 
coupled with the already calculated propagation con- 
stant Kr will permit the specification of the matrix 
impedance coefficients of an equivalent 4 pole which 
may be used as a component of an over-all microwave 
transmission system. (The coefficients will be functions 
of the various transmission and impedance modes de- 
fined for our “‘wave-filter” lattice structure.) 

Referring to Fig. 5, we have for an over-all length of 
lattice= nl (n=number of elements in the y direction 
and /=length of unit cell in y direction), 


Zaa=Zv,=Z, coth(nilKr)=Z, cot(nlK7), 


2.17 
Zab=Zva=Z.csch(nilKr)=Z,i csc(nlKr). ( ) 


Referring back to our discussion of the effect of 
mutual interaction, we can qualitatively discuss what 
happens to the E and H fields as the energy enters at the 
finite input face of the lattice structure (infinite in the 
x and z directions). 

That portion of the energy which is transmitted at 
the first row of cells is acted upon by infinite mutual 
interactions from the +y direction and none from the 
—y direction. This causes a change in the amplitude 
distribution (over the x direction) of the wave on the 
cell exit face as compared to the cell entrance face, but 
the direction of propagation and plane phase front is 
maintained at each cell face. As the wave proceeds 
farther into the medium, the residual amplitude distor- 
tion from entrance to exit face becomes less and less, 
until finally it has gone deeply enough into the lattice 
structure so that for all practical purposes the inter- 
actions from the +y and —y directions are equal; from 
then on that particular amplitude distribution is main- 
tained until the exit transition region is reached. 

The exact calculation of the E and H fields in the 
transition regions is very complicated and would require 
the application of boundary conditions differing from 
Eq. (2.4). For our purposes it will be sufficient to as- 
sume an over-all amplitude distortion caused in the 
plane wave incident upon the lattice, and use the new 
amplitude distribution over the entrance face of the 
first cell past the transition region. An integral function 
(calculated at this point on the basis of Poyntings 
vector and using the expressions for 7, already derived) 
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will be our definition of the characteristic impedance. It 
might be argued that our 7, was calculated on the basis 
of interaction from y= — © to y=-++© which is not the 
condition existing at the interior entrance face of the 
finite lattice where we have decided to calculate our 
characteristic impedance and propagation constant. 
This is true, but the discrepancy is not very serious. It is 
the same one which exists when one neglects high fre- 
quency leakage unbalance in breaking off a doubly 
infinite line of 4 poles and assigning a characteristic 
impedance value to the remainder which was actually 
calculated on the doubly infinite basis. 

The field impedance concept developed by Schelkunoff 
is not only a good engineering tool but also has deep 
significance in terms of electromagnetic phenomena. It 
takes the E and A fields which are, in general, functions 
of position in three-dimensional space and so integrates 
and interprets them as to permit their energy trans- 
mission properties to be represented by network impe- 
dances lumped in at least the cross-sectional dimensions. 
In our case, because we are able to determine the 
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Fic. 5. Network representation of m rows in the interior of a 
lattice medium. 


propagation constant of the lattice structure by other 
means, we integrate in the third dimension also and 
come out with one equivalent 4 pole (i.e., one in form, 
but many—corresponding to the various modes—in 
detail). 

An example of the basic nature of the Schelkunoff 
field impedance concept is furnished by the case of the 
perfectly conducting two-wire transmission line with the 
wires spaced a finite distance apart. If one takes the 
attitude that the energy is transmitted in the wires it 
might be a little difficult to understand why the charac- 
teristic impedance of such an infinite line is finite. How- 
ever, if one takes the attitude that the energy is 
transmitted in the dielectric space between and sur- 
rounding the two wires and that the perfect conductors 
merely act as coalescers or guides for the energy, then it 
becomes obvious that the energy propagation is finite 
and somewhat slower than in vacuum because of the 
constricting effects of the two conductors. Thus a 
calculation of field intrinsic impedance based on the 
Poynting vector integration will very logically and 
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neatly result in a characteristic impedance value keyed 
to the energy transmission capabilities of the con- 
figuration. 

Let us define the Poynting vector for the field vectors 
defined in Eqs. (2.8) through (2.11) as the power 
crossing an entrance face in the infinite lattice medium: 


m/2 


Sy= f (EXH)-n,'dx=I,f.Z., (2.18) 
r=—m/2 


where /,=conjugate 7,, H=conjugate A, and J, de- 
notes an integrated current caused by the Af distribution 
over the entrance face. Z,=the lattice characteristic 
impedance. 


For the E plane case we have 
z=m/2 
S,*= f (—E,*H,.*)dx=Iaplq,*pZ.*, (2.19) 
r=m—m/2 


where p denotes the impedance mode under considera- 
tion: 


= f fit. d5= 11K" 


m/2 
=» f m,*dx, (2.20) 


r=——m/2 


where the path in Eq. (2.20) is in accordance with the 
right-hand rule for J,* in the positive y direction and 
over a 1 meter unit length in the z direction (see Fig. 6). 
Remembering that H7,,* is constant with respect to Z and 
that H,*-dx=0, we see that J,* is numerically equal to 
H,,* where the “gq” denotes evaluation of current at 
x=0, y= —1/2 “a H,,*=2(H,*): 

















S,*= Hh 1¢°Z.*, (2.21) 
m/2 
f (—E,*H.*)dx 
S * 
iinimnnninienante (2.22) 
ne H..*H..* HitH.* ° 
where 
iZ,)* 0H ,* Onr,* 
se = —s ’ 
7 m (2.23) 
= aft! : 4.2 is 
Z.*= 9h 
Mr.e*ts¢" 


Normalizing Eq. (2.23) by the characteristic impedance 
of free space per cell face area of m sq meters we get 


pZ* 1 ( 1 ) 
(mZo*) ik(m)\aq*tteq"* 


m/2 0 
x f (—x.*) 4% (2.24) 
z=m/2 \ OY 
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But at the cell entrance face where Z,* is being calcu- 
lated we have y= —//2 and from the cell entrance and 
exit face boundary conditions W7* is not a function of y 
(if we restrict our sampling points to cell end faces), 
therefore, 

m.*= (e'XT YY r*, 


0 


(2.25) 


=iKr*r.*. (2.26) 


oy ; 
In the pass bands 7, Kr is real (whereas in the stop 
bands it is imaginary): 
Z.* Kr 1 ) 
(mZo*) mky\a.¢*t2q* 
m/2 e'Kr*y oy* 
x (= ——) + (7." +") fs, (2.27) 
z=—m/2 Kr* oy 


Eq. (2.27) is less than or equal to Kr*/kr. 
We see that for the special case of +.* constant with 
respect to x, y, and z we get 


Z.* mK 7* 
(mZo*) 


Equation (2.28) is the index of refraction of a homo- 
geneous dielectric of absolute dielectric constant 
= (Kr*)?/uo. 

For this special case the general voltage reflection 
coefficient, which is 














= N;*=index of refraction. (2.28) 


mkr* 


[Z.*/(mZ *) |—1 





Reflection coeff = , (2.29) 
(Z.*/(mZo*) +1 
becomes 
(N*—1)/(NV*+1) 
= reflection coeff for homogeneous dielectric. (2.30) 


It should be noted that in the preceding equations Z,* 
varies with the transmission mode being considered so 
that properly we should include “‘7” as a subscript and 








(mZ,*) m 


pZrce* Nr*, ) 


*~ * 
Tq Weq 


m/2 eiky ay* 

xf |(« _ 
r=—m/2 K,* ra 
Since K7* is already an averaged value in so far as x is 
concerned, we may rewrite Eq. (2.31) using Eq. (2.2): 





+ (x. +49) fs: (2.31) 








bZrc i Vr ( 1 ) 
(mZ,*) m \y*(q, kr)¥*(q, kr) 


Css 





+ (W*(x, kr)V*(a, kr) mn (2.32) 
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If one were interested only in the total reflection 
characteristics at the input end of a finite length of 
lattice medium for a given impressed &, and if one were 
not too concerned about loss of available output energy 
as a result of deformations of phase and amplitude 
fronts at the output end caused by the energy being 
transmitted by more than one Bloch wave transmission 
mode, it would not be necessary to use Eq. (2.32). 
Instead, one would use Eq. (2.21). In order to take care 
the effects of the transition region, one would assume 
that it caused a residual variation of the incident H,* 
along the entrance face past that region, consistent with 
the lattice symmetry requirement that this distribution 
be an even function of x (about the x=0 point) and 
with the requirement that no energy be propagated 
across the cell side faces. Since 


Hsq*H og" = |H.*|*at 0, (2.33) 
and for measurements at cell end faces, 
0 
—H,*=iKd,*. (2.33a) 
dy 


Therefore, we may express the characteristic impedance 
in terms of a mean square value of the distribution along 
the x axis. If the distribution along the x axis is written 
in terms. of a Fourier series, 


«x 2rp 2xp 
H,*(x)= >, (4 pcos—x+B, sins), 
p—0 m m 
(2.34) 


m/2 m/2 
H.,*H,..*= f H.dx f H,dx. 
r==—m/2 z=——m/2 


In terms of power transmission one may define a 
space form factor Fs* which, when multiplied with the 
complex conjugate product of the H,* field at x=0 and 
[(K/k)mZ,*], will give the proper total value of the 
Poynting vector S,*. 


m/2 
f (H.*H,*)dx 


1 r==—m/2 


m | mm, 




















m/2 Omrz* 
f )eetas 
1 Joum oy 
- = (2.35) 
Kr* a 
K* 
S,*= LF a*H oq*H oe! F(mde*). (2.36) 
Substituting Eq. (2.36) into Eqs. (2.22) we get 
Zrc* Kr* 
=> s* = Fs*Nr*. (2.37) 
mZ>* kr 
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Fics. 6(A) and 6(B). Sinusoidal distributions of H, amplitude 
modes across the cell entrance face and equivalent network 
representation of each. In (A) points 1 and 3 may be tied together; 
in (B) points 2 and 4 may be tied together. 


(Note: The form factor does not take into account rms 
values in the time domain, so we consider that the 
Poynting vector S,* and the field vectors are given in 
terms of rms time values). In Eq. (2.37) the considera- 
tion of the transmission modes enters only in the choice 
of Nr* corresponding to the particular kr of the im- 
pressed frequency as given by Fig. 4. Approximations of 
Fs* may be found by numerical integration of the 
formulas for 7,* and dx,*/dy which are derived in 
Sec. ITI. 

On the other hand, if one is interested in the destina- 
tion of the energy and in the detailed phase front 
information at the output end, an impedance mode 
analysis of the energy transmission must be made. An 
analysis is required which will show how many different 
Bloch waves modes will propagate the energy through 
the lattice when a plane wave of frequency wo, 
(ko= wo/3X 10°) impinges upon the entrance face of the 
lattice. 

If the finite face of the lattice (at the point past the 
entering transition region) were replaced by a homo- 
geneous dielectric, periodic in the x direction with a 
period of m, the condition for a propagating mode to 


exist is given by 
2xn\? 
(—) <i 
m 


(where m is any integer from zero to infinity and is the 
number of the propagating mode resulting from an 


(2.38) 


—_ 
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impinging plane wave constant in amplitude across the 
wave front in the x direction). 

Thus, Eq. (2.38) shows that if m<d only the n=0 
mode will propagate past the boundary of the periodi- 
cally varying homogeneous medium. For \<m< 2) both 
the n=0 and n= 1 modes will propagate energy through 
the homogeneous dielectric. Using this type of analysis 
we may reason that in Eq. (2.31) or Eq. (2.32) an inci- 
dent plane wave with free-space wave number &; located 
in the “7th” pass band as defined in Fig. 4 will propa- 
gate all its transmitted energy in one Bloch wave mode 
Kr defined as the value of K corresponding to k; in 
Fig. 4 if m/Ao< 1. 

On the other hand if 1< (m/do)<2, the energy to be 
transmitted will be shared in two Bloch wave modes, 
namely, the one corresponding to &; in Fig. 4 and the 
next higher mode which is equal to Kro+(2z/I). If 
2<(m/do)<3, the energy transmitted through the 
lattice is shared in three Bloch wave modes—the 
preceding two and Kro+4(zx/I). 

In the cases where the energy is transmitted through 
the lattice by means of more than one Bloch wave and 
one wishes to keep account of the separate modes, one 
must calculate the characteristic impedances Zrc¢* ap- 
propriate for each of the transmitting Bloch wave 


modes and set up matching boundary conditions be- — 


tween the distorted incident plane wave existing at the 
first lattice cell face past the transition region and the 
sum of the transmitting Bloch waves determined as 
outlined above. 

When Ao>m, only one Bloch wave mode (corre- 
sponding to k; in Fig. 4) will be transmitted and only 
one 4 pole with Zrc* from Eqs. (2.37) or (2.32) need be 
used in the microwave transmission circuit representa- 
tion. If more than one Bloch wave mode propagates the 
energy, but the energy in the higher Bloch wave modes 
transmitting is not considered to be available for use at 
the output, one may approximate the nonavailability of 
energy by shunting the input to the 4 pole calculated 
from the lowest propagating Bloch wave mode with 
conductances 


1 1 
Gi= , G= 


Zre* Zrc2 








» te. 


We shall now examine the criterion of Eq. (2.38) a 
little more closely. As was mentioned previously, we are 
interested in the lattice as an electromagnetic energy 
transmitter. Energy which is obliquely incident to the y 
axis may be handled by means of the PMNQ and 
USTV functions developed in Sec. III, provided the 


_ effect of the transition region is simulated by a function 


analogous to the F’s* function of Eq. (2.35) which 
serves to reduce the amplitude of the incident wave by 
the amount resulting from Bragg’ reflections. One must 
also suitably change the direction of the normal to the 
plane constant phase front penetrating the lattice 


medium and suitably alter the amplitude distribution 
along the phase front caused as the energy proceeds 
through the transition region. Once the plane constant 
phase front has reached the region of balanced inter- 
actions, the wave may be divided into two waves—one 
proceeding along the y axis and the other along the x 
axis. The former handled as in the preceding paragraphs 
coupled with the PMN0Q functions of the next section 
and the latter handled in an entirely analogous manner 
but using the x axis as the direction of energy transmis- 
sion coupled with the USTV functions. However, care 
must be exercised at the finite output end (before the 
output transition region) ‘to properly combine the 
energy flows into one wave of proper total direction and 
amplitude distribution. 

Now let us establish Eq. (2.38) on the basis of energy 
normally incident in the y direction only. Since the 
lattice medium is considered to be finite in the y direc- 
tion but infinite in the x—z plane, the direction of 
propagation of the normally incident energy is not 
changed when it arrives at the first cell entrance face 
layer past the transition region. From this point on the 
energy will proceed with a propagation constant Kr*. 
At this point the distorted amplitude distribution in the 
x direction must be periodic as illustrated in Fig. 7. 


2 
= -E[4, cos(— = *) 
p=0 m 
2xp 
+Bp sin( x) |yeri&ry. (2.39) 
m 


Also at this point ,* must still satisfy the scalar wave 
equation in free space. 
Therefore, V2x,*+-k*x,*=0 or 


O2n.* 027,* 
= 
— 
Ox? dy 





= —kr,*. (2.40) 


Where k=2x/i, and where \= free-space wavelength. 
Substituting Eq. (2.39) into Eq. (2.40) we get 


2rp\? 
i. =) n.*—Krn,*=—Kem*, (2.41) 
m 


2rp\? | 
= (=) ; (2.42) 
m 
Since Kr must be real, we have 
(2a p/m)*< R?. (2.43) 


If A>m then Eq. (2.43) is satisfied only if p=0. 
Therefore, for \>m only the Bloch wave mode ap- 
propriate to the value of k=w/Vsir=2rf/Vair (where f 
is the impressed frequency) will be propagated through 
that part of the lattice where the equivalent of infinite 
interactions occur. If 2A>m>nd, then both p=0 and 
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p= 1 modes may propagate energy. If 3\>m> 2), then 
three modes, p=0, p=1, and p=2, may propagate 
energy. 

Thus Egs. (2.31) or (2.37) may be written with the 
characteristic impedance showing subscripts for both 
the transmission modes and impedance modes. Therefore 
we would write Z*(7,)c to denote the characteristic 
impedance for the pth impedance mode of the 7th 
transmission mode. The approximate Bloch wave propa- 
gation constant for the pth propagating impedance 
mode would be given by 


Krp)=(Krot (2rp/l)]). (2.44) 


Now let us consider the transmission of energy 
through the lattice and the storage of energy within the 
lattice. We will use the concept of the Poynting vector. 
The complex Poynting vector is given by 


1/2 m/2 
f f (E *TotaiXH Tota)dxdy 
1/2 


=e r=—m/2 
-B* totaxH *tota= (— Ez*H,*), direction 
+ (E,*H.*)s direction. 
Therefore, the reactive power at cell entrance face is 


m/2 s m/2 2rp 
Sayt= f by *H.tds= f — 1k®Z*— 
4 5 m 


rx=—m/2 r=—m/2 


(2.45) 


2p 2xp 
a—A,sin—x 
m m 





xX> | B, cos 
pal 


2xrp 2rp 
+ (4 p cos—x+ B, sin—t) Jes (2.46) 
m m 

It is seen that for the principal mode (i.e., when 
p=0) there is no reactive power distribution because 
E,* is identically zero over the entire cell entrance face. 
However, at other than the entrance and exit faces this 
is not so: 


2x 
Sip*= — th®Zo* a? 
m 
ane 2xp 2rp 
f A,B ( cos*—a— sit de 
D=——m/2 m m 
SD 2rp 2xp 
+ (B,?— A ,*) cos——x sin—adx 
r=—m/2 m m 
2rp m/2 4p 
= — ik®Z,)*——A ,B, f cos—xdx 
m D=m—m/2 m 


4np yr? 
=~ i8820"A,B, sina] =0. (2.47) 


m —m/2 
Therefore, the total reactive power should be found by a 
double integration along both x and y (rather than just 
at y=//2) in order to find the equivalent of Cohn’s 
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Fic. 7. Illustration of periodicity in the x direction with period 
of length “‘m.” (Distribution across each cell entrance face in a 
given row is not, in general, sinusoidal.) 


shunt impedance. (Of course, the maximum reactive, or 
storage, field effect occurs at the y=0, —m/2<x<m/2 
face.) 

Since we know y* at the face y=0, —m/2<2<m/2, 
we can get an approximate value for reactive power: 


m/2 


§*, reactive = f (Ey *H .*) pod 
r=——m/2 


m/2 On, a 
f (= et) dx}. 
r=—m/2 


(Remember that E,*= ikZ*(dx,*/dx) and H,*= 

It should be noted that this integration goes through 
the obstacle but since E* and A* are zero in the 
obstacle the integration is from x=—m/2 to s=—«& 
and from x= «:, to x= m/2, where ¢, is the coordinate of 
the obstacle in the x—z plane at y=0. The same 
impedance mode criteria Eq. (2.44) as for the real 
Poynting vector hold for the reactive Poynting vector 


= ik®Z>* 





(2.48) 








= kr,*.) 








Eq. (2.48). 
For the principal wave (p=0) we get Cohn’s™ value 
for shunt impedance if we take S*, reactive= 19"! .*Zs*: 
S$ sreactive 5§* x reactive 
Z3°= I, +], * 
7 f f A*. as] 
S* x reactive 7 
~ _- (2.49) 
kA (|w.*|)*dx 
Dam /2 


It is seen that Zs* is a pure reactance. 
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If the obstacle is small enough so that rz* is virtually 
constant along the planes y= 0; —m/2<x<m/2 and 
the side faces, we may make a further approximation 
resulting in a value of Eq. (2.48) of 


Or.* 
Ox 


In Eq. (2.50) #z* and drz*/dx are evaluated at y=0, 
x= —m/2 using the formulas which will be developed in 
Sec. ITI. 

While this paper is not primarily concerned with the 
transition region, it is believed that the foregoing point 
of view may be used to advantage in performing a more 
detailed study of the transition region. As a first ap- 
proximation we may assume that the k vs K character- 
istic of the transition zone is the same as that for the 
infinite lattice medium. The principal effects, then, as 
the normally incident plane wave passes successive cell 
entrance faces is a decrease in amplitude of the E and H 
vectors and a residual distortion of the E and H 
distribution at the cell exit face as compared to the 
distribution at the cell entrance face. 

Within any given transmission band, the discon- 
tinuity introduced by the transition region may be 
replaced by an equivalent storage field. This storage 
field, in turn, may be represented by one, or a series of, 
lumped circuit parameters in tandem or by a distributed 
parameter circuit. Past the transition region the semi- 
infinite lattice medium may be represented by the 
lumped parameter four pole of Eq. (2.17). 

Since the worst portion of the discontinuity at- 

tributed to the transition region occurs at the first layer 
or grating of a lattice structure, we may approximate 
the transition region by a suitable increase in the lumped 
impedance parameter of the single grating as calculated 
by Marcuvitz and others. For example, if the impedance 
for a single grating is a single 4-pole, and we assume that 
the transition region of the lattice structure consists of 
six layers or gratings, the discontinuity effect of the 
transition region is less than six times the single 
discontinuity effect. As a first approximation we may 
assume that the portion of the transition past the first 
layer acts as a tapered matching network between the 
single 4-pole representing the initial layer or grating and 
the 4-pole representing the semi-infinite medium of 
Eq. (2.17). 
. As a second approximation one might want to take 
into account the fact that the transition region itself 
acts as a selective frequency filter whose responses are 
not identical with that of the infinite lattice medium. 
One way of taking this into account is to modify the 
boundary conditions of Eq. (2.4) for the calculation of 
the transcendental equation governing the k vs Kr 
frequency characteristic. Thus we get 


W* entrance = WV exireMetX rh 


(S*, reactive) approx = - tk®Zo*m 





(2.50) 








(2.51) 


Rh: (Vp * entrance) = e%e!XT'[ i - (Vp* exit) J. 
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In Eq. (2.51) @ is complex, in general, and is a measure 
of the lack of full restoration of the wave at the exit 
face as compared with the entrance face. @ is a function 
of distance from the initial layer of the lattice structure. 
The magnitude of 6 may be considered to be an ex- 
ponential decay starting at a certain value at the first 
layer and reaching a negligible value at the last layer of 
the transition region. In the simple case where the 
transition region is just one or two layers thick we might 


represent 6 by 
6= A (exp)— (y+1/2)/l. (2.52) 


Obviously the resulting relationship between k and 
Kr is much more complicated than the transcendental 
Eq. (2.15). 

Similar analyses may be carried out for the H plane 
case. Here we have 





E,=kx., 
1 On. 
H,= — tk— 
Zo ay (2.53) 
1 On. 
H,=ik— — 
Zo ax 


Thus we obtain the relationships 


f (E.H,)dx= (2.54) 
r=—m/2 


) -| f fe-a|-z., 


m/2 
Fe f kr,dx~mkx,. (2.55) 


r=——m/2 





This leads to the following equations: 


m/2 m/2 
wf rae f % dx 
Zrc_ z—m/2 


r=——m/2 





Zo 0 m/2 Or, 
— 1k w,—dx 


z=——m/2 oy 
fras f dx 
= tk 
On, 
f w,—adx 
dy 
Zre Ok 


[rads feats 


Zo K 
, f (x, 7. +7,(e'*¥/Kr) (ay/dy) Jax 





» (2.56) 
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i/2 m/2 E E 
f — (E.H,)dxdy= — 
1/24 z—_—m/2 Z 





s=f 


y= 


(2.58) 
s 


Eliminating the integration along the y axis by using 
the maximum values at y=0, we get 


m/2 m/2 
wf rx f dx 
Zs m/2 





r=——m/2 —= 
Zo m/2 
— ik m,(0%,/0x)dx 
zr=—m/2 


f w dx f dx 
= ik -, 


froasanas 





(2.59) 


This section has considered fundamental propagation 
and impedance concepts pertinent to all two-dimensional 
lattice media and structures. In the next section we will 
specialize our discussion to lattice media composed of 
elliptic and circular cylinders. 


SECTION III 
Lattice Media 


Mathematical Treatment for Elliptic and 
Circular Cylinders 


1. Introduction.—In this section we will consider a 
lattice medium of elliptic cylinders for which a unit cell 
is as shown in Fig. 8. By treating the general case using 
Mathieu functions, we automatically cover many other 
geometries which are limiting cases of the elliptic 
cylinder. Thus, by making the major and minor axes 
equal we obtain the conventional circular cylinder 
lattice medium ; by shrinking the minor axis to zero, we 
secure a strip obstacle type of lattice medium; by in- 
creasing the major axis of the obstacle to equal, or 
almost equal, the cell length m we can get the metal 
plate lens or a coupled plate wave-guide lens or a ridged 
metal plate lens. 

In the succeeding paragraphs we shall apply the 
Wigner-Seitz cellular method to the solution of wave 
propagation in a lattice medium of elliptic cylinders. 

2. Propagation function—Y direction.—In the follow- 
ing development, we shall use the notation and types of 
Mathieu functions and Hertz vectors outlined by 
Stratton. 

Referring to Fig. 8, 


Cy=4 distance between foci, 
do= semi-major axis= Co¢e9= Co coshuo, 
by=semi-minor axis=Co(¢€”)!— 1=Co sinhuo, 
1/eo= Co/ao= eccentricity =, 
e=coshu; =cos?, 
x=Cy)coshu cosy; y=Co sinhw sinv, 
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Fic. 8. Diagram of unit cell illustrating points on cell boundaries 
where boundary conditions are matched. 





when e— 2 ,Cy—0 and cy coshu—r and »v— which are the 
polar coordinates for the circular cylinder case. When 
e—1, 2cc—w which describes a thin strip of width w. 








2 ¥? 
—+ =, 
€é &é-1 

(3.1) 
y y 
meet =C; 
" 


We shall now derive the statement of the boundary 
conditions used in the Slater® approximation of the 
Wigner-Seitz cellular method, considering that more 
than the usual minimum 2 pairs of points on the unit 
cell boundary are to be used to match boundary condi- 
tions. The physical facts to be applied are that tengential 
components of E and Ai are continuous across the cell 
boundaries and repetitive at corresponding points on 
cell boundaries and that the tangential component of EF 
and the normal component of Af vanish on the surface of 
the perfectly conducting cylinders. 

The solutions will be secured in terms of a scalar 
wave function and Hertz vectors (where the E plane 
case is denoted by an asterisk and has E,*=H,*=H,* 
=0 and H.*=k'x.*; the H plane case has H.=E, 
= E,=0 and E,=k’x.): 


r.=exp[i(Ky—wt) W=exp[i(Ky—o) ] 
XA mS em(Rem' +CmRem) 


+ BmSom(Rom'+DmRom?) |. (3.2) 
Let 
Lem Rem’ +CuRem? 
and (3.3) 
Zom= Rom’ + DmRom. 


C,, and D,, are determined by the boundary conditions 





i 
: 
! 
i 


| 
| 
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on the surface of the cylinder: 

Rem’ (Cok, €0) 

Ren? (cok, €0) 

Rom (cok, €0) 

a Ron? (cok, €0) 

__ 9/8ul Rem’ (cok, €0) J 
8/ aul Ren?(cok, €)] 

7 0/dul_Rom’ (cok, €o) | 
8/dul Rom? (cok, €0)] 


Cus =_ 


(3.4) 








Therefore, 


y= Dd AwS emZ emt BuSomZom- (3.5) 
m=O 


In Eq. (3.5) the S’s and Z’s are functions of parameters 
shown in Stratton. 

In order to evaluate the A,,’s and B,,’s, we must 
match boundary conditions on the unit cell boundaries. 
The numbers of pairs of points at which the evaluations 
are made will govern the number arbitrary constants A 
and B that can be used to represent the wave function. 
While the actual diffraction phenomena associated with 
any given elliptic cylinder can best be described in 
terms of Mathieu functions in an elliptic geometry, the 
over-all behavior of electromagnetic energy propagated 
through a lattice medium composed of a rectangularly 
disposed array of elliptic cylinders is best expressed in 
Cartesian coordinates. Therefore we must reconcile and 
correlate the specification of the electromagnetic fields 
(and their associated Hertz vectors and scalar wave 
functions) in both Cartesian and elliptic cylinder 
coordinates. 

Let us refer to Fig. 8 and consider the E plane case: 


H,*=/}*x,*, 











a... 
e—7\} 
cal 
1—7 
Onr,* — twp Ox,* 
pray. ’ (3.6) 
@n Co(cosh*w—cos*y)? dy 
ton 





“ED 


x .* = top On,* 





de ~ Co(cosh*s—cos*y)! ou 

















But 
Ox,* Ox,* aa On,* 
} a = wy = ( ’ 
Ou io oy ax *) 
wv 
Ox,* Ox,* Ou dx,* 
E,* = top = (twp ( — — }. 
y Op dy dy OY 


Using Eqs. (3.1) and (3.6) and remembering that 
a,*=[e(Xr-+9 W)* we have 


— toy 


Co(cosh*u— cos*y)! 





E,*= 


oy* 
x [e+ (#KC » sinhu cosy)r.* 
oy 
| (3.8) 
sites — top 





Co(cosh?u— cos*y)! 


ay* ) 
xem (1KC» coshu sing). 
ou 


oy 
E,*=Co(cosh*u—cos*y)! (2 ae Ef— ~), 
Ox Ox 
(3.9) 


oy 
E,*=—C s(coshn— cos’) ( oc“ LE, *“__ ~). 
oy oy 


Using the preceding equations one has established the 
general boundary conditions for the repetition of 
tangential E and H fields on corresponding unit cell side 
faces and end faces, respectively. On the side faces E,* 
and H,* are matched at corresponding points 1, 2; 5, 6; 
etc., while on the end faces E,* and H,* are matched at 
corresponding points 3, 4; 7, 8; etc., as shown in Fig. 8. 
It should be noted that the boundary conditions are 
given in terms of y*. 

We shall now specialize the above to cover the case of 
2 pairs of matching points; namely, points 1 and 2 and 
points 3 and 4 on Fig. 8. 


At points 1 and 2, 














(3.10) 
at points 3 and 4, 
Therefore, the ae aan aia to 
Oyi*  dpe* 
yi*=y2*, a ’ 
Ou Ou 
A a" (3.11) 
st = (eK )y,*, Ws ‘a _aee 
ou Ou 








analo 
will t 


Sim 


Anc 


Ap} 
Ao( 
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The H plane case (E,=k*x,) can be treated in an 
analogous manner and identical boundary conditions 
will be derived: 

WY, —AHe 


y=, —= > 
Ou Ou 





(3.12) 


= (cixny YL —¢-ik . 
Ou Ou 


Therefore, in the succeeding development of the 
relationship between K and k the form of the formulas 
will be identical for the asterisked (E plane) case and 
the unasterisked (H plane) case. However one must 
remember that the definitions of Z* and Z given in 
_ Eggs. (3.3) and (3.4) are different. 

For the case of two pairs of tangential boundary 
conditions (4 matching equations) y may only contain 
_ five arbitrary A—B constants, i.e., one more than the 
number of boundary matching equations. This extra 
constant takes into account the arbitrary amplitude of 
the incoming plane electromagnetic wave. In general the 
number of arbitrary A—B constants will be 1+-number 
of cell boundary matching points. 

Therefore, for two pairs of matching points 1-2, 3-4 
in Fig. 8, Eq. (3.11) becomes 
V=AoS oZeotASaZeatArwS aZer 

+BoSooZo0t+BrSoiZ01. (3.13) 
Weshall denote differentiation by enclosing the quantity 
with a parenthesis coupled with a prime superscript. 
Derivatives of Mathieu functions will be with respect to 
wand +. Thus, for example, 


0 re)  @ 
(Seo)’=—(Seo); (Zeo)’=—(Reo!) +Co—(Reo’). (3.14) 
oY Ou Ou 


Applying ¥:=¥2, we find 
A,=—A,=0. 
Applying dy;/du= — df2/du, we find 
A o(Seo)1(Zeo)1’ +A2(Se2)1(Zea)s’ 
+ Bo(Soo)1(Zoo)1’+ Bs (So1)1(Zo1)1’ 


— Ao(Seo)2(Zeo)s’ — Aa(Ses)a(Zea)s’ 
=a Bo(Soo)2(Zoo)2’— B, (So1)2(Zo1)s’. 


Simplifying Eq. (3.16), we get 
Ao(Z)1'+Aa(Zea)1’=0. 
And thus we arrive at the relationship 
As= — Aol (Ze0)1'/ (Ze2)1' J. 
Applying ¥s= e~**Y, we find 
Ao(So)3(Zeo)st+As(Se2)3(Ze2)s 
+B,(Soo)s(Zoo)s+ Bi (So1)3(Zo1)s 


=e *F A o(Seo)4(Zeo)at+Aa(Se2)a(Zea)s 
+ Bo(Soo)4(Zo0)4+ Bx (Sor)s(Zo1)s }. 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


(3.19) 
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Equation (3.19) reduces to 
, (Z.0)1' 
Ad (Su)s(Zas— Sade lacy 
+ By (Sox)s(Zo1)3 }(1+e-* 5 =0. (3.20) 
Applying dp3/du= — e~‘*'dy,/du, we find 
(Zeo)1' . 
Ad (S.0)3(Ze0)3' — (Se2)3(Ze2) a’ Jate* 
(Ze) 
+ Bil (So1)3(Zo1)3’ ](1—e**) =0. (3.21) 


Bo does not appear in any of the preceding equations 
because 


(Seo)1= (Soo)2™ (Soo)s= (Soo)4= 0. (3.22) 


However, we can show that By>=0 by equating E,* (or 
H,) at point 3 and point 4. For this we have 


Ou Ou oY oy 
(—) -(—) =0 and (=) --(~) . (3.23) 
\dx/7 3 \dxl, Ox] 3 Ox/ 4 


Therefore, we get the additional equation for matching 
boundary conditions 


Hea), san 
oy oY 
Applying this condition, we get 

Bol. (Soo)3(Zoo)s |(1+¢7**") =0. (3.25) 


Since Eq. (3.25) must hold for all values of Cok and ¢ we 
must have 


Bo=0. (3.26) 


Similarly, if we had included B; we could show that 
B,=0 by making use of the boundary condition for 
E,* (or H,) at points 1 and 2. The above indicates that 
for the lattice medium of Fig. 8 Eq. (3.5) should contain 
only odd subscripted B’s (but all odd and even sub- 
scripted A’s) and that the number of unknown A—B 
constants in y should equal the number of points at 
which tangential boundary conditions are matched. 
This will still result in one arbitrary unevaluated con- 
stant since, as seen from Eqs. (3.20) and (3.21), in order 
to avoid trivial algebraic solutions the determinant of 
these two equations must be set equal to zero. This 
process, while it results in setting up the functional 
transcendental relationship between k and K, also has 
the effect of depressing by one the number of simultane- 
ous equations available and thus giving solutions for B, 
and Az» in terms of Ap. 
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We define 
P (Z.0) ‘a 
M= (S.0)3(Z.0)3 — ~(Se2)3(Ze2)s', 
e2/1 
N= (So1)3(Zo1)3’, 
(3.27) 
(Z 0)’ 
P= (S.0)3(Z.0)3— ~(Se2)3(Ze2)s, 
~e2)1 


Q= (So1)3(Zo1)s. 


Now if we set the determinant of Eq. (3.20) and 
(3.21) equal to zero, we secure a specific example of the 
general relationship of Eq. (2.15) as applied to the 
elliptic cylinder lattice medium of Fig. 8: 


l PN 
cot'(K-)=-—-. 
2 MO 


The poles and zeros of —PN/MOQ (as well as the 
condition that —PN/MQ must be positive in order to 
secure K real) are what determine the transmission 
modes Kr discussed with Eq. (2.15). The functional 
form of PN/MOQ is dependent on the geometry of the 
obstacle and the geometric mode representation of the 
wave function made necessary by this geometry. 

The accuracy with which PNV/MQ represents the 
physical situation will depend on the number of arbi- 
trary A—B constants in the wave function, Eq. (3.5), 
and thus on the number of pairs of points at which the 
cell boundary conditions are matched. The more A—B 
constants used, the more poles and zeros will occur in 
Eq. (3.28), and the more closely will they be spaced. 
This will give more but narrower transmission region 
representations. As the transmission mode number in- 
creases the narrower will be the frequency region 
covered by each mode. 

For a given accuracy of representation, the larger the 
obstacle cross section in comparison to the unit cell 
area, the greater the number of A—B constants re- 
quired. 

For a given cell geometry, the higher the frequency, 
the higher the number of transmission modes which are 
capable of being supported by the given lattice medium. 

Remembering 7,=ye'*"-*, we may relate the im- 
pedance concepts of Sec. II to the elliptic cylinder med- 
ium and rewrite Eq. (3.13): 


(3.28) 





[Zo]; ) 


y=A [saz _ 
' * [Zi 





XS e2Z ext i( 


4 


MP 
) soz} (3.29) 
Q 


d Propagation function—x direction.—Now let us 
consider that in Fig. 8 the desired direction of propaga- 
tion is in the positive x direction. Therefore Eq. (3.2) 
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becomes 
8 = eK Ke-oby*, (3.30) 
The form of y*, Eq. (3.5), remains the same. Equa- 
tions (3.6), (3.7), and (3.9) remain the same. Equation 
(3.8) becomes 








— lo 
Et =——_——_— 
Co(cosh?u—cos*y)! 
oy* 
x| en — (iKCo coshu sine." 
oy ‘ 
(3.31) 

E,*= 





x Co(cosh?u— cosy)! 





ay* 
x| ex + (iKCo sinhu cosy)e.*| 
Ou 


Equation (3.10) still holds, and Eq. (3.11) becomes 





y a (e~iKm)y *. Oya" ji 
| on Ou ou 
‘ . (3.32) 
Vs*=a"*; = e....4 
Ou Ou 
Applying ¥;*=y*, we get 
B= — B,=0. (3.33) 
Applying dy;*/du= — dy,*/du we get 
Se0)3(Zeo)s" 
A2= ee. (3.34) 
(Se2)3(Ze2)3' 
Applying ¥i*=e-**"y.* we get 
(Seo)3(Zeo) 3’ ‘a 
Ad Ca). (2a [1 ) 
(Se2)3(Ze2)s 
+A il (2.1) 1 }(1+e-**™) =0. (3.35) 
Applying d¥,*/du= —e~‘*"dy.*/du we get 
(S.0) 3 (Z.0) 3. ’ 
Ail (Za? aah | hee 
(Se2)3(Ze2)s 
+A (Za): ](1—e“**™)=0, (3.36) 
(Seo)s(Zeo)s’ 
(that < See dma 
(Se2)3(Ze2)s 
T= (Ze1)1, (3 37) 
(S e0)3(Zeo)s’ , 
U= (Zo)1—-—————_ (2), 
= (Se2)3(Ze2)s’ ” 


V= (Z.1) 1- 
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Fic. 9. Diagram of unit cell illustrating, for simplified case, points 
on cell boundaries where boundary conditions are matched. 


m UT 

cot'(K~) SP mn, 

2 SV 

By making use of the asymptotic expressions of 
Eqs. (3.1), it can be shown that when the ellipse is 
degenerated into a cylinder and the unit cell is made 
square (/=m), then Eqs. (3.28) and (3.38) become equal 


and reduce to equation derived from consideration of a 
square array of circular cylinders*:*! to start with: 


12,2 a Z2 
cot'( -) = i a ee = 
2Zi:LZ) 62,’ 
where the combinations of Bessel functions represented 
by the Z’s are all evaluated at r=//2. It should be 
remembered that for the circular cylinder Zom=Zem 
=Zm, and Som(cok, cosy)—sinm@, and Sem(cok, cosy) 
—cosmé. 

4. Higher approximations.—Let us investigate a 
little more closely the mechanics of evaluating boundary 
conditions and determining the transcendental relation- 
ships between K and k when more than the two pairs of 
points 1, 2 and 3, 4 are used. Let us refer to Fig. 9. For 
simplicity of manipulation we shall use circular cylinders 
arranged in a square array. 

For the above situation the boundary conditions for 
matching pairs of points along the side faces (e.g. points 
1 and 2, 5 and 6) are 


Therefore, 


(3.38) 





(3.39) 











Vn*=Wnti", 
sind, dy* oy* 
al 
tr, 00 d(kr) J, (3.40) 
SinO(n41) OY* 
= —~—[k cos 
thats len 
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The boundary conditions for the end faces are 

Wnt2* = (Wings) *)e**!, 
COSA(n42) OY* ' oy* 
+k SIN n+2) 
Tns2 00 O(Rr) dins2) (3.41) 
_ FcosP(nzs) Op* ; oy* 
=e iKl —~-+hk SIN n+3) ’ 
Tin43) 00 9(Rr) Jonss) 


where 6,= 180°—86, n+1) and A n+2) = 180°— 6, n+3) and 
Tn=T%(n+1)- 

Evaluation of the boundary conditions Eqs. (3.40) 
and (3.41) gives the following eight equations with 
which to evaluate the A—B constants: 


A,(Z,*),:+A;3(Z;*):=0, 
A o(Zo*) +A 2(Z2*)’+ A s(Z4*) = 


1 1 
a (21")s— A 3(Z3*)s+ Bo(Z2*)5=0, 


1 1 1 
{24 2(Z2*)s— By 21")e 5+ 3Bi(2%| 


k 
+ =c o(Zo*) 5 — A 4 (Z4*)5’ 
v2 


1 1 
+ Bi(Zi")e + Bits") | 


(1—e-**")[Ao(Zo*)s— Aa(Z2*)s + Aa(Za*)s] 
+ (1+e-*)[ Bi (Z,*);— B3(Z3*)3 ]=0, 
(1—e-**")[ By (Z1*)3’— B3(Z5*)3' 
+ (1+¢e—*)[Ao(Zo*);’ 
— Ao(Z2*)3'+Aq(Z,*)s']=0, 


1 
(i— cyl 4 o(Zo*)7+ A1(Z1*)7— 
v2 
1 
‘—A;(Z;*)-——A (e;] 
v2 (3.42) 
1 
+ abe) BZ" 
v2 
$+ Ba atyrt Bala? ]= 
v2 


1 
(1 — e~iK!) |. 2, Zt 3Bx(23"—| 


k 1 
+5 1(Z;*) vat B,(Z2*),’ 
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1 

+Bi(2s*y'—| + (1+e-**') 

1 

x|{- AZ 2A4(Zs*h 
1 k 

—3A 3(Z3*) |rlaeeor 
1 

+A 21") A;(Z3*),’ 


1 
x—— A(z | =() 


To simplify computations somewhat, let us replace 
our square unit cell by a circularly symmetric one of 


equal area, i.e., 
P=s8* or B=/1/(x)}. (3.43) 
This substitution results in the following relationships : 


(3.44) 


The @-values remain unchanged. Therefore, we can 
drop the point evaluation notation in Eqs. (3.42) for the 
Z* functions. All Z* function evaluations are done at 
r=1/(x)'. The worst errors introduced by this approxi- 
mation are for the corner points where r should be //v2 
instead of 1/(r)!. At points 1, 2, 3, 4 the error is in the 
other direction; here, r should equal //2, instead of 
1/ (x)}. 

Using the first four of Eqs. (3.42) we can eliminate 
Ao, Az; Bs; and B;: 


B,= == 2Z;*A /Z2*, 
A;= —Z,*A,/Z;3*, 
ae 


’ 


a a *y- a ; 


szat+h8( = ") Z;* 


Ze, 
sees) eer] 
[> (Z2*)’ 
+ 


3Z3*+ kB (:) (Z;*)’ 
2 
(aay 


om ‘ : B, 
wes) 


y= %2= —13=14=fg=1¢=17= f—=1/ (x)}. 











(3.45) 














By substituting these values in the last four of Eqs. 
(3.42) we get the transcendental relationship between k 
and K as the solution of a quartic equation. 


E cot*(K8)+F cot*(K8)+G cot?(K) 
+H cot(Ks)+L=0. (3.46) 


In Eq. (3.46) E, F, G, H, and L, are all complicated 
polynomials of Z* and Z*. 

Equation (3.46) symbolizes the solution for 4 pairs of 
matching points whereas Eq. (3.39) represents the 
solution for the minimum of 2 pairs of matching points. 
We will now study the solution for the intermediate case 
of 3 pairs of matching points by eliminating points 3 and 
4 in Fig. 9. We shall continue to use the approximation 
of Eq. (3.44). The equation for ¥* becomes 


¥* = AoZo*+A1Z,* cosd+A2Z4* cos20 
+ A;Z,* cos30+ B,Z,* sin6+ B,Z,* sin26, 


and Eqs. (3.42) reduce to 


(3.47) 


A,Z:*+A;Z;*=0, 
Ao(Zo*)’+A2(Z2*)'= 
Zi* Z;* 

A Ti” el 


* 


A:2Z2*—B,—— 
v2 





(z,*)' 
+V2h6 Aa(Zot)'+ Bi |- 0, 
az | 
[402 +414 Se nie 
an, maa 2 
(3.48) 
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—icot (Ka) B+ Bts* |= 0, 
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Zi 
“—=~q cot (KA) | — “a 


* 


3 
— 2A2Z2*—3Az—+ v2. 
2Z2 rr kp 





Z\* , Z3* , 
x | Aelzoty+ ar la Ac , —|}=0. 


The solution of Eqs. (3.48) leads to a quadratic 
equation 


A cot?(K8)+B cot(Ks)+C=0, 


(3.49) 
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where 


( Z,*)? 
A = 4v2kB (Z o*) f 
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Thus we see that the relatively simple form of Eqs. 
(3.28), (3.38), and (3.39) are the result of the choosing 
of the very special points 1, 2 and 3, 4 at which to 
evaluate the unit cell boundary conditions. Of course, 
the simplicity has its penalty in that the polynomial 
functions of k on the right-hand sides of these equations 
do not contain as many poles and zeros for a given 
interval of k as do the more complicated solutions pro- 
vided by Eqs. (3.46) and (3.49). Therefore, Eq. (3.49) 
yields a relationship between K and k which contains 
more pass and stop bands than does Eq. (3.39), and 
similarly Eq. (3.46) is more accurate than Eq. (3.49). 

The need for greater number of matching points be- 


comes more urgent as the obstacle dimensions become 


larger compared to the unit cell dimensions and/or as 
the free-space wavelength of the electromagnetic radia- 


tion passing through the lattice becomes smaller and 
smaller compared to the unit cell dimensions (especially 
the transverse dimensions). These requirements provide 
the connection between the geometric modes used in the 
wave function y and the transmission modes resulting 
from the pass and stop bands inherent in the transcen- 
dental relationship between K and k. The larger the 
obstacle, the more terms are needed in the series solution 
of ¥ to allow the diffraction solution appropriate to the 
geometry of the obstacle to be fitted to the rectangular 
(or square) cell boundary. This requires more pairs of 
matching points and simultaneously provides a more 
accurate representation of the higher transmission 
modes. 

5. Numerical calculations—Figure 4, as drawn, is 
simply a generalized sketch or picture of the behavior of 
Kr as a function of k and the geometry of the obstacle. 
Equations (3.28), (3.38), (3.39), (3.46), and (3.49) are 
the basic transcendental equations governing the re- 
lationship between K, the average lattice wave number, 
and k, the free-space wave number. In addition, of 
course, these equations contain the geometric parame- 
ters which describe the spacing of the obstacles and the 
size of the obstacles. These two parameters occur only 
in a multiplicative relationship with K and &k. In 
particular, only the spacing factor is multiplied with K, 
but both the spacing and size factors appear as multi- 
plying factors of k. This latter fact allows us to always 
normalize the geometric constants of the lattice in 
terms of the free-space wavelength A. Such normaliza- 
tion is used in the numerical calculations since it permits 
one set of data to furnish information concerning the 
behavior of a given physical lattice medium as the fre- 
quency of the electromagnetic radiation is varied; or 
alternatively, for a given frequency, it gives information 
about the behavior of different physical lattice media. In 
addition to spacing and size of the obstacles of a two- 
dimensional lattice, the geometric shape of the obstacle 
is important in determining the lattice transmission 
behavior. Inspection of the above referenced equations 
indicate that the obstacle shape factor also enters into 
these equations. The functional form changes as the 
geometric shape changes. Thus, when considering circu- 
lar cylinders we find that Bessel functions are involved ; 
whereas, when elliptic cylinders are considered, these 
are replaced by the more general Mathieu functions." 

Since the primary function of this paper was not the 
establishment of numerical function tables, a compro- 
mise had to be struck between calculation time involved 
and usefulness of the data derived. To perform calcula- 
tions of reference tables on Eqs. (3.28), (3.38), (which 
involve Mathieu functions) or (3.46), (3.49) (which are 
very complicated algebraically), one should have avail- 
able a large machine computer. The illustrative calcula- 
tions for this paper were performed on Eq. (3.39). This 
equation illustrates the transmission behavior of lattice 
media as the various critical parameters are varied and 
yet permits calculations to be accomplished with 
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Fic. 10. Index of refraction in first pass band as a function of 
cylinder size, spacing and frequency for the E plane case. 


reasonable effort without the use of a large machine 
computer. 

For the E plane case the lattice medium simulates a 
solid dielectric which delays the electromagnetic waves 
passing through it compared with its phase velocity in 
free space. At values of \ large compared with cell and 
obstacle size, the simulation is very good. As X gets 
smaller we come to a stopping band. In this first low 
pass band the index of refraction is fairly constant (as it 
should be for a true dielectric). Towards the upper part 
of this band, though, the index of refraction starts to 
vary with frequency which indicates the dispersive 
character of the medium. In the second pass band the 
medium would exhibit even greater dispersive tenden- 
cies. Also the second band is narrower than the first, the 
third pass band still narrower and so on. Because only 
two pairs of matching points (points 1, 2, 3, and 4 in 
Fig. 8) were used in the derivation of Eq. (3.39) the 
higher pass bands are inadequately represented. The 
greater the number of matching points the more ac- 
curately is any single pass band represented and the 
greater the number of pass bands which are adequately 
represented. 

In Fig. 10 is plotted the index of refraction versus kG 
for the first pass band. Since, k8= (2rf/V)8 and if 8 is 
kept constant, then &@ is proportional to frequency. In 
order to illustrate the effect of change of obstacle size, 
the functions were evaluated for four different ratios of 
obstacle to cell size. ro is the obstacle radius and / is the 
cell length. Since the greater values of NV mean greater 
phase velocity delays, it can be seen from Fig. 10 that 
the larger the obstacle the greater the phase velocity 
delay. Also illustrated by Fig. 10 is the dispersive 
characteristic mentioned above. The smaller the ob- 
stacle, the less the variation of N during the low fre- 
quency portion of the pass band. Since Fig. 10 is plotted 
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only for the first pass band the narrowing of succeeding 
higher pass bands is not illustrated. However, the 
narrowing of the first pass band as the obstacle size 
increases is illustrated by the shorter lengths of the 
curve as the obstacle size increases. 

In order to illustrate the behavior of the higher pass 

bands Fig. 11 and 12 were plotted. These show cotK8 
versus kG for a constant ratio of 27r9/]. CotKB was chosen 
as the ordinate rather than K@ in order to eliminate the 
question of multi-values. Another way to handle this 
question would have been to plot K@ vs kB in a manner 
similar to Fig. 4. However, for purposes of illustrating 
the behavior of the successive pass bands the plots of 
Figs. 11 and 12 are simpler. The plots illustrate that for 
a given ratio 2r9/] the higher pass bands get narrower 
and narrower. As the ratio 279// gets higher, corre- 
sponding pass bands get narrower. Thus, for 27//=0.1 
the first pass band extends from kG=0 to k@=1.44 
while for 2ro//=0.5 the first pass band extends from 
k8=0 to k8= 1.32. 
_ Another point illustrated by Figs. 11 and 12,is the 
limitation of the function Eq. (3.39) which is the result 
of the minimum number of points at which the boundary 
conditions were matched. As the obstacle gets larger 
this approximation becomes progressively worse. Thus, 
where for 2ro//=0.1 we are able to plot two complete 
pass bands and most of the third one, when 2ro//=0.5, 
the Eq. (3.39) yields only one pass band and a portion of 
the second. 


cot xp 





Fic. 11. Relationship between average lattice propagation con- 
stant K and frequency of the propagated energy for E plane case 
when 27o/A=0.1 (cross-hatched areas are stop bands). 
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Figures 13 and 14 are the same as Figs. 11 and 12 
except for the H plane case instead of the E plane. For 
H plane polarization the lattice medium simulates a 
parallel plate wave guide. The parallel plate wave guide 
increases the phase velocity of electromagnetic energy 
passing through it as compared with the phase velocity 
in free space. 

For the H plane case there is a lower limit (other than 
zero) to the frequency of the electromagnetic energy 
which will be transmitted by the medium. Above this 
cut-off frequency the medium has successive pass and 
stop bands just as was exhibited by the delay medium 
(E plane case). The first stop band is seen to be a 
function of obstacle size. Thus, when 2r9//=0.1 the first 
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Fic. 12. Relationship between average lattice propagation 
constant K and frequency of the propagated energy for E plane 
case when 2ro/A=0.5 (cross-hatched area is stop band). 


stop band extends from k8=0 to k8=1; whereas, for 
2ro/l=0.5 the first stop band extends from k8=0 to 
kB= 2.7. 

Figures 13 and 14 also indicate the limitations of the 
simple approximation of the boundary conditions. For 
2ro/1=0.1 we can plot the first 3 pass bands (albeit not 
with 100 percent accuracy), while for 27/J=0.5 Eq. 
(3.39) yields only two pass bands before “blowing up” 
completely. 

The general tendency for narrowing the pass bands as 
the frequency goes up and the narrowing or corre- 
sponding pass bands as the obstacle size increases is also 
exhibited by Figs. 13 and 14 although not as clearly as 
in the preceding case. This is due to the fact that for the 


ELECTROMAGNETIC TRANSMISSION CHARACTERISTICS 








Ap 


Fic. 13. Relationship between average lattice propagation 
constant K and frequency of the propagated energy for H plane 
case when 2ro/A=0.1 (cross-hatched areas are stop bands). 
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Fic. 14. Relationship between average lattice propagation con- 
stant K and frequency of the propagated energy for H plane case 
when 2ro/A=0.5 (cross-hatched areas are stop bands). 
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H plane case the stop bands of Eq. (3.39) are caused by 
either the negative values of cot?K§ going to infinity or 
staying finite. For example, in Fig. 13 the first stop band 
has cot?K@ going to minus infinity, the second stop band 
has only finite negative values of cot?K@, the third an 
infinite value etc.; whereas, in Fig. 11 all stop bands 
maintain finite negative values for cot?K8. Thus in 
Figs. 13 and 14, if one separates the stop bands in which 
cot?K8 goes to minus infinity from those where cot?K8 
stays finite and negative, each set independently ex- 
hibits the same behavior with variation in frequency 
and obstacle size as does the E plane case. 


SECTION IV 
Conclusions and Practical Applications 
1. Conclusion 


The preceding material has attempted to carry out 
the objectives of this paper which were outlined in 
Section I. We have investigated the behavior of two- 
dimensional lattice media and structures in the presence 
of electromagnetic energy. The various factors governing 
the transmission of electromagnetic energy by these 
structures have been discussed, a unifying impedance 
concept has been set forth and basic mathematical 
functions have been developed for the elliptic cylinder 
case which can serve to approximate almost any two- 
dimensional lattice medium. 

The impedance concept and basic functions are not 
limited by the usual approximations which have been 
applied heretofore, namely, ‘that the wavelength must 
be much larger than obstacle and cell size and that the 
obstacle size must be very much smaller than the cell 
size. 


2. Practical Applications 


If the functions developed herein are properly tabu- 
lated by means of large mechanical computers the uses 
of the two-dimensional lattice structure would be 
greatly extended and facilitated. Following is a partial 
list of applications in which greater design facility 
would result from the proper tabulation of the functions 
developed herein : 


(a) Design of electromagnetic wave focusing devices—including 
all delay, variable N and wave-guide lenses. 

(b) Design of prescribed EZ and H distributions over lens an- 
tenna apertures in order to achieve special main and side lobe 
relations and shapes. 

(c) Design of rapid scan lens antennas by rotation of individual 
lattice structure obstacles. 

(d) Design of the lattice structure as a circuit component 
(wave filter type) of microwave transmission circuits. 

(e) Design of traveling wave tube amplifiers and oscillators. 

(f) Design of a variable polarization device. By varying the 
orientation of the obstacles and the total length of the lattice 
structpre one varies the relationship between Kr and K r*, and one 
can change the polarization of transmitted electromagnetic 
energy. 

(g) There are many applications where it is desired to maximize 
the reflection of electromagnetic energy at a boundary of a lattice 


HERBERT S. 


BENNETT 


structure. While the cellular method of analysis is not specifically 
designed to permit this, it furnishes the basis for an intelligent 
design estimate by defining the boundaries of the stop or non- 
transmission bands. 


3. Suggestions for Further Research 


The following are problems worthy of further effort in 
this field: 


(a) Machine computation and tabulation of the lattice func- 
tions developed herein. 
(b) Refinement of the approximations used in Sec. II in ap- 


plying the impedance concept to the transition region of a lattice 
structure. 


(c) Analysis of lattice media ond structures made up of finitely 
conducting obstacles. 


(d) Quantitative study of the effect of lattice structure aperture 
size on the E and Z distribution over input and output faces. 

(e) Application of the concepts of Secs. II and III to three- 
dimensional lattice structures (i.e., periodic repetition in all three 
dimensions as might be obtained with ellipsoidal obstacles). 

(f) Application of other than the standard Wigner-Seitz bound- 
ary conditions [e.g., the one indicated in Eq. (2.5)]. This would 
result in a transcendental function relationship between K and k 
which is different from cot*(K (1/2)) = f(k). 

(g) Application of integral equation techniques to the boundary 
value solutions of Sec. III. 


APPENDIX 
Glossary 


A p—Fourier series coefficient 
a@o>—Semi-major axis—elliptic cylinder coordinates 
B,—Fourier series coefficient 
bo—Semi-minor axis—elliptic cylinder coordinates 
B—I/+/x= equivalent circular radius of square lat- 
tice unit cell 
Cm—[see Eq. (3.4) ] 
d,—Generalized lattice basis vector 
d,—Generalized lattice basis vector 
D»—[see Eq. (3.4) ] 
E—Electric field vector 
e—Dielectric constant 
éo—Dielectric constant of free space 
&—Elliptic cylinder coordinate 
n—Elliptic cylinder coordinate 
PM pen sn Mie cylinder coordinate 
F,—Lattice space form factor [see Eq. (2.35) ] 
G,—Conductance of equivalent lattice network 
—Magnetic field vector 
Hig—Iq 
[,—Equivalent inegrated current as a result of the 
magnetic field distribution over the entrance 
face of the lattice unit cell 
i——1} 
J .—Bessel function of order 7 
Kr—Average or over-all lattice propagation constant 
in the 7th pass band 
k—2n/X=w/Vo= free-space wave number 
\—Free-space wavelength 
l—Lattice unit cell dimension in y direction 
m—Lattice unit cell dimension in x direction 
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u—Permeability 
uo—Permeability of free space 
M—Lattice function [see Eq. (3.27) ] 
N—Index of refraction of lattice medium; also 
lattice function [see Eq. (3.27) ] 
N,— Neumann function of order n 
y—Elliptic cylinder coordinate 
w—2rf=22r(Vo/d) 
x,;—Hertz vector component in z direction for 
H plane case; also Bloch wave 
x,*—Hertz vector component in z direction for 
E plane case 
p—Subscript denoting lattice impedance mode 
®eg—JS Jxz-d3=Bloch wave integrated over cell 
surface 
P—Lattice function [see Eq. (3.27) ] 
Q—Lattice function [see Eq. (3.27) ] 
ro—Radius of circular cylinder lattice obstacle 
rlyis—Generalized lattice vector 
R.,):*—Even radial Mathieu function of order m, as 
defined in Stratton™ 
Rom!?—Odd radial Mathieu function of order m, as 
defined in Stratton™ 
¥—Bloch wave amplitude factor 
¥—Complex conjugate of Bloch wave function 
S,—Real part of Poynting vector (in y direction) 
S,—Imaginary or reactive part of Poynting vector 
(in x direction) 
Sem—Even angular Mathieu function of order m as 
defined in Stratton® 
Som—Odd angular Mathieu function of order m as 
defined in Stratton™ 
S—Lattice function [see Eq. (3.37) ] 
t—Time 
6—Measure of lack of full restoration of the 
electromagnetic wave at the lattice unit cell exit 
face as compared with the entrance face [see 
Eq. (2.51) ], also polar coordinate 
T—Lattice function [see Eq. (3.37) ] 
u—Elliptic cylinder coordinate 
U—Lattice function [see Eq. (3.37) ] 
Vo—Velocity of electromagnetic wave in free space 
V—Velocity of electromagnetic wave in lattice 
medium; also lattice function [see Eq. (3.37) ] 
X—Coordinate axis 
Y—Coordinate axis 
z—Coordinate axis; direction in which lattice 
medium is homogeneous 
Z-—Characteristic impedance of equivalent lattice 
network 
Zaa—Mesh impedance of equivalent lattice network 
Z+s—Mesh impedance of equivalent lattice network 
Zav—Mutual impedance of equivalent lattice network 
Z+a—Mutual impedance of equivalent lattice network 
Zo—Impedance of free space 
Zrc—Characteristic impedance of equivalent lattice 
network in the 7th pass band 
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Z,—Equivalent lattice network terminal impedance 
[see Eq. (2.49) ] 


Zem—L[see Eq. (3.3) ] 
Zom—{see Eq. (3.3) ] 
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Zm—Asymptote of ZemZom for circular cylinder case 
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Pure Gliding of Metal Crystals 


HrrosHit KANZAKI 
Institute of Industrial Science, University of Tokyo, Chiba City, Japan 
(Received March 9, 1953) 


OHM and Kochendérfer! have made experiments on the 
pure gliding of aluminum crystals. Their results show that 
the values of both the critical shear stress and the coefficient of 
shear hardening are lowered considerably compared with those 
obtained in the usual extension experiments. The writer has per- 
formed experiments of pure gliding on copper single crystals 
using improved apparatus. The results obtained will be reported 
here. 
As pointed out by W. T. Read,? the method of loading the 
specimen is rather doubtful in the Réhm’s experiments, and the 
stress distribution is far from pure homogeneous shear. 
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Fic. 1. Schematic 
diagram of Réhm’s ex- 
periment. (a) Initial 
arrangement (from ref- 
erence 2). (b) Distribu- 
tion of bending moment 
along x axis. 
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Figure 1(a) shows schematically the initial arrangements in the 
Réhm experiment, where the [111] direction is parallel to the 
long axis of the specimen and the [110] slip direction is vertical. 
The distribution of bending moment along the long axis is shown 
in Fig. 1(b), and it is apparent that the condition of pure gliding 
is satisfied only at the middle point where the bending moment 
is zero. This state of affairs should be unavoidable in such types 
of loading methods. 

Considering this point, the writer has measured the strain 
distribution, not only along x direction but along y direction, and 
thus separated the two types of strain; these are the shear strain 
due to shearing force F (which is constant along x) and the 
bending strain due to bending moment (which varies linearly 
along x). 

As pointed out by Read,? the ends are not allowed to move 
horizontally in the arrangement of Fig. 1 and the unknown axial 
force is expected to result in the course of deformation. The writer 
has adopted the cantilever type of loading system, as shown in 
Fig. 2, in order to allow the horizontal motion of the end. 

Specimens of single crystals were prepared from electrolytic 
copper by the vacuum melting method. They were about 6mm 
in diameter and 30 mm in length. 

As shown in Fig. 2 the single crystal is settled at the end A and 
the force F is applied at the free end B along the [110] slip direc- 
tion of the crystal. Special attention was paid to maintaining the 
coincidence between the direction of force and the slip direction 
of the crystal, in response to the rotation due to bending strain 
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Fic. 2. Improved method 
of experiments. 
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Fic. 3. Shear stress vs resolved shear strain for copper crystal. (a) Curve 
for pure gliding. (b) Curve obtained when all parts of deformation are con- 
sidered due to shear. 


in the course of deformation. The residual strain of the specimen 
was measured by markings on the crystal surface by means of the 
optical comparator within the accuracy of 0.001 mm. 

Our results on several specimens show that the deformation 
due to plastic bending is far larger than the deformation due to 
shearing force F. The local strains along the long axis of specimen 
change their sign from tension to compression along y axis of 
Fig. 2, and they decrease with x passing from the fixed end A to 
the free end B. 

Figure 3(a) shows the shear stress versus resolved shear strain 
curve due to shearing force F. This curve was calculated from the 
data obtained near the free end of the specimen where bending 
moment takes the lowest value along x axis. 

When all parts of the rotational deformation of the specimen 
are considered due to shear, as is done in the Réhm’s experiments, 
we might have obtained the curve shown in Fig. 3(b). 

From the results obtained here, we are forced to conclude 
that the difference between stress-strain curves obtained in pure 
gliding and those obtained in the usual tensile test is not so large 
as described in Réhm’s paper. 

1F, Réhm and A. Kochendérfer, Z. Metallkunde 41, 265 (1950). 


2W. T. Read, Pittsburgh Conference on Plastic Deformation of Crystal- 
line Solids, p. 111, 1951 (discussion to Dehlinger’s paper). 





Analysis of Fluorescent X-Radiation by 
Means of Proportional Counters 
ROBERT E. ROWLAND 


Argonne National Laboratory, Lemont, Illinois 
(Received March 9, 1953) 


ECENTLY, several articles have appeared on the production 
and use of characteristic fluorescent radiation in micro- 
radiography.'? This radiation has been produced by allowing the 
beam from an x-ray tube to fall upon an external target. The 
proportions of fluorescent and scattered radiations produced in 
this manner have usually been determined by aluminum filtration. 
The purpose of this letter is to describe a method which we have 
utilized to analyze rapidly, and with sufficient resolution, the 
x-ray spectrum originating from these targets. The beam to be 
analyzed is intercepted through a 0.005-in. Be window by a pro- 
portional counter (4 in. wide, 12 in. long) filled at one atmosphere 
with 90 percent argon, 10 percent methane. This counter can 
detect with good efficiency x-rays between 2.5 and 15 kev.** It 
has been our practice to record the output of such a detector by 
means of a motor-driven single-channel analyzer and to register 
the results directly on a Brown potentiometer. 
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Fic. 1. Motor-driven single- 
RATE channel analyzer trace of the 
‘ fluorescent beam from 0.007-in. 
titanium. The major peak is due 
to the 4.52-kev Kq x-ray; the 
small peak at lower energy 
(1.53 kev) is due to the escape 
of the argon Kq@ x-ray (2.99 
kev) from the counter volume. 
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Applied to the study of fluorescent beams, the counter has been 
particularly valuable in evaluating the energy and hence the 
source of spurious x-rays. In this manner we have determined that 
both the primary and the fluorescent beam must be well colli- 
mated, if the counter (or film and sample in microradiography) 
is to avoid seeing extraneous fluorescent material ; moreover, colli- 
mating materials must be either of the same Z as the external 
target or of Z<15, if monochromacity is to be retained. Aluminum 
should be theoretically adequate, but in practice commercial 
aluminum alloys were found to emit iron Kg radiation of un- 
desirable intensity. Lucite is now employed quite satisfactorily 
for all collimators and support materials. 

With this type of collimation a spectrum of the type shown in 
Fig. 1 was obtained with a Ti radiator. If the purity of the beam 
is defined as the number of photons within the K lines to the total 
number of photons in the secondary beam, then the purity of the 
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Fic, 2. Logarithmic traces ofthe fluorescent beam from 0.007-in. titanium 


radiator, sh the relative increase in the number of x-ray photons 
harder than the Ti Kq line as the potential applied to the x-ray tube is 
increased. The two curves were normalized at the Ti Kq peak. 
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Ti beam as a function of the peak voltage applied to a self- 
rectified tube with a tungsten anode and a 1-mm Be window was 
found to be: 95 percent at 9PKV; 94 percent at 11.5 PKV; 91 per- 
cent at 16 PKV; and 87.5 percent at 23 PKV. As the voltage 
applied to the x-ray tube increases, the Le line of tungsten 
(8.4 kev) becomes more prominent, as can be seen in Fig. 2. 

In most of our work to date, we have employed elements 
emitting characteristic K or L radiation between 3 and 7 kev; 
that is, lines whose energy has been lower than the characteristic 
La radiation (8.4 kev) of tungsten. In these cases, we find that 
spurious x-rays of energy greater than the line we are trying to 
excite are present in the “fluorescent” beam. Their intensity, how- 
ever, is reduced by operating the x-ray tube at a potential which 
is only two or three times the energy of the line to be excited. 
This effect is evident in Fig. 2. 

'T. H. Rogers, J. Appl. Phys. 23, 881-887 (1952). 

(1982) R. Splettstosser and H. E. Seemann, J. Appl. Phys. 23, 1217-1222 


3 Curran, Cockcroft, and Angus, Phil. Mag. 40, 53 (1949). 
4 Bernstein, Brewer, and Robinson, Nucleonics 6, No. 2, 33 (1950). 





Dynamic Compliance, Dynamic Modulus, and 
Equivalent Voigt and Maxwell Models 
for Polyisobutylene* 
HERBERT LEADERMAN AND ROBERT S. MARVIN 


National Bureau of Standards, Washington, D. C. 
(Received March 2, 1953) 


YNAMIC and stress relaxation measurements on samples 
from a uniform lot of polyisobutylene, with weight-average 
and viscosity-average molecular weights of 1.56X10® and 1.35 
108, respectively, have been obtained by several investigators 
participating in a cooperative program initiated by the National 
Bureau of Standards. The averaged data, when reduced to a 
“standard” temperature of 25°C following the procedure of Ferry,? 
with a minor modification, were used to plot both G’, the real 
part of the dynamic modulus, and J’, the real part of the dynamic 
compliance, shown by the solid lines in Fig. 1. 

The appearance of three fairly distinct plateaus in the J’ curve, 
which could be reproduced roughly by a Voigt model consisting 
of two complete Voigt elements plus a degenerate spring and a 
degenerate dashpot, would lead one to expect three plateaus in 
the G’ curve, corresponding to a Maxwell model with three com- 
plete Maxwell elements in parallel. The fact that the experi- 
mental G’ curve shows only two plateaus is puzzling, and led us 
to carry out a numerical transformation from the six-element 
Voigt model which best represented the compliance data to the 
corresponding Maxwell model. 
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Fic. 1. Dynamic modulus and compliance of polymer and models. 
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The values chosen for the individual compliances in the Voigt 
model were obtained from the values of the J’ curve at the three 
plateaus, the retardation times were chosen as the maxima in the 
logarithmic distribution function (not shown), and the value of 
the viscosity was that measured directly at 25°C by Ferry and 
Grandine,’ and in this laboratory. They are as follows: 


Je=8.3X10-" cm*/dyne; 
J,=4.0X 10-7 cm?/dyne, 7,=4.0X 10" second; 
J:=7.0X10-* cm?/dyne, 12=1.0X 10* seconds; 


n=6.16X 10" poises. 


For the values chosen, the parameters of the equivalent Max- 
well model were calculated from the following approximate ex- 
pressions, which hold for this particular case : 


Ga=1/Je=1.2X 10" dynes/cm?; 
te=Jori/Ji:=8.3X 1077 second ; 
Gy=1/J,=2.5X 10° dynes/cm?; 

re= J tm/(Jmt+rs) =1.72X 10 seconds; 
G.= 9S 2/(nJ 2+ 12)?= 1.30X 10 dynes/cm?; 
Te=nJ2+172= 1.43X 10* seconds. 


The dotted lines in Fig. 1 represent the J’ and G’ curves which 
this particular model predicts. The three plateaus appear in the 
J’ curve, of course, since the parameters of the Voigt model were 
chosen to represent this behavior. The G’ curve, plotted from the 
parameters of the Maxwell model calculated above, shows two 
points of inflection in place of the third plateau which we ex- 
pected, and the two long-time relaxation times are spaced so 
closely together that any “smearing-out” of the model behavior 
would be expected to mask both these inflections. 

It is interesting to observe that for frequencies greater than 
about 10-* cycle, the curves of logG’ and logJ’ for the polymer 
are practically mirror images of each other. The same is only 
roughly true for the model curves. If the abscissa scale be con- 
sidered as a scale of log(1/t), then the logG’ curve represents 
approximately the stress relaxation behavior of the polymer or of 
the model.** Similarly, the logJ’ curve represents approximately 
a creep curve (with Newtonian flow subtracted) or a creep re- 
covery curve from a steady-state condition. 

By varying certain parameters of the models it is possible to 
reproduce changes which occur in the mechanical response curves 
due to a change in molecular weight or molecular weight distribu- 
tion. If in the original Voigt model 72 and » are changed to 10° 
seconds and 6.16X 10* poises, r, and r, are changed in the ratio 
of 10* to 1, and the lower part of the G’ curve is translated four 
decades to the right. This corresponds to the behavior of a 
polymer whose weight-average molecular weight has been reduced 
to about 0.066 of the material for which the original model 
parameters were picked, and the predicted results are in agree- 
ment with those of Tobolsky and McLaughlin.* 

If J: were increased from 7.0X10~* to 1.4X10~‘, leaving the 
rest of the original parameters unchanged, the ratio r./r» would 
be increased slightly, but no marked change in G’ would result. 
This would correspond physically to a broadening of the molecular 
weight distribution without change in weight-average molecular 
weight,’ and this particular calculation predicts that the G’ curve 
should be relatively insensitive to a change in the steady-state 
shear compliance due to a change in molecular weight hetero- 
genity. 

It should be emphasized that the considerations presented 
here do not imply that the behavior of the actual polymer can 
be adequately represented by a six-element model. The “plateaus” 
in the experimental curves, for instance, are in general much less 
pronounced than in those calculated for the model; and if the 
curves for the imaginary parts of either the compliance or modulus 
are compared, the peaks are much sharper for the model than for 
the actual polymer, and the high frequency peak in G”’ occurs dis- 
placed about two decades in frequency from that predicted by the 
calculated Maxwell model. It is, however, rather interesting to 
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Fic. 2. Retarded elastic behavior of raw rubber. 


note how well the conversion from a relatively simple Voigt model 
to the corresponding Maxwell model can reproduce the main 
features of the modulus curve. 

This general shape of the compliance curve is found for other 
rubberlike materials for which we have creep and recovery data 
available. In Fig. 2 the retarded-elastic shear behavior of a speci- 
men of raw rubber is shown.’ Flow was negligible under the condi- 
tions of test. It is seen that there is a retardation mechanism with 
a time-scale of one second around — 60°C, and another mechanism 
with the same time-scale at a temperature above 50°C. Plotted 
on a reduced frequency scale against log(1/#) these data would 
yield a single curve much like the J’ of Fig. 1 between logw= —4 
and logw= +4. The parallel-plate plastometer data of van Rossem 
and van der Meijden,* when analyzed by the procedure of Dienes,* 
are in agreement with this picture. Some recent measurements in 
this Bureau” on the “slow” retarded elastic mechanism in poly- 
isobutylene specimens of weight average molecular weight be- 
tween 1.1X 10‘ and 8.5X 10‘ indicate that the “average” retarda- 
tion time of this “slow” mechanism is around one second when 
the viscosity is 10° poises. 

Most of the data on viscoelastic properties of noncross-linked 
polymers in the rubberlike range published recently have been 
presented in terms of Maxwell distribution functions. The com- 
parison between the J’ and G’ curves of Fig. 1 indicates the de- 
sirability of considering such properties also in terms of a Voigt 
presentation, and the advantages which are gained from measure- 
ments of creep and recovery. 


* This work was supported in part by the U. S. Office of Naval Research 
ong eS S. Office of the Quartermaster Gen 
R. S. , Paper to be presented at Second International Congress 
on " Reel , Oxford, E d, Pruly, 19 53. 
J. D. erry, J. Am. « m. Soc. 72, 3746 (1950). 
3 J. D. Ferry and L ft private communication. 
*R. S. Marvin, Phys. Rev. 86, 644 (1952). 
+A. V. Tobolsky, J. Am. Chem. Soc. 74, 3786 (1952). 
* A. V. Tobolsky and J. R. McLaughili: n, J. Polymer Sci. 8, $43 (1952). 
3 - Leagan, unpublished data 
Rossem and H. van der Meijden, Rubber Age (New York) 23 
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X-Ray Line Broadening from Precipitation 
in Cu-Fe Alloys 
T. S. Hutcuison 


Department of Physics, Royal Military College, Kingston, Canada 
(Received January 13, 1953) 


URING the course of a study of the effects of mechanical 
and heat treatments on the physical properties of alloys 
containing small amounts of iron in copper, x-ray diffraction 
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photographs have revealed evidence of precipitation strain, 
possibly plastic in nature, existing in the copper after annealing 
and slow cooling. 

The alloys studied contained between 0.4 and 1.34 percent by 
weight of iron in copper. These were originally in the hard-drawn 
wire condition. Filings were prepared and annealed in vacuo at 
850°C for three hours. The filings were then furnace-cooled to 
room temperature over a period of 12 hours. 

X-ray powder pictures were made, using the fillings, and long 
exposures of 40 hours were given in an attempt to obtain diffrac- 
tion patterns from the iron. In each case the copper (400) diffrac- 
tion line was microphotometered and the Ka doublet resolved 
by the graphical method of Rachinger.' The “half-height width” 
of the a line was then found. 

The equilibrium room temperature solubility of iron in copper 
is extremely low,? but there is reason to suppose that the alloys 
after furnace cooling from 850°C retain about 0.26 percent iron 
in supersaturated solid solution.*~* The iron should therefore be 
largely in the precipitated form after heat treatment. This was 
confirmed by observation of the three most intense iron lines, 
viz., (110), (211), and (200), in the diffraction photograph of the 
1.34 percent Fe alloy. The (110) and (211) lines were visible in 
photographs of all the alloys down to that containing 0.5 percent 
Fe. The iron therefore precipitates in the body-centered cubic 
form and, from the observation that the (110) and (211) lines did 
not appear to be broadened, probably exists in particles of the 
order of 10~* cm in size. 

The observations of the “half-height widths” of the copper 
(400)Ka, lines indicate that an approximately linear relation 
exists between the width and the percentage of iron. This is shown 
in Fig. 1. If this graph is extrapolated back to zero iron percentage 
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Fic. 1. Relation between the percentage iron in the Cu-Fe alloy and 
the width at half-height of the copper (400) Ka: line. 


it gives approximately the width of the (400)a; line found with a 
pure copper specimen. We can thus compute a “broadening pro- 
duced by the iron” without, at this stage, attempting to formulate 
a mechanism. The method of determining the broadening due to 
Jones is used.* The “strain” or percentage change in lattice 
spacing 5d/d is calculated from the broadening, and the results are 
shown in Fig. 2. It is seen that the strain produced by the iron is 
surprisingly high, reaching a value of at least one-third that found 
by Brindley to be caused by filing of copper.’ 

The x-ray diffraction pictures of the filed powders must certainly 
contain some composition broadening, owing to the inadequate 
homogenizing of the specimens. Suppose, in the case of an alloy 
containing say 1.13 percent Fe, the filings irradiated by the x-rays 
contain all percentages of iron in solution up to the solubility 
limit, i.e., up to 0.26 percent, for the treatment given. The 
lattice parameter would then have a range of values giving rise 
to a broadened (400) Cu line. However, lattice parameter deter- 
minations previously carried out in this laboratory give 3.6079A 
for pure copper and 3.6071A for an alloy containing 0.26 percent 
Fe. The percentage strain éd/d associated with composition 
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Fic. 2. Relation between the percentage strain 5d/d caused by 
the iron precipitate and the amount of iron present in the alloy. 


broadening would then be equal to —0.025 percent. This value 
of éd/d= —0.025 percent is to be compared with +0.10 percent 
actually found in a 1.13 percent iron alloy. Thus composition 
broadening cannot account for.the majority of the “x-ray strain” 
found. 

The data are insufficient to specify exactly the cause of the 
line broadening found. Of the several reasons for diffuseness in 
reflections from such alloys, such as stacking faults, coherence of 
the precipitate with the matrix and so on, it might be considered, 
in view of the magnitude of the effect caused by the iron, that 
stresses in the copper have given rise to “block” deformation and 
thus to the x-ray broadening. Such plastic deformation, caused 
during precipitation, has been previously reported in the litera- 
ture.*-® This possible explanation would then have to be com- 
pleted by assuming that lattice recovery of the copper is almost 
certainly lessened by the presence of the precipitated particles of 
iron. 


1W. A. Rachinger, J. Sci. Instr. 25, 254 (1948). 

2 = Hansen, Der Aufbau der Zweistofflegierungen (Springer, Berlin, 
1936). 

3D. Hanson and Grace W. Ford, J. Inst. Metals 32, 335 (1924). 

4F. E. Hetherington and J. Reekie, J. Appl. Phys. 22, 1293 (1951). 

5 T. S. Hutchison and J. Reekie, Phys. Rev. 83, 854 (1951). 

6 F. W. Jones, Proc. Roy. Soc. (London) A166, 6 (1938). 

7G. W. Brindley and P. Ridley, Proc. Phys. Soc. (London) 50, 501 (1938). 
2” Ge Kaiser, and Mehl, Trans. Am. Inst. Mining Met. Engrs. 117, 

9 ° 
* A. Guinier and P. Jacquet, Rev. met. 41, 1 (1944). 





The Use of the Mercury Cathode in the Dielectric 
Breakdown of Liquids 
A. H. SHARBAUGH, J. K. BRAGG, AND R. W. CROWE 


General Electric Research Laboratory, Schenectady, New York 
(Received April 6, 1953) 


HE mercury electrode has often been used in studies of the 
dielectric breakdown of solids. It has the obvious advantage 


. that its surface makes intimate contact with the surface of the 


solid dielectric at every point. This being the case, the surface 
of a mercury electrode takes the shape of the dielectric being 
studied. Although the mercury electrode is liquid, the breakdown 
system has the rigidity of the dielectric itself. 

To use a mercury electrode with a liquid insulator, however, 
one has to overcome the lack of rigidity of the system; the 
mercury-insulator interface will move or deform under the in- 
fluence of the electric field. On the other hand, there is the ad- 
vantage that such an interface will be molecularly smooth if it is 
carefully prepared, in contrast to the inevitable roughness of 
even the most carefully polished solid metal surface. Points or 
edges on an electrode surface are undesirable because there will be 
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enhancement of the electric field in their neighborhoods. This may 
bring about breakdown, directly or through field emission induced 
by the enhanced field. 

Another obvious advantage of the mercury electrode is the ease 
and speed with which it may be prepared. We use a small glass 
cup which is filled with mercury to the brim, so that one may 
obtain a convex surface. Electrical contact is made through the 
bottom of the cup. 

Because of these marked advantages, we have devised a pro- 
cedure for the use of a mercury cathode together with a con- 
ventional solid anode in breakdown studies on liquid dielectrics. 
We use rectangular pulses of voltage which are sufficiently short 
(about a microsecond) so that the surface of the mercury cathode 
is only slightly deformed in the duration of a pulse. The pulses, 
of course, must at the same time be long enough so that the meas- 
ured electric strength (in the absence of electrode deformation) is 
independent of pulse length. 

The effect of the small amount of deformation which does occur 
on the measured breakdown voltage can be corrected for by an 
extrapolation procedure. This involves the measurement of the 
electric strength as a function of pulse duration, as shown for 
benzene in Fig. 1. In the absence of electrode deformation, the 
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portion of the curve beyond pulse lengths of about one micro- 
second is known to be independent of pulse length. Electrode de- 
formation, however, causes a gradual decrease in the apparent 
electric strength as the pulse duration is increased. From the 
slope of the curve beyond one microsecond, it is clear that the 
electrode deformation per microsecond is small and that the error 
introduced by a linear extrapolation of the measurements in this 
region to zero time is probably not a serious one. 

Since a good deal of labor is involved in doing breakdown ex- 
periments with pulses of several different lengths, we have devel- 
loped a way of correcting results which are measured at a single 
pulse length. The force upon the surface of a conductor in contact 
with a dielectric of dielectric constant ¢, exerted by an electric 
field E, is proportional to e£*. Now it is not at all apparent why 
curves such as Fig. 1 should be linear, in view of the complicated 
dynamical force system in operation, but all low dielectric con- 
stant (e<3) liquids we have measured do indeed give straight 
lines in the pulse length range from one to about twenty micro- 
seconds. Furthermore, the extent of deformation after a specified 
length of time, as determined from data like that in Fig. 1, has 
turned out to be proportional to e£? for a large number of liquid 
dielectrics. Thus one must do a careful series of experiments on a 
single liquid, similar to those we have done with benzene, in order 
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to establish the proportionality factor ; thereafter measured results 
may be corrected from a knowledge of the observed (apparent) 
electric strength and the dielectric constant. The viscosity of the 
dielectric appears to have nothing whatever to do with the extent 
of deformation. 

Our use of the mercury cathode over a period of time has shown 
us that exceedingly reproducible results are thereby obtainable. 
For example, one series of nineteen runs gave a standard deviation 
of four percent. This is presumably due to the absence of surface 
irregularities. 





A Note on “Metallic Shadow-Casting Using 
a Nozzle System” 
SHIGETO YAMAGUCHI 


Scientific Research Institute, Ltd., Hongo, Tokyo, Japan 
(Received March 9, 1953) 


HE present author recognized by means of electron diffrac- 
tion that a thin film obtained on a glass plate by vacuum 
evaporation of pure titanium held in a tungsten basket was com- 
posed of tungsten as well as of titanium. In the explanation of the 
electron microscopic images which have been shadow cast by 
evaporation of some metals held in a tungsten basket, T. Hibi 
neglects evaporation of tungsten.! A micrograph shadowed with 
titanium which is shown in Hibi’s paper seems not to be charac- 
teristic of pure titanium. This will be the case with metals evapo- 
rated or sublimed with difficulty, e.g., Th, Mo, Pt, etc. Since the 
diffusion rates in mixed gases are given by a function of atomic or 
molecular weights (Graham’s law), the metallic film prepared by 
vacuum evaporation through a nozzle might mainly be composed 
of tungsten under some conditions. The information on the 
shadowing qualities of elements given by Hibi is therefore not 
reliable for some metals. 


1T. Hibi, J. Appl. Phys. 23, 957 (1952). 





The Expansion of a Fissionable Gas as a 
Source of Atomic Power 


Epwarp H. KERNER* 
Wayne University, Detroit, Michigan 
(Received October 21, 1952) 


ITTLE, if any, attention appears to have been paid to the 
possible use of gaseous fissionable materials in an engine of 
internal combustion type, wherein the compressed and at-least- 
critical gas cools itself by expansion and performs external work. 
The technical problems in the design of such a device would not be 
light and will not be entered into here, but the possibilities of 
relatively small size and high thermal efficiencies for it, as well as 
the elimination in it of the formidable heat-transfer problems of 
conventional reactors, may warrant some discussion, if only to 
indicate a perhaps fresh direction of thought in the field of nuclear 
power technology. 
Mechanical power from a fissionable gas may be obtained in at 
least two ways, v#z., in a turbine or in a reciprocator. Figure 1 is a 
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Fic. 1. Schematic diagram showing expansion of a fissionable gas 
into a turbine. Arrow indicates direction of gas flow. 
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schematic diagram of a closed system containing a fissionable gas, 
only one part of which, G, is a tank of such size and shape as to 
constitute a critical pile when its gaseous contents is at a suitable 
pressure. In series with G are a turbine 7, pump P, and heat ex- 
changer H. T is driven by the hot expanding gas from G, and in 
turn, through the rotor R, drives P and delivers work to the 
external apparatus EZ. H serves to heat the fissionable material if 
it has condensed, or cool it before its entry into P if it is too hot. 
P must pump the gas up to a sufficiently high pressure to return 
it to G. This is to say that a gaseous pile is inserted into a con- 
ventional turbine system so that the working gas is its own, quasi- 
permanent fuel by virtue of the geometry of the pile through 
which it passes continuously and is a fissile part. 

The likely fissionable gas is uranium hexafluoride enriched in 
U™*. The technology of this corrosive chemical appears to be 
sufficiently advanced to permit its use in a pile; it may, for 
example, be safely handled with materials like nickel, monel, 
copper, aluminum, and dry glass; the “fluorolubes” are adequate 
lubricants.! Further fluorine and/or fluorocarbon gas could be 
added to stabilize the UF, and to moderate neutrons; solid grids 
of moderating material could also be introduced. 

In the reciprocator, the mechanical power is obtainable by 
squeezing the gas briefly to supercriticality with a piston, where- 
upon the gas swiftly heats up and then cools itself by blowing 
the piston out and becoming subcritical. It is a sort of Diesel 
engine in short. The question is, can a suitable amount of energy 
be released without excessively sensitive adjustments? The 
following very crude analysis, addressed to this question alone, 
suggests that the answer is yes. 

Assume that a gas of m mole of U™*F, is enclosed in a cylinder 
of base area A=-zr,? and variable height x; that only slow and 
prompt neutrons are emitted and absorbed; that their density is 
governed by the diffusion equation; that there is no reflector for 
the neutrons; that the pressure of the gas is the equilibrium 
pressure given by the ideal gas law and that this pressure exerts 
the only force on the movable piston head; and that no heat is lost 
from the cylinder. These assumptions effectively emphasize the 
possibility of violent time behavior of the gaseous pile. The 
neutron density N is given by dN /dt= DV*N+KN, where D and 
K are diffusion and source parameters. To avoid the mathe- 
matical difficulty of dealing with a moving boundary we make a 
quasi-static approximation, which should be fairly adequate for 
the interesting part of the piston motion that occurs in the 
vicinity of the piston’s turning point; we assume that the in- 
stantaneous rate of energy release Q (proportional to the in- 
stantaneous average neutron density) may be found from the 
diffusion equation with fixed boundaries corresponding to the 
current value of x. We have then from the simplest solution of the 
diffusion equation Q=Q =). If we use Newton’s law for the 
piston motion, F=PA=MzZ=(nRT)/x; now eliminating T by 
using energy conservation, nC,AT=AQ—A(4M7), gives finally 
the differential equation 

x(d#/dt) + (1+R/C.)éé= (R/C,) (Qo/M)eF = 
for the piston motion. A third-order equation is needed because all 
three of x, 4, and #(~P) are to be initially specified. The boundary 
conditions on N being taken as N=O at a distance beyond the 
cylinder boundary equal to the “augmentation distance” &, it 
is found that {= y/x—ax. Here > and @ depend on x [through 
their dependence on 6=4(x) ], but insensitively enough so that 
they can be regarded as fixed. Criticality occurs for x= x9= (y/a)?. 

Using the known neutron cross sections and arbitrarily taking 
xe~4ro, a reasonable form for our model of the gaseous pile is 
comprised in the data: n~10 mole, y5.67 10° cm/sec, a70 
cm™' sec™!, xo~90cm. The differential equation for the piston 
motion is difficult to integrate; however, a quick insight into the 
dependence of the fission heat released on the incident piston 
velocity is gained by calculating the “adiabatic motion” in which 
Q is placed equal to zero on the right side of the differential equa- 
tion. With C,=3R (about right for polyatomic gases), the inte- 
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TaBLeE I. 

Ze cm/cs Qmax kilocal xe—xicm $(xe—z1) cs 
18 2.58 7.66 0.834 
18.5 6.5 8.06 0.853 
19 18.2 8.47 0.872 
19.5 $2 8.91 0.891 
20 152 9.33 0.910 
20.5 490 9.78 0.928 
21 1060 10.24 0. 








gration is elementary. We find an upper limit, Qmax, to the heat 
released in the actual motion by means of Qmax™ / (over adia- 
batic motion) Qee* ‘dt, since if the piston were constrained to move 
with adiabatic motion into and out of the supercritical gas, more 
heat would be released than in the actual motion because the 
piston penetrates deeper into the gas and keeps it supercritical 
for a longer time. Table I illustrates what happens when Q.=} 
watt, M=75kg, and %#.=20cm/cs*? (Ps~10 atmospheres) for 
various 2»; our unit of time is 1 cs=0.01 second, and x; is the 
turning point in the adiabatic motion. If all of Qmax in the last 
entry of the table were found as piston kinetic energy, the piston 
velocity would be roughly the velocity of sound. The sensitivity 
of Qmax to Z is not impossibly large; some study of the actual 
motion shows this sensitivity to be quite a bit smaller. 

The effect of delayed neutrons will naturally modify the motion 
when the gas first gets critical, but very shortly criticality would 
be achieved on prompt neutrons alone; the delayed neutrons 
would delay the “explosion” in the cylinder. The control of the 
reciprocator could be enhanced through proper automatic cyclical 
manipulation of neutron absorbers, and through the cyclical 
application of suitable external forces to the piston. 

* Present address, Physics Department, Iowa State College, Ames, Iowa. 

1J. J. Katz and E. Rabinowitch, The Cfentetey of Uranium (McGraw- 
a See Company, Inc., New York, 1951), National Nuclear Energy 

2C. D. Goodman, Editor, The Science and Engineering of Nuclear 
Power (Addison-Wesley Press, Inc., Cambridge, 1947), Chap. 3. 





A Nonreciprocal Microwave Component 


M. L. Kates, H. N. Cuait, ano N. G. SAKIOTIS 


Antenna Research Branch, Radio Division I, Naval Research Laboratory, 
Washington 25, D.C. 


(Received March 30, 1953) 


N a series of articles published in 1948-1949, Tellegen' dis- 
cussed the utility of a nonreciprocal circuit element which he 
called a gyrator. C. L. Hogan* has shown that sucha circuit 
element can be realized at microwave frequencies by utilizing the 
ferromagnetic Faraday rotation in ferrites. 

More recently other ways of constructing nonreciprocal ele- 
ments have been found at the Naval Research Laboratory. As in 
the case of the Faraday rotation, these depend on the fact that, in 
the presence of a static magnetic field, the permeability of a ferrite 
is a nonsymmetrical tensor. As a result, if a rectangular wave 
guide (Fig. 1) is partially filled with ferrite in an asymmetrical 





Fic. 1. Ferrite in wave guide. 
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Fic. 2. Phase shift vs applied transverse magnetic field. 


manner, and a static magnetic field H, is applied transversely, the 
propagation constants of the modes will depend on the direction 
of propagation. This can be shown theoretically for those modes 
which are independent of the z coordinate. 

When 4, is in the direction of the z axis, the rf components of B 
and H are related by the equations? B,=yH,.—jyu'H,, By=ju'H: 
+pH,, B,=usH,. Let e: be the dielectric constant of the ferrite, 
and let ws2=pu{1—(u’/u)*}. The part of the wave guide not con- 
taining ps ferrite will be characterized by the constants «, and 
um. If an e~#*v y-dependence is assumed, then for modes which are 
independent of z, the propagation constant 6 satisfies the equation 


tanK f[?K *—:*{ K?+ (6u’/u)*} tanKid tanK,d’] 
+k K,[tanK d+tanX,d’] 
—By' /p tanK,f[tanK ,d—tanX,d’]=0, 


where K;?=w*eys, —6?, and K=w*equ2—*. Since the last term of 
this equation contains the first power of 8 as a factor, whereas 8 is 
squared wherever else it appears, it is clear that in general the 
sign of 8 cannot be changed without changing magnitude of 8. In 
other words, the magnitude of the propagation constant depends 
on the direction of propagation. Note that if the ferrite is centered 
within the guide, d=d’, and the last term of the equation vanishes. 
Thus, in this case the magnitude of the propagation constant is 
independent of the direction of propagation. 

Figure 2 shows the measured phase shift for both directions of 
propagation as a function of the applied transverse field when a 
piece of commercial ferrite material is placed within a standard 
X-band wave guide. 
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Fic. 3. Power loss vs applied transverse magnetic field. 


It is to be expected that the attenuation constant as well as the 
phase constant will depend on the direction of propagation. This 
suggests the possibility of having low attenuation for one direction 
of propagation, and high attenuation for the other, and thus ob- 
taining a one-way transmission line. Qualitatively, it can be 
reasoned that such a result might be obtained if the ferrite is 
located in the part of the guide where the H vector of the normal 
wave-guide mode is circularly polarized. The reason for this choice 
is that the sense of rotation of the H vector reverses with the 
direction of propagation, but ferromagnetic resonance absorption 
will occur for only one of the two senses of rotation. This result 
has been confirmed experimentally. In Fig. 3 the measured in- 
sertion loss for both directions of propagation is plotted as a 
function of applied H, for several positions of ferrite. The dif- 
ference in attenuation for the two directions is greatest when the 
ferrite is located where the H vector of the normal wave-guide 
mode is circularly polarized. 

1B. Tellegen, Philips Research Reports 3, 81-101 (1948) 3; 321- 
337 (gta); ‘4, 31-37 “$7 (1949); 4 366-369 (1949) 


?C, L. Hogan, System Tech. J. 31, No. “7 1-31 (January, 1952). 
3D. Polder, Phil. Mag. 40, 99-115 (January, i194 9). 





Errata: Emission Decay Phenomena due to the 
Contaminated Anode 
[J. Appl. Phys. 24, 107-109 (1953)] 


K. AMAKASU AND T. Imar 
The Electrical Communication Laboratory, Tokyo, Japan 


N Fig. 4 the unit of emission current should be wa not ma. 
The sentence from sixth line on page 109 should read ‘‘Ac- 
cordingly, we consider the critical energy of 5.0 ev to be the dis- 
sociation energy of barium-oxide molecule rather than the exciting 
energy of oxygen ion of barium-oxide crys 
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Fourth Symposium on Plasticity 


The Fourth Symposium on Plasticity will be held at Brown 
University, Providence, Rhode Island on September 1, 2, 
and 3, 1953. The three principal topics of this Symposium 
will be 

(1) stress-strain relations (perfectly plastic, work-harden- 
ing, visco-elastic, and visco-plastic materials), 

(2) distribution of stress and strain in bodies exhibiting 
inelastic properties (static and dynamic problems, infini- 
tesimal and finite deformations), 

(3) structural analysis and design in the inelastic range 
(limit analysis, static and dynamic loading, shakedown, in- 
elastic buckling). 

Both foreign and American experts in the field will present 
papers covering their most recent experimental and analytical 
research, and everyone is invited to participate in the dis- 
cussion. 

Certain sessions of the Symposium, containing papers of 
particular interest to civil engineers, are being sponsored, 
jointly with Brown University, by the Engineering Mechanics 
Division of the American Society of Civil Engineers. The 
remaining sessions are under the joint sponsorship of the U. S. 
Office of Naval Research and Brown University. 

All persons interested in receiving further information 
concerning the Symposium should write to Professor H. J. 
Weiss at the Graduate Division of Applied Mathematics, 
Brown University, Providence 12, Rhode Island. Copies of 
the program and reservation cards will be sent out approxi- 
mately six weeks before the date of the Symposium. 


Booklets and Bulletins 


Evaluating Research and Development. Annotated Pro- 
ceedings of a Conference of Research Administrators held on 
the campus of the University of California, Los Angeles, 
May 10, 1952. Editors: I. R. Weschler and Paula Brown. 

National Bureau of Standards Circular 535. An annotated 
bibliography of selected references on the solid-state reactions 
of the uranium oxides. 

Low Temperature Bibliography for the Field of Cryogenics. 
Copies of this booklet are available free of charge to 
who are interested in cryogenics. Write to C. L. Jewett, 
Mechanical Division, Arthur D. Little, Inc., 30 Memorial 
Drive, Cambridge 42, Massachusetts. 


























Consolidated Engineering Bulletin CEC-1800B. Copies ma 
be obtained by writing to Consolidated Engineering Corpora 
tion, 300 North Sierra Madre Villa, Pasadena 15, Californi 

Eastman Organic Chemicals (List No. 38). Obtainable o 
request from the Eastman Organic Chemicals Department, 
Distillation Products Industries (Division of Eastman Koda 
Company) Rochester 3, New York. 


Meetings 


Techniques for Electron Metallography, a symposium de 
voted to a discussion of techniques for the application of th 
electron microscope to metallographic problems, will be he 
June 30 at the annual meeting of the American Society fe 
Testing Materials in Atlantic City, New Jersey. Invited and 
contributed papers will be presented. The symposium is bein 
sponsored by ASTM Committee E4 on metallography. 


The American Society of Heating and Ventilating Enginee: 
will hold its 1953 Semi-Annual Meeting in Denver, June 29 
July 1, at the Shirley-Savoy Hotel. Fourteen papers will b 
presented at four technical sessions devoted to determinatio 
of heat and moisture transfer through building materia 
cooling tower performance, heat pump design and perform 
ance, effect of relative humidity on heat losses of individual 
in various temperatures, and heat exchanges in floor pane 
heated rooms and heat flow analysis in panel heating and 
cooling sections. 


The First Annual Meeting of the Operations Researel 
Society of America was held in Cleveland on May 15th and 
16th. The meeting featured a day-long symposium devoted 
to the general question, ‘‘What is Operations Research,” at 
which the philosophy, definition, and applications of opera 
tions research to industrial problems were discussed. More 
specialized discussions were held at the Case Institute of 
Technology on May 16th. 


Fellowships 


Eastman Kodak Company has awarded fellowships to 1 
educational institutions for the year, 1953-1954. This is part 
of the company’s assistance to promising young scientists to 
encourage training in chemical research. All for advanced 
study, ten of the fellowships are in chemistry, four in physic: 
and three in chemical engineering. 
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